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REVIEW AND PREVIEW TO CHAPTER 1 
EXERCISE 1 


1. Find the grand total by adding both horizontal and vertical totals. 
Can you add two-digit numbers in one pass? 





(b) 


“Thanks a million.” 

If you make $5/h, work an 
8hd, a 5d week, a 50 
week a, how long will it 
take to make $1 000 000? 





(c) 


(d) 








(f) Find the grand grand-total. 


probability 1 


The Romans expressed all 
fractions in terms of 12 
parts. How would we ex- 
press their equivalent of 
3+4/12 

12 
for 1/12 is unciae. What 
English word is derived 
from it? 


? The Latin word 





“Oo 
oo0g0 
000 


2. Add: 

(a) a+3 

(d) 5+3 

(g) s+ 

(j) 3+ 

3. Multiply: 
(a) 3X¢ 

(d) iXxs 

(g) 3X3 

(j) 2X7 


(b) §+3 
(e) 4+3 
(rede 
(k) a+3 


4. Simplify the following: 


(a) 3X3+5X3 
(c) mXet+aXs5 
(e) 6+ Xt 
(g) B+3Xi— 
(i) 3(§+3) 
(k) 3643) 


(b) 
(d) 
(f) 
(h) 
(j) 
(I) 


5. Simplify to 3 significant figures: 


(a) 25.46x13.2+5.71 
(c) 0.0134 x 568+ 47.1 
(e) 5.86(47.3+29.6) 
(g) 9.75(43.2+75.8) 


(i) (5.346 + 28.654)(0.0593 + 0.0407) 


(j) (3.874—1.374)(47.6+52.4) 


(b) 
(d) 
(f) 


(c) 
(f) 
(i) 
(I) 


OW NIA OF 


ale 
+ 
win 


(c) 
(f) 
(i) 
(I) 


ja glo VIS o= 
ex 

x xX RIX ia 

> aja BIS 

N WIN 


= 
N 
N} 
f=) 


ExB+ axe 
SxB4+9xa 
248x 4-1 
$43xB4i 
5G-+2) 
16+3) 


73.96 = 4,21 *31.5 
1.784= 15.1 17.4 
92.3(14.6—9.8) 


(h) 0.083(784.6 + 215.4) 


Perform the following calculations: 
1. 3.675+21.635—15:219 


. 6.875 x 8.375 = 21.65 
~ 13572 65S 7, 

» 63.0% 21.9 152.65 

. (64.75+ 28.73) + 84.65 


on 1 W 


on & N 


10. 


. 5.675 X 21.31 x 8.475 
. 84.75+ 21.84 5.395 
3 90537. —39.65= 21.65 
fens plate Ley PAA PASI Mts these) 


(42.65)? +85.73 
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Probability 


1.1 EXPERIMENTS IN PROBABILITY 


The following investigations are designed to help develop an intuitive 
idea of probability. Work together in groups doing the investigations 
simultaneously if possible. Reproduce the tables shown in the text 
and fill in the data for your group. When all groups have completed 
the investigation total the results from all groups, enter them in the 
table and answer the questions. 


INVESTIGATION 1.1 


1. Each member of the group will toss 2 coins 25 times. Record the 
results as in Table 1-1. 












Frequency of 
Poves | eas | ahea| 













Group total 
Class total 





Table 1-1 


frequency of “2 heads” 
number of tosses 
your group total and for the class total. 

(b) As the number of tosses increases, what value does the ratio 
frequency of ’’2 heads” 
number of tosses 
2. Each member of the group will throw a pair of dice 10 times. 

Record the results as in Table 1-2. 


for the 25 tosses, for 





(a) Examine the ratio 


approach? 


probability 


CHAPTER 1 


Number of Number of sevens 
sevens total number of throws 


Group total 


Class total 





Table 1-2 


number of sevens 
total number of throws 
the group total and for the class total. 
(b) As the number of throws increases, what value does the ratio 
number of sevens 
total number of throws 





(a) Examine the ratio for your 10 throws, for 


approach? 


3. Each member of the group will spread a deck of cards face down 
and select 10 cards. Tabulate results according to Table 1-3. 


Seident Number of Number of| _—_ Spades Number of Aces spades 
black cards| total selections| spades | total selections | aces of spades | total selections 





Group 
total 
Class 
total 





Table 1-3 


(a) Examine each of the ratios for your 10 selections, group totals, 
class totals. 


(b) As the number of selections increases, what value does each ratio 
approach? 
(c) Which of the three outcomes is most likely? Least likely? 


1.2 CALCULATING PROBABILITIES 


If a coin is tossed, what is the probability that it will land heads? If a 
pair of dice are thrown, what are the chances of seven turning up? If a 
single card is drawn from a deck, what is the probability it is black? a 
spade? an ace? the ace of spades? 

To answer these questions we must first determine the sample 
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space we are dealing with in each case. When a coin is tossed it will 
normally land either heads or tails, therefore the sample space is 
{H, T}. When throwing a single die the sample space is {1, 2, 3, 4, 5, 6}. 

The number of elements in the sample space will be referred to as 
the “total number of possible outcomes,” and we shall represent it by 
N. In the problems we will consider in this section, we shall assume 
that each element in the sample space is equally likely to be an 
outcome. 

We shall consider the probability (P) of an event happening to be 
the number of ways it can happen, which we shall call successes (S), 
divided by the total number of possible outcomes (N). 









Probability | Number of possible successful outcomes 
ofanevent Total number of equally possible outcomes 








This gives the theoretical probability of an event. Now let us discuss 
the kind of problems which introduced this section. 


EXAMPLE 1. If 3 coins are tossed, what is the probability that 3 
heads will turn up? 


Solution 


Figure 1-4 
Possible successful outcomes S=1 
Total possible outcomes N=8 
.. probability of three heads P 


EXAMPLE 2. If a pair of dice are thrown, what is the probability of 
seven turning up? 


Solution 


Figure 1-5 





probability 


Pied Ye. 


Do all dice have the same 
opposite faces? 


As Figure 1-5 illustrates: 


Possible successful outcomes S=6 


Total possible outcomes N =36 


. probability of seven P=3%=5 


EXAMPLE 3. If a single card is drawn from a deck of cards, what are 
the chances it is (a) black? (b) a spade? (c) an ace? (d) the ace of 
spades? 


Solution 
(a) Possible successful outcomes 
S=26 (13 clubs and 13 spades) 
Total possible outcomes 
N=52 (52 cards in a deck) 
.. probability of a black card 
P=8=3 
(b) Possible successful outcomes 
S=13 (13 spades) 
Total possible outcomes 
N=52 (52 cards) 
.. probability of a spade 


(c) To abbreviate the solution we shall use only symbols. 


S=4 (aces of spades, hearts, 
diamonds and clubs) 


N=52 
“. probability of an ace 
P=8=4 


(d) The chances it is the ace of spades: 


S=1 
N=52 

.. probability of the ace of spades 
P= 


EXAMPLE 4. On a table there are five coins: two pennies and three 
nickels. 
(a) What is the probability of randomly selecting a dime? 
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(b) If the table has only five pennies on it, what is the probability of 
picking a penny? 


Solution 
(a) S=0 
N=5 
. P= 3=0 
(b) S=5 
N=5 
P=i=1 


If an event is certain, the probability P =1. 


EXAMPLE 5. If two coins are tossed on a table, what is the probabil- 
ity that they will both land heads? 








Table 1-6 


Solution: We can list the possibilities as in Table 1-6, from which we 
see that 


Ww ZA ®) 
ll 
LR = 


Bi 


“. the probability of two heads is 3. 


EXERCISE 1-2 


1. A single die is thrown. 

(a) How many possible outcomes are there? 

(b) If a success is throwing an even number, how many outcomes are 
successes? 

(c) What is the probability of throwing an even number? 

2. (a) A box contains three black marbles and four white marbles. If 
your task is to pick one marble at random, what value has N? 

(b) If we wish to calculate the probability of selecting a black marble 
what value has S? 

(c) Calculate P. 


3. (a) A drawer contains four black socks and five white socks. If you 
have a white sock in your hand, what is the probability of your 
reaching in the dark and selecting one sock to make a matching pair? 


probability 


What image would be seen 
by someone 

(a) looking into mirror #1? 
(b) looking into mirror #2? 





N =Total number 
of possible 
outcomes. 


B 


In each case how many 
paths are there from A to 
B if you can travel to the 
right and/or down only? 


(b) How many socks would you have to pick to be sure of getting a 
matching pair if you had none in your hand to start? 

(c) If the drawer contained four black socks and six white socks and 
you had none in your hand, how many would you have to select to be 
certain of getting a pair of white socks? 


4. In a single throw of one die, what is the probability of throwing (a) 
a 1? (b) a 5? (c) a 9? 


5. (a) In a single throw of two dice, what are the probabilities of 
throwing each of the 11 possible outcomes? 
(b) What pattern do you notice in the results? 


6. In a single throw of three dice, what is the probability of the throw 
totalling (a) 3? (b) 5? 


7. In a random draw from a deck of cards what is the probability of 
drawing (a) a red queen? (b) a face card? (c) the 6 of spades? (d) an 
ace? 


8. A box contains 12 green marbles, 6 red marbles: and 2 white 
marbles. Calculate the probability of choosing at random (a) a green 
marble, (b) a red marble, (c) a white marble, (d) not a green marble, 
(e) not a red marble, (f) not a white marble. 


9. In a throw of a single die, what is the probability of getting 4 or 
greater? ; 


10. In a throw of two dice, what is the probability of getting 8 or 
greater? 


11. 5000 people each hold one ticket in a lottery, and there are five 
prizes drawn. 

(a) What is the probability of winning a prize? 

(b) What is the probability of winning 1st prize? 

(c) What is the probability of winning 1st or 2nd prize? 


12. In a medical experiment 10 people are given two cold pills “A”, 10 
people are given two cold pills ““B’’, 10 people are given one cold pill 
“A” and one cold pill ‘“B’’, and 10 people are given two sugar pills. No 
One is told what they receive. What is the probability of a subject 
receiving: 


(a) two cold pills “A” (b) one or more cold pills ““B” 
(c) no medication 


13. A set of cards numbered from 1 to 100 is shuffled and a card 
drawn at random. What is the probability that the number on the card 
(a) is even? (b) ends in a 6? (c) is divisible by 5? 

14. Three coins are thrown on a table. What is the probability of (a) 
three tails? (b) one head and two tails? 


15. A quarter, a dime and a nickel are tossed on a table. What is the 
probability that the quarter is heads and the dime and nickel are both 
tails? 
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1.3 LAW OF LARGE NUMBERS 


A coin is flipped 50 times and a record of the results is kept as shown 
in Table 1-7. We shall consider a head as being a success. A cumula- 
tive frequency of successes (S) is recorded. The cumulative total 
column contains the total of all successes up to that point in the 


: Cee : S 
investigation. The ratio of successes to the total number of tosses ea 


is expressed as a decimal. 


Number Heads Cumulative 
of toss or tails total—heads 
N fab IF 








Table 1-7 


A graph is constructed (Figure 1-8) with < shown on the vertical 


scale from 0 to 1 and N shown on a horizontal scale from O to 50. 


Since the probability P for a head is 3 or 0.5, a P is marked on the = 


axis at 0.5 and a horizontal line is drawn across the graph at this point. 


S Ratio of number of heads to number 
of throws in tossing a single coin 














Expected probability 











Figure 1-8 


probability 


= s1e9 Oy ——>| 





Two trains of 40 cars each 
meet on a single line at a 
spur which will hold 20 
cars and a locomotive. 
How can the trains pass? 


10 


Notice that when N was small, the ratio 8 varied widely from the 


expected value for P. However, as N increased, the value came closer 
to 0.5. This is an example of the phenomenon described by The Law 
of Large Numbers. 





The Law of Large Numbers: As the value of 





N increases, the value of Ss approaches P. 





This law is frequently misinterpreted. It does NOT suggest that if 
heads has not turned up for several tosses it is more likely to turn up 
on the next toss. A coin has no memory. 


INVESTIGATION 1.3 


Perform the following experiments to illustrate the law of large num- 
bers. On each graph draw a line at the expected probability and 
compare your experimental results to the theoretical value. 


1. Make a table and graph for 100 throws of a single die. Consider a 
One or a two as a success. Keep a record of every throw and a 


P S 
cumulative frequency of successes, but calculate and plot N for every 


fifth throw only. 


2. In a box or bag place four pieces of chalk, one of which is 
distinguishable by sight but not touch. This may be accomplished by 
using a marking pen. Repeat as for question 1, counting a success as 
picking the marked chalk by chance (without looking) from the con- 
tainer. 


3. Make up a set of seven cards and mark two of them. A success is 
selecting a marked card at random. Make one hundred selections, 
shuffling the cards after each; table and graph the results as in 
question 1. 


4. Throw three coins on the desk 50 times, and note the number of 
heads turning up at each throw. 

(a) Consider a success to be two or more heads, calculate and graph 
S at five-throw intervals. 

(b) Use the same data but consider a success to be exactly two heads. 
Graph as for (a). 


1.4 EMPIRICAL PROBABILITIES 


In all cases discussed previously, it has been possible to forecast the 
total number of successful outcomes and to calculate P theoretically. 
But in fact some of the most useful applications of probability concern 
events where this is not possible. The work of actuaries in calculating 
life insurance premiums, for example, centres around determining the 
probability of an individual living to a certain age. 
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In Section 1.3 we observed how the value of Ss approached P for 


large values of N. We can now use this fact to help us approximate P 
by experiment. 


INVESTIGATION 1.4 


1. If a thumb tack is thrown on a desk, what is the probability that it 
will land point up? Make up a table similar to the tables in Investiga- 
tion 1.3 with columns N, S and 5. Calculate and graph Ss for every 
tenth throw of 200 throws. (The process may be speeded up by 
throwing 10 tacks at once, add 10 to the N and add the number that 
land point up to S.) 


2. On visits to fair grounds or carnivals you may have seen a game 
where a coin is rolled onto a board which is covered with squares 
similar to graph paper. If the coin lands in a square without touching a 
line then the thrower wins. 

Select a coin and on a sheet of paper draw squares with lengths of 
sides twice the diameter of the coin. Using a table with columns for N, 
S and . , and a graph, make 100 throws plotting (N, =) for every fifth 
throw. Estimate the probability of winning your game. (At the carnival 
the squares are usually just larger than the coin, which of course 
reduces even further the probability of winning.) 


3. Select a matchstick, toothpick, needle or pin. On a piece of paper 
construct a set of several parallel lines with distance between the lines 
equal to the length of the object chosen. If the object is dropped at 
random on the paper within the parallel lines, what is the probability 
that it will come to rest touching one of the lines? Set up a table and 
graph for 100 throws as directed in Investigation 1.3. Estimate the 
probability of the needle touching a line. (Figure 1-9.) 

In the 1700’s a mathematician named Buffon suggested that this 


: 2 : ~iaahoced : , 
predicts the value for P to be Fr Does your investigation confirm this 


value? 


4. (a) Determine empirically the probability of tossing a coin into a 
dish from behind a desk 1.5m away. Use 25 tosses as a basis for your 
calculation. 

(b) If you pay back the coin plus double the amount for a success how 
much would you win or lose, according to your calculation in (a), if a 
total of $10 in coins was tossed? 


5. Ask 30 people to select a number “From one to twelve.” Determine 
the probability that they will select a number from the middle half. (4, 
SOs clon 9): 


probability 


ES 
a 


Figure 1-9 


Tom and Harry toss coins. 
Tom wins when it’s tails, 
Harry wins when it’s 
heads. Harry has $h, Tom 
has $t. The probability 
than Harry wins all Tom's 
money is ae What is 
the probability that Tom 
wins all Harry’s money? 


11 


1.5 COMPOUND PROBABILITIES: Either of 
Two Mutually Exclusive Events 


EXAMPLE 1. What is the probability of throwing either a 20ra3ona 
single throw of a die? 


Solution 
(i) By possible successful outcomes: 


S=2, N=6 


(i) By compound probabilities: 
Probability of throwing a two: 


P= 
Probability of throwing a three: 
S,=1, N=6 
P.=% 


Probability for either outcome; 
From solution (i) P =3 
=3+3 


The expression ‘mutually exclusive” means that the events cannot 
both occur at once. For example, in drawing a card from a deck of 
playing cards, the events of drawing a face card or a spade are not 
mutually exclusive since it is possible to do both at one draw (the king 
of spades, for instance). We could not use the formula in this case. 

To illustrate this fact, let us consider four cards numbered 1 to 4; 1 
and 2 are coloured, 3 and 4 are white. What is the probability of 
drawing at random either a coloured card or an even-numbered card? 


SBUL 


Figure 1-10 


From Figure 1-10 we see that (cards 1, 2, 4) 


vZ2n 
poe eA 
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The probability of a coloured card, P, =3. 
The probability of an even-numbered card, P,=3. 

Note that P#P,+P.,. If it were, this would indicate certain success. 
But you are not certain of drawing even or coloured—you might draw 
card 3. The discrepancy is due to the fact that card 2 is both coloured 
and even. 


If an event can happen in N equally likely ways in which two 
mutually exclusive results are considered successful, with prob- 
abilities of success P, and P,, then the probability of either 


happening is 
P=P,+P, 





EXAMPLE 2. A bag contains two black, five white and eight red 
marbles. What is the probability of drawing a black or a red marble on 


one draw? 
A traveler drives 150 km at 
Solution 50 km/h and flies 150 km at 
100 km/h. What is the av- 
Probability of drawing a black marble: erage speed? 
S, 
E, aa 


|0 


=) 
oO 


Probability of drawing a red marble: 


a 
i 
A 


vv 
IS eal 
is ay ao > 
eerste | 
WIN Flo 


=) 
a 


Check this result by using possible successful outcomes. 


EXERCISE 1-5 


1. Which of the following events are mutually exclusive? 

(a) Being 180 cm tall and being under 160 cm tall. 

(b) Having brown eyes and black hair. 

(c) Living in Toronto and living in Ontario. 

(d) Living in Winnipeg and living in Alberta. 

(e) Drawing a black card and drawing a queen. 

(f) Having a three and a five turn up on a pair of dice. 

(g) Having a figure that is a triangle and the interior angles add up to 
360°. 


probability 13 


FAITES VOS JEUX 














In the game of roulette a 
small ivory ball is thrown 
into a spinning wheel with 
numbers 00 and 0 to 36 on 
the rim. All the numbers 
except 00 and 0 are black 
or red (the zeros are 
green). A player may bet 
on a particular number; on 
red or black; on the 
sequences 1 to 12, 13 to 
24, or 25 to 36; on even or 
on odd; on high (19 to 36) 
or low (1 to 18). 

Various combinations of 
numbers may also be 
wagered on. If 0 or 00 
comes up, only bets on 
these alone or in 
combination are winners. 

What is the probability 
of winning by betting on 
red? on even? on high? on 
1 to 12? on a single 
number? 
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(h) Having a figure that has two obtuse angles and the figure is a 
parallelogram. 
(i) From a deck of cards draw a spade and a one-eyed jack. 





2. If P,, P2 and P; are the probabilities of mutually exclusive outcomes 
from a particular event, what is the probability P of any of P,, P. or P; 
happening? 


(a) P,=5 P,=5 (b) P,=% P,=3 
(c) P,=§ P=; P3=5 (d) P,=3 P.=% P3=3 
(e) P,=5§ P2=6 (f) Pi=s P.=3 
(g) Pi=s P,=3 P3=70 (h) P,=3 P,=5 P3=: 


3. A student is asked to pick a number from 1 to 10. What is the 
probability he will pick (a) an even number? (b) number 5? 


4. In drawing from a deck of playing cards what is the probability of 
drawing a black ace or a red face card? 


5. In the game of craps, the thrower wins if on the first throw of a pair 
of dice he throws 7 or 11. Calculate P,, the probability of throwing 7, 
and P,, the probability of throwing 11, and the probability P of 
winning on the first throw. 


6. In craps, if the player throws 2, 3 or 12 with a pair of dice on the 
first throw, he loses. What is the probability of his losing on the first 
throw? 


7. A bag contains three black, four white and five red marbles. 

(a) What is the probability of drawing a red or a white marble? 

(b) What is the probability of drawing a black marble? This question 
could be rephrased to read: What is the probability of not drawing a 
red or a white marble? 


If an event must be either a success or a failure, and the 
probability of success is P, then the probability of failure is 1—P 


probability 


15 


“Heads | win. Tails you 
lose.”” What is the proba- 
bility of winning? 


16 


8. A bag of 100 marbles contains 30 black marbles. Calculate in two 
ways the probability of not drawing a black marble from the bag when 
selecting one marble at random. 


9. An owner enters two horses in a race. The probability that one of 
them will win is 3, the probability that the other will win is 3. What is 
the probability that either will win? What is the probability that both 
will lose? 


10. Rolling a pair of dice what is the probability of rolling (a) over 
seven? (b) under seven? (c) Not rolling seven? 


11. In a medical test 25 people receive pill A, 25 people receive pill B, 


and 25 people receive pill C, a placebo. What is the probability that an 
individual in the experiment receives a medical treatment? 


12. Sixty-four ball bearings dropped onto a probability board bounce 
off nails and fill the pockets as shown in Figure 1-11. What is the 
probability of a bearing landing in (a) pocket A? (b) pocket B? (c) 
pocket A or B? (d) not pocket D? (e) to the right of D? 





Figure 1-11 


1.6 COMPOUND PROBABILITIES: Both of 
Two Independent Events 
Events are independent if the success of one does not depend on the 


success of the other. If a coin is tossed and a die is thrown, the events 
of the coin landing heads and the die coming up a 3 are independent. 


applied mathematics for today: senior 


EXAMPLE 1. A player throws a pair of dice, one red and the other 
green. What is the probability of throwing a 4 on the red die and a 5 
on the green die? 


Solution 

(i) By possible successful outcomes: 

From the work we have studied we know that 
S=1 (red 4and green 5) 
N =36 
P=% 

(ii) By compound probabilities: 

Probability of throwing a red 4: 


S= "1 
N,=6 
P,=5 


Probability of both: 
From solution (i) 


If the probabilities of two independent events are P, and P., then 
the probability of both happening is 


P=P,xP, 





EXAMPLE 2. What is the probability of tossing two heads in a row? 


Solution 
For the first toss, P, =} 
For the second toss, P,=3 
For both heads, P—=PixP2 
nl 1 
=2X%3 


i= 


probability 


Le 


More complicated problems may be illustrated by means of tree 
diagrams showing all the possible outcomes, as in the next example. 


EXAMPLE 3. Draw a tree diagram to illustrate the number of possi- 
ble outcomes of a contest to be settled by winning three out of five 
tosses of a coin. Find the probability of winning two, then losing two, 
then winning the last toss. 


Solution The vertices of the tree diagram (Figure 1-12) can be called 
decision points since these represent tosses of the coin which decide 
wins or losses. At each decision point the probability of the desired 
outcome is 0.5 (since the probability of heads or tails is 3). The 
probability of win, win, loss, loss, win is (3) x (3) x (3) X (3) x (2) or 32. 










Throw no. 


Throw no. 


Throw no. 


Won toss 


Lost toss — 
Won series 


Lost series 








Jbdwos WwW WO W 


Figure 1-12 


EXERCISE 1-6 


1. Which of the following events are independent? 

(a) Throwing a 4 with one die and a 6 with another. 
(b) A cloudy sky and rainy weather. 

(c) Wearing a black hat and winning the sweepstakes. 





Flip 2 coins. If they are (d) Eating rich foods and gaining in mass. 

not both heads what is the (e) Drawing a spade and drawing a heart from the same deck without 
probability that they are replacing the card first drawn. 

both tails? (f) Picking the winner of the Grey Cup and the Stanley Cup. 


18 applied mathematics for today: senior 


(g) Picking the winner of the first race at a track meet and picking the 
winners of the first two races. 
(h) Studying for a test and passing the test. 


2. If P,, P2 and P; are the probabilities of independent events happen- 
ing, what is the probability of all happening where: 





(a) P,=3 P.=3 (b) P,=2 P2=% 

(c) P;=2 P=; (d) P,=5 P,=; P3=5 

(e) P,=§ P.2=3 P3s=s (f) P,=3 P,=3 

iG) best, Post (P3=% (h) P,=722 P,=% P3=3 Flip a nickel and a penny. 


If the nickel is a head what 
is the probability they are 
both heads? 


3. (a) Can independent events be mutually exclusive? 
(b) Can mutually exclusive events be independent? 


4. What is the probability of throwing two 7’s in a row with a pair of 
dice? 

5. What is the probability of drawing a spade twice in a row from a 
deck of cards, if the card is replaced after the first draw? 


6. Find the probability of tossing three tails in a row. 


7. A bag contains four black marbles, three green marbles and two 
white marbles. What is the probability of drawing a black marble on 
the first draw and a white marble on the second draw if the marbles 
are replaced after each draw? 


8. In a game of roulette, a player who places $1 on a winning number 
will get $36. A player hopes to win $46 656 by placing $1 on his lucky 
number and leaving all his winnings on the number for three consecu- 
tive wins. What is the probability of his winning this amount? (the 
wheel is numbered 0, 00, 1,..., 36) 


9. A player rolls a pair of dice and then picks a card from a deck of 
playing cards. What is the probability of throwing a 10 and picking a 
club? 


10. Make a tree diagram to show the possible outcomes of a “two 
wins out of three” coin-tossing contest. In how many different ways 
may a player win the series? 


11. Make a tree diagram for a best three out of five play-off between 
two teams. In how many series does the victorious team (a) win 
three straight? (b) win the first two then lose two? (c) lose the first two 
games? 


12. A particular design of parachute has a record of failure of once in 
2000 jumps. The reserve chute has a record of failure once in 1200 
jumps. What is the probability of both chutes failing? 

13. Choosing paths at random what is the probability of going directly 
from A to B? (Figure 1-13). 


14. As agent 002 you have been chosen to smuggle the Countess De 
Toures out of the country. You may select either route. What is your 
best chance of success? (Figure 1-14). 


Figure 1-13 


probability 19 


20 


Chance of breaking 
through tunnel barricade 


% 


Chance of sniper 










Chance of 
surviving 5 2 
ambush at 
forks 
3 Chance of 
border guard not 
discovering 
countess 8 
Chance of 
diffusing 
bridge mine 
5 NN 
: LJ | 


Chance of getting 
past guard house 


4 


5 


Figure 1-14 


The Alarm Clock 









1. Sun rises and shines through window 
on magnifying glass 


2. Sunlight burns 
the string 
4. Which throws ball 


3. Weight into basin of water 
drops on 





1. Probability of | 2. Probability of insufficent 3. Probability that weight 4. Probability that ball 5. Probability that sleeper 


cloudy day 4 heat on sunny day 4 misses lever 4 misses pan -& has blanket over face 45 


What is the probability that the alarm clock will work ? 


applied mathematics for today: senior 


REVIEW EXERCISE VA 


1. Give the mathematical probability of the following events: 

(a) Throwing a “two” with one die. 

(b) Throwing a “two” with two dice. t en, 
(c) Selecting a “heart’’ at random from a deck of cards. 

(d) Picking a black marble from a bag containing 4 black and 7 green. 


2. What is the probability of (a) a certain event? (b) an impossible 
event? 


3. Tossing a fair coin four times the results have been head, head, MA 
head, head. What is the probability of a tail on the next flip? 


4. (a) Describe mutually exclusive events. 
(b) If A and B are mutually exclusive events and the probability of A 
is and the probability of B is i, what is the probability of A or B? 


5. (a) Describe independent events. 
(b) If A and B are independent events and the probability of A is } and 
the probability of B is 3, what is the probability of A and B? 


6. A bag contains three red marbles, five green marbles and four blue 
marbles. Find the following probabilities: 

(a) Pick a blue on one pick. 

(b) Not pick a red on one pick. 

(c) Pick a red or a blue on one pick. 

(d) Pick first a red and then a blue on two picks without replacing the 
first pick. 

(e) Pick first a blue and then a red on two picks without replacing the 


first pick. 
(f) Pick a blue and a red in either order on two picks without replacing Sy 
after the first pick. 


7. (a) Are “Throwing a seven with two dice” and “Both dice the 
same” mutually exclusive events? 


(b) What is the probability of each? 

(c) What is the probability of either one or the other? 

(d) What is the probability of both on one throw? 

8. (a) Are “Smokey Joe” winning in the first race and “Sloe Sam” 
winning in the second race independent events? 


(b) If the probability of “Smokey Joe” winning is ; and the probability 
of “Sloe Sam” winning is 3, what is the probability of both winning? 

9. A regular dodecahedron has 12 faces, numbered “1” to “12.” If the 
dodecahedron is rolled, what is the probability of: 

(a) An even number turning up? 

(b) A number divisible by three turning up? 

(c) A “15” turning up? 

10. Of a pair of regular tetrahedrons, one is red and the other is blue 
If they are rolled, what is the probability of: 

(a) A “4” turning up on the blue tetrahedron and a “3” on the red? 
(b) A “2” turning up on both tetrahedrons? 


(c) A “1” on one and a “3” on the other? Nir. 


probability 21 


22 


(d) A sum of six on the turned-up faces? 
(e) A sum of five on the turned-up faces? 


11. (a) What is the probability of moving directly from A to E if 
choices of route at each vertex are made at random. Backtracking is 
not considered. 





(b) What is the probability of moving from A to D without 
backtracking? 


A D 


12. Complete as many as possible of the following questions in five 
minutes. 

What is the probability of each of the following occurrences? 

(a) Throwing a 5 with one die. 

(b) Throwing a 2 or a 3 with one die. 

(c) Throwing 12 with one die. 

(d) Throwing 7 with a pair of dice. 

(e) Tossing a coin and getting heads. 

(f) Tossing a coin twice and getting heads twice. 

(g) Picking a spade from a deck of 52 cards. 

(h) Picking an ace from a deck of 52 cards. 

(i) Picking the ace of spades from a deck of 52 cards. 

(j) Throwing two coins and getting at least one head. 

(k) Being born in June. 

(I) Picking a red marble from a bag containing no red marbles. 
(m)Picking a red or a white marble from a bag containing three red, 
two white, one green. 

(n) Picking a red then a white marble from a bag containing three red, 
two white, one green if the first marble is replaced after it is drawn. 
(o) Tossing three heads in a row. 
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HAPPY BIRTHDAY 


What is the probability of two 
people in your class having the 
same birthday? At first thought it 
may seem unlikely if you have less 
than 180 people in the class and 
highly improbable with a class of, 
say, 24. Let us examine the 
problem using our knowledge of 
probabilities. We can do this best 
by first examining the probability 
of all birthdays being on different 
days. 

The first student we consider in 
the class can have any birthday 
so the probability of no common 
birthday is 3g. The second student 
can have any other birthday so the 
probability of no coincidence is %s. 
The third student can have any 
birthday except the previous two, 
so the probability of no - 
coincidence is 3¢. If there are 24 
students in the class the probability 
of the last student having a unique 

36052235 342 


birthday is 365. 365° 


From the work in this chapter on 
compound probabilities, the 
probability of all these events 
happening (that is, no one having 
the same birthday as anyone else) 
is given by the expression 
364 , 363 362 342 


Xsn- — 0.46. 


1x365 <365 «365 << 365 





Since the probability of no one 
having the same birthday is 0.46, 
the probability of at least two 
people having the same birthday is 


1—0.46 or 0.54 


which means it is more likely to 
happen than not happen. 


STATISTICS 


The study of statistics involves the 
gathering and organizing of 
numerical data, its display and its 
interpretation. 

Do statistics prove? To the 
extent that they will show the 
probability of a hypothesis being 
true, it might be said that they 
prove. 

Do statistics lie? Statistics can be 
made to seem to prove almost 
anything. 


In determining probabilities 
deductively, the validity of our 
work depends on equally likely 
outcomes. With statistics we must 
work with a whole population or a 
random sample of that population. 
The best way to prove that most 
people buy Brand A is to sample 
shoppers in a store where Brand A 
is on sale at half price! Statistics 
don’t lie but statisticians may, for 
instance by withholding 
information (such as where a 
survey was taken), and this can be 
as misleading as giving false 
information. 

In a society where we are 
continually subjected to 
persuaders—commercial, political 
and social—it is important that 
every citizen be able to apply a 
critical judgement whenever 
anyone implies that ‘statistics 
prove’. 


probability 23 
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REVIEW AND PREVIEW TO CHAPTER 2 


A slide rule will give the square root of a number to two or three 
significant figures depending on where the number lies on the scale 
and the skill of the user. The accuracy of the answer can be increased 
by dividing the square root as found on the slide rule into the original 
number and averaging the divisor and quotient. This is really just 
using Newton’s method in conjunction with a slide rule first estimate. 
An electronic calculator will give even greater accuracy. 





EXAMPLE 1 EXAMPLE 2. 
V41,20 = 6.42 V14 938 = 122 
41.20. 14938 . 
Bap 0417 99 122.4 
Sea ve ie 122 ae een 


Further divisions may be used to get greater accuracy. 
Find the square root of the following numbers to four significant 
figures. 


1. 5.634 2. 84.31 370.01 
4. 129.6 5. 342.7 6. 758.3 
7389.20 8. 47.32 95 10365 
10. 4.391 11. 0.0145 12. 0.5871 
13. 0.008 739 14. 0.000 841 15. 0.3421 
16. 0.000 187 2 UWA CB Ree <1 18. 5.934 x 10° 
19. 1.142 x10’ 20. 3.817 x 10° 217. 523.< 10m 
22. 7.105 x 10° 23. 8.893 10° 24. 2.346 10° 


Perform the following calculations: 


1 6.275+ 5.325 2 3.125 x 5.375 
914157625 * 8.985+6.215 
3 0.4255 —0.2145 4 65.55 x 6.375 
» 1.375% 4.125 * 8.635 x 41.65 
5 42.65 — 21.27 6 399.655.3575 
» 88.25=3.754 V28 75 54.265 
” 675.0 862.7, 8 0.4251 + 0.7835 
45216 =327.5 ~ 2.615x0.2175 
9 3.125 x 6.375 10 0.7185=0.922/ 
6:375--37125 >) 6315425127 
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Statistics CHAPTER 2 


2.1 FREQUENCY DISTRIBUTIONS 


A. With Discrete Data. 


If data is obtained by counting, it belongs to a discrete set of numbers. 
There will be no fractions, and each value will be exact. 


EXAMPLE 1. Toss four coins 50 times and record the number of 
heads which turn up on each toss. Tabulate the results in a frequency 
table and construct a frequency polygon. 


Frequency polygon 


Solution Construct a table showing the possible numbers of heads, 
perform the experiment and tally the results. 





Frequency Table for the Number of Heads in 18 
Tossing Four Coins 16 
14} 
Number of > 
heads Tallies Frequency a 12 
= 
| 1 Fa 8 
dat HHT JT III 18 6 J 
Jat ATs 20 | 
JH II 7 4 
JH 4 D, 
(0) | i | 
Table 2-1 0 °t,--2493 5.4 
Heads 
A frequency polygon is constructed by graphing the frequencies and Figure 2-2 


joining the points with straight lines. (Figure 2-2) 

If the number of cases is large, it is wise to group the data into 
classes. The class intervals should be easy to work with and should 
give about 12 classes. 


EXAMPLE 2. A book is opened at random and the page is recorded. 
Construct a frequency table and a histogram. 


Solution The book selected had 500 pages so it is advisable to group 
the data to get meaningful information. 
500+12=42 
Fifty is a number near 42 and easy to work with 
..we shall use 50 as our class interval. 
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How many metres of ven- 
eer 2.0mm thick can be 
peeled from a log 500 mm 
in diameter if a central 
core 50 mm in diameter is 
wasted? 


26 


Random Book Opening 


0-49 
50-99 
100-149 
150-199 
200-249 
250-299 
300-349 
350-399 
400-449 
450-500 
























Frequency 














0 100 200 300 400 500 
50 150 250 350 450 


Page number 
Figure 2-4 


A histogram is a vertical bar graph on which the class intervals are 
marked along the horizontal axis and the frequency on the vertical 
axis. Each bar represents the number of cases in the class interval. 


B. With Continuous Data. 


If data is obtained by measuring, the value obtained will be approxi- 
mate, the precision being limited by the measuring instrument we 
use. In placing the values in a frequency table we must set class 
intervals to group the data. If our measures are to the nearest unit, 
then the class boundaries will be the half unit. For example, if we 
measure the heights of students to the nearest centimetre and the 
class interval of 3cm is from 160cm to 163cm, then students with 
heights between 159.5cm and 163.5cm would fall in this class; 
therefore the class boundaries are 159.5cm and 163.5cm. 
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EXAMPLE 3. The hand-spans for a class are measured to the nearest 
centimetre. Make a frequency table and show the data on a histogram. 
Convert the histogram to a frequency polygon by joining the mid- 
points of the tops of the bars. 


Solution 


Hand-spans in centimetres of Grade 9 
High School Students 





sped te 
Class Class 
iS 
16.5-17.5 1 pee 
17.5-18.5 3 S 6f- 
18.5-19.5 8 ic ; 
19.5-20.5 12 
20.5-21.5 12 2|- 
21.5-22.5 8 oLaA, 
22.5-23.5 4 165 
23.5-24.5 2 475 
24.5-25.5 1 : 





Table 2-5 


The midpoinits of the tops of the bars occur halfway through each 
class interval and are at the class midvalue. In the example above, the 
class includes values from 60 to 63 cm and has a class midvalue of 

oe = 615. 





61.5cm. Notice that 


In trying to draw conclusions about a whole population from a 
given sample, it is often of assistance to graph the frequency curve 
corresponding to the given data. A frequency curve is constructed by 
plotting the frequencies against the class midvalues and joining the 
points with a smooth curve. To construct a frequency curve from the 
data in Example 3, see Table 2-7 and Figure 2-8. 


18.5 920.5 e22.0) 24.0 
19.55 21.598 23.088 25:5 


Hand span in centimetres 


Figure 2-6 
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Hand span in centimetres 


Figure 2-8 
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Table 2-9 


Heights of 50 students 
to nearest centimetre 








Find the centre of the cir- 
cle using a drafting 
triangle and pencil. 
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EXERCISE 2-1 


1. Construct a frequency table using the data in the margin on the 
heights of students. Illustrate the data by means of a frequency 
polygon. Group the data with 3cm class intervals. 

2. The masses in kilograms of 100 students are given in table 2-10. 
Group the data into suitable classes and construct a frequency table 
and histogram. 


Masses of 100 students in kilograms 





Table 2-10 


3. Construct a histogram from the frequency table 2-11. Where the 
class interval is $5000 make the bar five times wider than where the 
class interval is $1000 and divide the frequency by 5. Consider a 
suitable method of indicating the “over $25 000” group. 


Canadian Taxpayers by Income 
1971 


$1 000-$2 000 280 000 ~ 
2 000— 3000 770 000 
3 000— 4000 870 000 
4000-— 5000 870 000 
5 000— 6000 800 000 
6 000— 7000 720 000 


7 000— 8000 670 000 
8 000— 9000 560 000 
9 000-10 000 460 000 
10 000-15 000 980 000 
15 000-20 000 220 000 
20 000-25 000 70 000 
over 25 000 94 000 





Source: Information Canada 
Table 2-11 


4. Measure the hand-spans of the students in your class. Group the 
data and construct a frequency table and frequency polygon. 


5. Have at least 30 subjects use an unmarked straight edge, such as a 
book, to construct a line estimated to be 15 cm in length. Measure the 
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segments to the nearest millimetre. Group the data and construct a 
frequency table and histogram. 


2.2 MEASURES OF CENTRAL TENDENCY 


When we are looking for a single number to represent a whole set of 
data, it is usually a suitable measure of central tendency that is 
chosen. It must be remembered, however, that much information 
cannot be contained in a single number, it must be used in conjunc- 
tion with other statistics. 


A. The Mean 


The mean is the statistic usually meant when people say, ‘The 
average number is...” 


The mean of a set of values is the sum of the values divided by 
the number of values in the set, and is usually represented by x 
(x bar). For a set of values x,, X2, X3,---,Xn: 


_ yt Xo tXgt...4+X, 
OS a ee SE 
n 





If a large number of values is involved with many repetitions, the 
calculation can be shortened by using an expanded frequency table. 
(See Table 2-12.) 


Sample Test Data 


Frequency 
Test mark | Frequency |times test mark 


oan cena 


Sample Test Data 








OONDABRWN-O 
OANODARWNHO 


0 
0 
0 
0 
1 
2 
2 
4 
5 
6 
3 
4 
1 
0 
1 
0 


Op-O-—-fBWOAOBNN-OCOCOCO 


Y fx = 248 





Table 2-12 Table 2-13 
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Cumulative 
Frequency frequency 


29 


30 


The “frequency times test mark’ column allows us to multiply 5x8 
instead of adding 8+8+8+8+8. 

yY is the Greek capital letter ‘sigma’ which is used to indicate “the 
sum of.’ Therefore ) f is the sum of the frequencies () f=n). For a 
frequency distribution: 





For the sample data. 


B. The Median 


The examination marks of five students were 32, 64, 68, 70, and 72. 
The mean mark is 61.2 which is lower than all but one of the students’ 
marks; the mean has been lowered by the one very low mark. A better 
measure of the average performance of the class would be the middle 
mark. This mark is called the median. The median of the five marks is. 
68. 

To find the median of a set of values, order the values in a 
n+1 

2 


comes out a fraction, calculate the mean of the two 





frequency table. If there are n values, the median value is the 





value. Where aos 


nearest values. 
The median of a set of n ordered values X,, X2,X3..-X, iS 


Xat Xo . 2 
—_+4—— if nis even. 


i) M= Xx if n is odd. ii) M= 





Dee 


5 [ou 15. The median mark is the 15th 





In Table 2-13 n=29, .. 


mark. 
From the cumulative frequency column, it is found that the 15th 
mark is a 9. Therefore the median mark is 9. 


C. The Mode 


The mode of a set of values is the value which occurs most 
frequently or at least more frequently than those values about it. 


In two hypothetical measures of students’ foot-lengths, the data might 
result in the following frequency curves. 
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0 14 16 | 
Students’ foot length (cm) 
(Co-ed class) Source: Author 
Figure 2-15 


In the boys’ class, the data gave us a normal distribution with a 
mode of 22cm. This is called a normal distribution because it follows 
the usual pattern of a chance distribution over a large number of 
cases. The graph of a normal distribution is usually referred to as a 
bell curve. 

In the co-ed class, the fact that girls tend to have smaller feet gave 
us One modal value of 18cm and another of 22 cm. In spite of the fact 
that the 22 cm value has a greater frequency than the 18 cm value, we 
would refer to this curve as being bi-modal or as having two modes. 
This statistic is of particular value to manufacturers, who, for produc- 
tion planning, are interested in which sizes or styles are selling best. 

The three measures of central tendency are the mean, the median, 
and the mode: 








12 
se 4+17 
14+ 

14 Median: halfway value: = 15.5 

17 

17 Mode: most frequently occurring value = 17. Place the numbers from 1 

18 to 12 in the circles so that 

the sum al i 
Mean =su™ Bele 15.2 sum along each row is 
n 6 26. 
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EXERCISE 2-2 


A 1. Find the mean of each of the following sets of numbers. 
(Gh) Sh Bhs 7, Gt Oe SS, © 
(D)eSa3a27 45 6n 7a 4, 0 
(clas: See a Cae 
(d)¥45—25— 5537 9nb 4 OOD 


Sees ot At | MSFN il pa et A 


2. Find the median of each of the following sets of numbers. 
(a) 4,7, 7, 8; 12 

(D)etns, a apo a 

(c) 27, Ol 21D albA 20,25 

(cd) 5453, 07 2453 al2 ao 

(ec) 8-673) 44 on ono 


3. Find the mode(s) of each of the following sets of numbers. 
(ayes S4534536)36"NcGRo7e s/n oo 
(DESAI 2 ea 2a 4a Se lore2 dee eee lee 
(C)RARAMIGn On Oe Ora2 
(d) 18, 19, 20, 20, 23, 23, 27, 27, 27, 28 
(2) = 7 6) =O on OO eee 
(Ff) 8712714 167 23)025034 
B 4. Find the mean, median, and mode of the set of numbers 21, 22, 23, 
23, 24, 24, 24, 25, 25, 26, 29, 30. 
5. Find the mean and mode for the data from Table 2-5 (Hand-spans 


in centimetres of Grade 9....) If you were a glove manufacturer, 
which statistic would interest you most? Why? 


6. Find the mean mass for the student data given in Table 2-10. 
7. (a) Order by rank the following data and find the median value. 


Number of manufacturing establishments by 
province (1970) 


Newfoundland— 245 Ontario— 12 740 
Prince Edward Island— 153 Manitoba— 1356 
Nova Scotia— 795 Saskatchewan— 23 
New Brunswick— 609 Alberta— 1821 
Quebec— 10136 British Columbia—3 303 







Heights of 50 students 
to nearest centimetre 





b) Calculate the median value for the above data if we include the 
territorial districts: 


Yukon—15 Northwest Territories—14 


Source: Information Canada 


8. Find the mean height of the students from the data in the margin. 
Use a 3cm class interval. (See question 1, exercise 2-1.) 
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2.3 PERCENTILES 


It is often desirable to compare a person’s performance to the perfor- 
mance of others in the same group. For example, in a fitness test, all 
of the first-year students ran 100m. It would be unreasonable to 
compare their times against the track records for the 100m dash, 
since this group includes both athletes and nonathletes. It might help 
the students to be able to rate their performance against a standard 
derived from testing a large number of year one students on the same 
task. A suitable instrument for doing this is a percentile scale. A 
runner’s time might be classified as being in the 72 nd percentile of 


those of all year one students tested in the 100m run. Can you write the numbers 
from 1 to 10 using four 


4’s, basic operations and 


A score in the nth percentile is as high or higher than n% of the powers? 
scores. 


1=(4+4)+(4+4) 
= hs 
4= 

EXAMPLE 1. George ran the 100m dash in 14.5s. Out of a test 


group of 275 students, 46 ran better times. In what percentile was 
George's time? 


Solution 
275-46 =229 


George’s time was as good or better than 229 out of 275. 
“. percentile 
229 


= 83.3 


His time is in the 83.3 percentile. 


EXAMPLE 2. Mary is in the 56th percentile in standing long jump. If 
there are 148 students in her group, find her rank. 


Solution 56th percentile indicates her distance is as good as or better 
than the distances achieved by 56% of the students in the group. 


56 . 
=83 
148 —83=65 


There are 65 students with better distances. 
..Mary’s rank is 66 out of 148. 
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16 
25 
22 
18 

6 





EXAMPLE 3. The frequency distribution table for a set of contest 
scores is given in the margin. 

(a) Construct a table showing the class boundaries and cumulative 
frequencies. 

(b) Construct a cumulative frequency polygon. 

(c) Find the 29th percentile score. 

(d) Find the percentile ranking of a score of 70. 


Boundary: the number halfway between the highest class value in one 
class and lowest class value in the next. 


Solution (a) 


Cumulative 
Class values | Frequency Boundaries frequency 





Cumulative frequency: the total number of cases with values less than 
the given boundary value. 

* If it were possible to get less than zero or more than 90, these values 
would be —0.5 and 90.5 respectively. 


Solution (b) A cumulative frequency polygon graphs the cumulative 
frequencies against the boundary values. 


Solution (c) 
Find the 29th percentile score. 
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This score is equal to or higher than 29% of the 96 scores. 


29 
“N= 799 X96 


=27.8 
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30.55 60.5 
SCORE 


Figure 2-16 





We calculate the score as though the values within each class were 
evenly distributed. Since Slope AB=Slope AC 


27.8—25 50-25 
Fa 30.5) 45 5 — 30.6 
2.8 5 


P.,—30.5 3 
3(2.8) = 5(P25— 30.5) 
8.4 = 5P2.— 152.5 
Py = 32.2 
The 29th percentile score is 32.2. 


Solution (d) 

Find the percentile ranking of a score of 70. 

Since a score of 70 is in the interval from 60.5—75.5 we shall use this 
area on the graph. 
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CUM. FREQ. 









A Ue 
60.5 7075.5 





CUMULATIVE\FREQUENCY 









O55 445.0 97 2.0 
30!5ee OOO moO 


SCORE Soe 
Figure 2-17 


Slope AB = Slope AC 
f= 72 en E9072 
70—60.5 75.5—60.5 
L72aeS 
OSes 


15f —1080=171 
f =83.4 
To change the frequency to a percentile 


ei botthece. 


The score is in the 86.9th percentile. 


EXAMPLE 4. Given the following distribution of scores, find the 
median score. 


Boundary | Cumulative 
values frequency 
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Solution The median score is the 50th percentile score. 


_ 50 
i ree ee 


=17.5 
17.5 is in the cumulative frequency interval between 12 and 24. 


Slope AB = Slope AC 


175-12 24-12 
Ps 10.5 15.5—10.5 


55m - 12 
Po—10.5 5 


5(5.5) = 12(Ps.— 10.5) 
27.5=12P59— 126 
Ps = 12.8 





The median value ispa2eos 


EXERCISE 2-3 


1. A student receives 69% on a mathematics examination and is in 
the 56th percentile. Explain the meaning of each score. 


2. In a group of 200 scores, find the percentile score in each case. 
(a) Equal to or better than (i) 100 scores 
(ii) 180 scores 
(iii) 65 scores 
(b) A rank of (i) 41st 
(ii) 151st 
(iii) 97th 
3. In a group of 50 scores: 
(a) Find the number of scores the following are equal to or better than: 


(i) 40th percentile 
(ii) 74th percentile 
(iii) 12th percentile 


(b) Find the rank of the following scores 


(i) 64th percentile 
(ii) 90th percentile 
(iii) 24th percentile 


4. Find each of the following scores as a percentage and as a percen- 
tile. 


statistics 


When calculating the me- 
dian from boundary values 
we do not add 1 to n. 
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Can you find 3 natural 
numbers whose sum is 
equal to their product? 


a+b+c=abc 


Heights of 50 students 
to nearest centimetre 





P,;= Q, first quartile 
Pso= M, median 
P,; = Q, third quartile 


38 












5. Find the rank corresponding to each of the following percentile 
scores. 

(a) 80th percentile out of 50 (b) 45th percentile out of 120 
(c) 75th percentile out of 159 (d) 18th percentile out of 140 


(e) 50th percentile out of 87 (f) 24th percentile out of 58 
6. Given the following frequency distribution: 





(a) Complete the table. 

(b) Construct a cumulative frequency polygon. 

(c) Determine the median score. 

(d) Determine scores corresponding to the 15th and 95th percentile. 


7. (a) Complete a frequency distribution table, as in question 6, for 
the data in the margin. Use a 3cm class interval. 

b) Calculate the median height. 

c) Calculate the scores corresponding to the 60th and 80th percen- 
tiles. 


8. Three frequently referred to percentiles are the quartiles. These 
are: the first quartile, corresponding to the 25th percentile; the second 
quartile, corresponding to the 50th percentile (the median); the third 
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quartile corresponding to the 75th percentile. 
Find the three quartile values for the following data. 


Masses of 100 students in kilograms 





9. Find the QO, and Q; for the data given in question 7. 


2.4 MEASURES OF DISPERSION 


When using statistics to describe data, in addition to showing what 
value the data is centred about, it is useful to have some measure of 
how the data is spread. 

Consider the following set of test marks 


Class Mark Distribution 





Class 

midvalues 10}- 
ra 
S 8 }- 
Bo cent | | 
D 
cz 44 

2 
0 15 20 25 30 35 40 45 50 


Class mark distribution 
Histogram for data in Table 2-18 





Table 2-18 


From the table we see that the mean mark is 32. We shall consider 
two statistics which will describe the dispersion of this data. 


A. The Range 


The range of a set of values is the difference between the largest and 
smallest value. 
We shall use the following convention: 
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|. Where the actual values are given: 


For a set of n ordered values X,, X2,...,Xn 





Range R=x, —x;, 


ll. Where a frequency distribution is given: 
Range = (Upper boundary value of distribution) — (Lower bound- 
ary value of distribution) 


EXAMPLE 1. Find the range of the values 5, 14, 16, 17 18 


Solution 
R=18-—5 
= 8) 


EXAMPLE 2. Find the range of the class mark distribution given in 


Table 2-18. 


Class Class 
values boundaries 





Figure 2-19 


Solution 


Class Mark Distribution 


Class 
values | midvalues|Frequency 
f x 


hi 
17 






Table 2-18 


R=49.5—14.5 


=35 


The range suffers from the same defect as the mean. It is overly 
affected by extreme values. For the values 5, 14, 16, 17, 18: 


R=18-5 
=13 


Yet most of the values are within a range of 3. 
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B. Standard Deviation 


The term standard deviation refers to the standard deviation from the 


mean. 


|. Where the number of cases is small and actual values are used: 
EXAMPLE 3. Find the standard deviation of the values 5, 14, 16, 17, 


18. 


Solution 
(i) Find the mean. 





Table 2-20 


ii) We might consider taking the mean 
of these differences as a measure of 
dispersion, but when we add them we 
find that the sum is zero. Since this is 
true for all cases, it makes a poor 
statistic. 

iii) In order to overcome this difficulty 
we can turn the differences into positive 
values by squaring them first and then 
finding the mean. Squaring the differ- 
ences increases sensitivity to extreme 
values. 


Y(x—xy _110_ 
n eb y 





22 


Since we squared the differences to 
make them positive, we shall now take 
the square root: 


XE) 


= 29 


+47 
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ll. Where a frequency distribution is used, the class midvalues are 
used to represent each value in the class. 


Example 4. Find the standard deviation of the class mark distribution 
given in Table 2-18. 
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Figure 2-22 





The standard deviation is 6.9 
Table 2-21 





99.7% of values 


—_——_— 96% of values 


2/3 of values 
in this range 









> 
oO 
[ex 
® 
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o 
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6) Sy), 3 S.D: 
Mean 
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In the case of a normal distribution, the standard deviation has the 
following important characteristics: 
1. Approximately two thirds of the values lie within one standard 
deviation of the mean. 
2. Approximately 96% of the values lie within two standard deviations 
of the mean. 
3. Practically all of the values will be within three standard deviations 
of the mean (99.7%). 


EXERCISE 2-4 


A 1. Find the range for the following sets of numbers. 
fae 07, 34y 8 2z3 (b) 6.4, 5.2, 3.8, 9.7 
feeGa —41) O75 p51, (2 (dd) 3:27 4:6591:3=2:4 
(e) 58.4, 73.2, 61.5, 87.4 (f) 126, 489, 205, 783 


2. Find the range for the following distributions: 


(a) | Boundary | Cumulative | (b) | Class 
values frequency values Frequency 




















(c) | Boundary | Cumulative (d) Class 
values frequency values Frequency 

50-79 m 15 

80-99 ies 
100-119 9 
120-139 6 
140-159 1 
160-179 4 





B 3. A soft drink machine is designed to dispense 250cm® for each 
measure. The actual measures in cubic centimetres for a sample of 10 
cups were 246, 252, 251, 248, 249, 250, 246, 253, 250, 249. Find the 
standard deviation of the amounts. 


4. Find the standard deviation of the number of tacks landing point up 
in throwing six tacks 100 times. 


statistics 


Find a right triangle with 
integral sides whose 
perimeter in metres is 
equal to its area in square 
metres. Can you find 
another? 

a+b+c=sab 
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Heights of 50 students to 
nearest centimetre 





44 


Number of tacks point up| Frequency 





Source: Students 


Table 2-23 


5. Aclass of students received the listed marks on a mathematics test. 
Find the range and standard deviation. 





Table 2-24 


6. One hundred test scores have a mean of 63 with a standard 
deviation of 4.6. The scores are normally distributed. 
a) Between what two values would you expect two thirds of the 


values to lie? 
b) Between what two values would you expect almost all of the 


values (99.7%) to lie? 
7. Find the standard deviation of the heights of the students listed in 
the margin. Group data in 3cm class intervals. 


8. The mean mass of 1000 students is 62.0 kg with a standard devia- 
tion of 5.8kg. If the masses are normally distributed, how ‘many 
students should be in each range illustrated below? 


A B Cc D E F 
Lea eee ee eee 


44.6kg 50.4kg 56.2kg 62kg 67.8kg 73.6kg 79.4kg 
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2.5 PRACTICAL STATISTICS 


In our normal daily routine we are constantly being subjected to 
statistical reports. For instance, are you overweight or underweight? 
The criteria will probably be a height-mass table which gives average 
masses for men and women of a given height. Since there is a close 
relationship between overweight and heart disease, life insurance 
companies are greatly interested in this statistic. For height-mass 
tables to be of value, it is necessary to know the measure of variabil- 
ity. Since the average person is not familiar with standard deviation, 
the tables frequently give a range of “healthy’” masses for a given 
height. 

When insurance companies calculate the premium to be charged for 
a policy, they must know the mean number of premiums they can 
expect to collect from people of a given age taking out the insurance. 

To do this, the complete life expectancy of the individual must be 
calculated. This figure represents the average number of years of life 
remaining to individuals of this age. It is the result of calculations 
done on mortality figures gathered from past experience of the insur- 
ance companies. Life expectancy figures are shown in column 3 of the 
male and female sections of the Canadian life table (Table 2-26), which 
is a form of mortality table. Column 1 of the table gives the number 
living per 100 000 live births at age x. We can use this to calculate the 
median age expectancy for various ages. For 100000 births, about 
44000 males are still alive at age 75, therefore the median age 
expectancy at birth for a male is between 70 and 75a. Comparable 
calculations indicate female life expectancy to be slightly higher; what 
is it? More complete tables would allow calculation of the median age 
expectancy to the nearest year. 

To determine your present median age expectancy, find the number 
out of 100000 alive at your age for your gender. For example, if you 
are 20 and male the number alive is 95915. Take one-half of this, 
47 958. This number lies between the number living at ages 70 and 75. 
Therefore your median age expectancy is between 70 and 75a. Notice 
that the older you get, the greater your age expectancy but the shorter 
your complete expectation of life. 

As medical science conquers disease our life expectancy increases. 
This figure can be found for various subsets of the population as well. 
We would expect men engaged in hazardous occupations to have 
shorter life expectancies, hence there is risk pay in some industries. 
The life expectancy is also affected by where you live and what sex 
you are, as Table 2-27 illustrates. 


statistics 


a 


This is the symbol for year 
and is derived from annum, 
the Latin word for year. 
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Canadian Life Table 


Average masses (ages 16-17) 





Number Number 
dying dying 
Number | between Number | between 
living | each age living |jeach age 
at each | and the | Expectation | at each | and the | Expectation 
age of life (a) age next of life (a) 

100 000 100 000 
97 475 97 992 
97 319 97 862 
97 217 97776 
97 129 97 708 
97 055 97 647 
96 787 97 445 
96 516 97 291 
95915 97 056 
95 060 96 785 
94 307 96 474 
93 540 96 046 
92 508 95416 
90 893 94 437 
88 299 92901 
84119 90 568 
77 861 87 101 
68 984 81941 
57 548 74373 
44 004 F 63 481 
Table 2-25 29145 & 48 208 


15 593 : 29 887 
6 192 : 13 353 
1 641 : 3 586 

252 438 





From: Canadian Life Table, 1966, Canada Year Book, 1973 
Table 2-26 


Life Expectancy at Birth by Sex and Province 


Newfoundland ‘ ; Ontario 
Prince Edward Island : : Manitoba 


Nova Scotia : : Saskatchewan 
New Brunswick : : Alberta 
Quebec : : British Columbia 





Source: Information Canada 
Table 2-27 


EXAMPLE 1. /f you are 30 aold and male, what is the probability that 
you will live to be 85? 
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Solution From Table 2-26 for males aged 30, N = 94 307 
Since living to age 85 may 





be considered a success, S=15 593 
pa! 
N 
_ 15593 _ 
94 307 one 


EXAMPLE 2. An insurance company sells whole life insurance for an 
annual premium of $15.25/$1000 to women at age 25. What is the 
average return in premiums the company would expect to receive? 


Solution From the mortality table, at age 25 the complete expectation 
of life for females is 52.52 a. Therefore the average return on pre- 


miums will be 52.52 x $15.52 = $800.93 





It may seem unlikely that the insurance company can pay out $1000 
with the expectation of $801; however the premiums are in effect an 
annuity (see Chapter 7) and earn interest from the date they are paid. : 

Sports produce a great many statistics. Every hockey game adds to A train travelling at 
the list of “shots on goal,” “goals for,”” “‘goals against,” ‘‘goals per 60 km/h passes a point in 
game average,” ‘’20-goal players,” etc. Every baseball game provides 45 s. How long is the train? 
“hits,” “runs,” “errors,’’.“‘batting averages,” “earned runs,” etc., and 
many players have contracts setting out how these statistics affect 
their income. 

School administration planners for new housing areas are very 
interested in the average number of children per family, and it does 
not bother them if the number turns out to be 2.3 instead of a whole 
number. 


veo 


veo 


EXERCISE 2-5 


B 1. An insurance company charges a premium of $13.50/$1000 1 a=52.143 weeks 
whole life insurance at age 25 for men. Use Table 2-26 to calculate 
how much in total premiums the company would expect to receive 
from a policy of $20 000. 


2. If you live to be 35 in good health, what is the probability that you 
will live to be 75? 


3. If you won a contest at age 20 which promised to pay you $100 a 
week for life, how much would you expect to receive in your lifetime 
according to your complete expectation of life as indicated in Table 
2-26? 

C 4. If in Canada the average number of people per dwelling is 3.7, 
estimate the number of people living in your block (or apartment 
building). Suggest factors which might affect the accuracy of your 
estimate. (A dwelling is a single apartment unit rather than the whole 
building). 
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Two trains of equal length 
each travelling at 60 km/h 
but in opposite directions, 
pass each other from en- 
gine passing engine to 
caboose passing caboose 
in 45s. How long are the 
trains? How far is the point 
where the engines passed 
from the point where the 
cabooses passed? 


48 


2.6 QUALITY CONTROL IN INDUSTRY 


With the advent of mass production, quality control has become a 
specialized function in the manufacturing process. When a single 
craftsman or guild was responsible for making a product by hand, 
each item was subjected to careful scrutiny and testing throughout its 
production. When items are being produced by the thousands, with 
very little of the process under direct human control, it is necessary to 
rely on statistics and probability to test the quality of the product. 

An electronics firm may produce millions of components in a year. 
It would be uneconomical to test every one and a purchaser would 
rather chance a few defective parts than pay the higher price that 
would result from such extensive testing. In situations such as this, 
samples of the product are regularly selected and tested, the samples 
being selected at random by an employee in the quality control 
department. In some cases items are selected for testing from a 
production line at regular time intervals. 

Some products, such as fuels, must be tested by sampling since 
they are consumed in the testing process. 


EXAMPLE 1. A factory produces small electric motors for toys. The 
company accepts a risk of 2% defects. The quality contro! depart- 
ment selects 10 motors per batch of 100 for testing. If any are 
defective the batch is rejected and sent back for further testing and 
analysis. 

(a) What is the probability of rejecting a batch with exactly two 
defective? 

(b) What is the probability of accepting a batch with five defective? 


Solution (a) To find the probability of rejecting a batch with two 
defective, we shall first consider the probability of not selecting a 
defective one from a batch with two defectives. 


On the first draw there are 98 good out of 100, ..P, - 
97 

On the second draw there are 97 good out of 99, _ ..P, =99 
89 

On the tenth draw there are 89 good out of 91, .P;)>= 91 


Since these events are independent, 


N98 9s @ SORE OUG Co 


P= 700 * 99 *98°°'93°92 91 
_ 90x89 . 
=a00x99 °°8 

1=0.8=0.2 


Therefore the probability of rejecting a batch with two defective is 0.2. 
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A batch with two defective will be rejected on an average of once in 
five occurrences. 

(b) To consider the probability of accepting a batch with five defective, 
we shall consider the probability of drawing 10 good motors from a 
batch of 100 with five defective. 





On the first draw there are 95 good out of 100, ..P, - 
On the second draw there are 94 good out of 99, “P.= ee 
On the tenth draw there are 86 good out of 91, /Py= ee 
p—95 94 93.92.91 90 89 88 87 . 86 
100° 99) 98 97 96 95°94 93 92 91 
=0.59 


Approximately six times out of 10 a batch with five defectives would 
be passed. 

In order to reduce this probability a more intensive testing program 
or more sophisticated statistical methods would have to be used. 

Some products must be manufactured within certain tolerances. It is 
not simply a matter of whether or not they work. 

Let us suppose Acme Metal Products produces washers to fit on 
bolts. The product specification limits on the hole in one size of 
washer are 5.1mm minimum to 5.2mm maximum. The machine 
turning out washers of this size produces washers with a mean hole 
diameter of 5.15mm and a standard deviation of 0.01mm. In a 
normal distribution, 99.74% of the values will be within three standard 
deviations of the mean (see Figure 2-28), therefore only 0.13% will be 
beyond three standard deviations on either side of the mean. The 
company is willing to accept this as a maximum percentage of defects. 





Distribution of values under a normal curve 


Figure 2-28 
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Distribution of sample means 


0.510 cm 0513 cm 9°15 ¢M 9517 cm 0.520 cm 


@ 





Lower control limit Upper control limit 
Figure 2-29 


In Figure 2-29, curve @ shows the distribution of hole diameters 
about the mean. The mean hole diameter can vary from 5.13 to 
5.17mm (curve @) and 99.7% of the washers will still have hole 
diameters within the production specification limits. 


0.5128 + 0.5137 + 0.5154 + 0,5167 = 0.515 
4 





The mean value 
will tend to the 
centre of the 
distribution. 









0.5128 0.5137 0.5154 0.5167 





0:51.3, 0.514 0.516 0.517 


0.515 
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To increase the reliability of the tests, at regular intervals samples of 
nine washers are taken and the mean hole diameter is calculated. The 
means of the hole diameter for samples of size n will form a distribu- 


S.D. 
tion with standard deviation —=— (curve @). If one item selected has a 


hole diameter near the limit, it will tend to be offset by the averaging 


of the other diameters. The standard deviation of samples of nine 
0.001 _ 0.001 


3 








washers will be 


means will be 0.01 mm. 

In order to keep the mean hole diameters between 5.13 and 
5.17mm, it will be necessary to accept only sample means between 
5.14 and 5.16mm (curve @). These are called the lower and upper 
control limits. 


cm. The 3 S.D. limit for the sample 


In the quality control department a graph showing the mean hole 
diameter and the upper and lower control limits would be drawn 
(Figure 2-30). If the graph approaches or exceeds the control limits, 
investigations will be made to determine the cause. 


Quality control chart for washer hole size 


Sample 

Number 4 2a GR On 124 2S eeC2 eso 6u4 0 

epee a ele Pal asea. |. Jilin | vbee 

0.516 cm control limit 
Mean sample 
mean 


Lower 
control limit 


Corrective action A single average beyond limit is not as 
taken significant as a trend toward the limit 


Figure 2-30 


Other statistical tests beyond the range of this text would be used to 
ensure that the standard deviation of the hole diameter was kept 
within acceptable limits. Figure 2-31 shows why averages are used in 
sampling. 
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Two trains each travelling 
at 60 km/h but in opposite 
directions, pass each other 
in 45s. If one train is twice 
as long as the other how 
long is each train? How far 
is the point where the en- 
gines pass from the point 
where the cabooses pass? 
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The reason averages are used in sampling 0516 sem 


Sampling single washers a 0.514 cm 0.516 cm 
shift in the mean of one 
standard deviation would be indicated 


in 2.28% of the samples. So nS AP 


Sampling nine washers and taking 
the mean hole diameter, a shift in the 
mean of one standard deviation 
would be indicated in 50% of the 
samples 

















Figure 2-31 


EXERCISE 2-6 


1. In a batch of four items one is defective. What is the probability of 
catching the defect if a sample of two is tested? 


2. On a production line of locks every 20th lock is tested in a run of 
100. If one or more defective locks are found, the run is rejected and 
returned for further testing. If no defects are found, the run is ac- 
cepted. 

(a) What is the probability of rejecting a run with two defective locks? 
(b) What is the probability of accepting a run with two defective locks? 
(c) What is the probability of accepting a run with five defective locks? 


3. (a) In a batch of 10 items how many must be tested to give a 0.5 
probability that there are no defects? 

(b) What is the probability of passing batches under the above inspec- 
tion system i) with one defect? ii) with two defects? iii) with four 
defects? iv) with five defects? 


4. Sheet metal is rolled to a thickness of 2.50mm with upper and 
lower control limits of 2.48 mm and 2.52 mm respectively. Samples of 
four measures of thickness are taken at regular intervals, and the 
mean thickness is plotted on a quality control chart. Construct the 
chart and plot values for the samples indicated in Table 2-32. Indicate 
where action may be required. 





2.54mm | 2.50mm |} 2.48mm|]| 2.48mm | 2.50mm] 2.51 mm | 2.49 mm | 2.52 mm 





Table 2-32 
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5. A thread manufacturer produces thread designed to have a mean 
breaking strength of 7.0 N. Random samples of nine pieces are tested. 
The lower control limit for mean breaking strength is 6.1N. If this 
represents a 3 S.D. limit, what is the standard deviation of the sample 
means? What is the standard deviation of the breaking strength of the 
thread? 


REVIEW EXERCISE 


1. For the set of numbers 2, 7, 8, 9, 9 give: 
(a) mean (b) median (c) mode (d) range 


2. (a) In a field of 20 competitors Jane throws the javelin as far as or 
further than 16 of them. What is her percentile rank? 

(b) Out of 250 field day competitors Wayne has 14 points, which is in 
the 90th percentile. How many competitors has Wayne equalled or 
exceeded? 


3. 


Enrolment by Grade in Canadian Publicly Controlled Schools. 
1969-1970 


| Grade | Enrolment x 10° ] Grade Enrolment x 10° 


Kindergarten SS) 4.58 
Grade 1 4.99 4.47 
4.45 4.33 


4.91 Se02 
4.85 Sha) 
4.77 2.02 
4.67 0.50 





Source: Information Canada 
Table 2-33 


(a) Select a suitable graph form and illustrate the above data. 
(b) Give two reasons to account for the rapid decline in enrolment 
from grade 12 to grade 13. 


4. The mass of 75 pennies was determined on laboratory scales. 


so [Fe 
3 


3.00-3.04 
3.05-3.09 5 
3.10-3.14 14 


S2115—3.1\9 22 
3.20-3.24 18 
20-329 9 
3.30-3.34 4 





Table 2-34 


Find the mean, range and standard deviation. 


statistics Lays) 
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5. An aptitude test given to 100 students gave the following results. 


Class_ | Boundary Cumulative 
values | values | Frequency | frequency 





(a) Complete the table and find the median score. 
(b) Find the 75th percentile score. 


6. A sample of 10 light bulbs has one defective. If two are sampled: 
(a) What is the probability of not finding the defect? 

(b) What is the probability of finding the defect? 

7. A batch of 25 motor parts has two defective and five are tested. 
Find the following probabilities: 

(a) Finding no defective parts. 

(b) Finding at least one defective part. 


8. A stamping machine is turning out washers with a mean hole 
diameter of 5.10mm. The standard deviation of hole diameters is 
0.04 mm. On a production run of 100000 washers how many would 


you expect to have a diameter greater than 5.18mm or less than 
5.02 mm? 
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REVIEW AND PREVIEW TO CHAPTER 3 


EXERCISE 1 DISTRIBUTIVE PROPERTY 
1. Expand. 

(aye 2(x —3) (b) 4(2a—3b+2c) 

(Cee o(X SY.) (d) —5(2a—3b—-1) 

(e) 2x(x +3) (f) —2m(3m—2n) 


(g) —3x(x?—2x +1) 

2. Expand and simplify. 
(a) (x —3)(x —2) 

(c) (2m—1)(2m-—1) 

(e) (3x —2)(3x +2) 

(g) (4x —2y)(3x —5y) 

We (x=7) 

3. Expand and simplify. 
(a) 2(x +7)(x +6) 

(c) —2(a—3)(2a+1) 

(e) 2(x +3)? 

(g) —2(x +2y)? 


EXERCISE2 FORMULA SOLVING AND 
SUBSTITUTION. 

1. (a) If V=Iwh, find V when |=10, w=6, h=4. 

(b) If A=3bh, find A when b=20, h=16. 

(c) If P=2(l1+w), find | when P=146, w =13. 

(d) If S=3(a +1), find | when S =590, n=20, a=1. 

(e) If A=p+prt, find t when A =3500, p = 500, r=3. 

(f) If V=Iwh, find w when V=500, h=5, | =50. 

2. Solve each of the following formulas for the variable indicated. 


(h) —3x*y(2xy —3—2y) 


If it is 10:00 now, what 
time will it be 
121 036 842 h later? 


(b) (a@+3)(a+7) 

(d) (3x +4)(x +5) 

(f) (2a—3b)(a+2b) 
(h) (3a+2c)(2a —7c) 
(ip(2x:+'5)" 


(b) 3(x —4)(x +3) 

(d) 4(x +3y)(x —y) 
(f) =3(x 24)? 

(h) 4(2a—5b)(3a —b) 


(a) V=Iwh, for | 
(c) E=IR, for | 


(e) S =F la +1), fora 


(g) s=ut+at?, fora 


Solve the following equations: 


1. 3.675x = 42.65 
3. 0.2657 x — 1.255 = 4.375 


5. (8.361 + 21.375)x = 163.75 
7. 6.375x + 21.45 = (118.5)? 


9. 5.275(1.077 —21.65x) = 82.63 


(Db) sDi— Sion 
(d) P=2(Il+w), for! 


(f) A=p+prt, fort 


(h) A = 2 (x+y), for x 


2. 68.45x +3.175 = 9.389 SS 

4. 1.675—24.75x =8.924 eee 
3.284 34.29 

* 5.693 12.67 


2.375 52.65 
4.689 21.75 


X— 1.259 = 


8. 42.75x + 





10. 36.22 21.75 = 6.525 
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CHAPTER 3 


monomials 
2x? 
3mnt 
7 


binomials 
2XGath 
3a74+7 
3x*—6a? 


trinomials 
a+b—c 

2x?—-3x+2 

4x?+6a-1 





Ml «These steps may 
be done mentally 


Polynomials 
and Rational 
Expressions 


3.1 PRODUCTS OF POLYNOMIALS 


A polynomial is an algebraic expression of the form 7x?+4x-—5 or 
2m-—7 or a*—2ab+b?’. In the polynomial 7x?+4x-—5 the quantities 
7x’, 4x, and —5 are called terms. 


EXAMPLE 1. Expand and simplify: 2(x —3a)—4(3x +2a)—(x—a) 


=2x —6a —12x —8a—x+a 
=—-11x—-13a 


Solution 


EXAMPLE 2. Expand and _— simplify: 
3(x —2)(x +3) —2(x +1)? —(2x —1)(x +3) 


Solution 


3(x —2)(x +3)—2(x +1)? —(2x —1)(x +3) i ats 
= 3(x?+3x —2x —6)—2(x?+x +x +1)—(2x*+6x —x—3) 


= 3(x?+x —6)—2(x?+2x +1)—(2x?+5x —3) 
=3x?+3x—18—2x?—4x —2—2x?-5x+3 
aux —6xX 17, 





EXAMPLE 3. Expand (2x —1)(3x*—2x +4) 


Solution 


(2x —1)(3x?—2x +4) 


= 6x*—4x?+8x —3x?+2x -—4 
= 6x°-—7x?+10x —4 
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EXERCISE 3-1 


1. Expand and simplify. 

(a) 2(x —3)—4(x +5) (b) 3(2a —4b)—4(3a+2b) 
(c) 3(a—2b+4c)—4(2a +b —3c)+3(3a —2b —c) 

(d) 2(x —y —7)—(3x —2y +4)+5(x+y) 

(e) 3(2t?—4t+3)—2(t?+3t—1)—(3t?+5) 

(f) 3x(2x —7)—x(x +4)—5x(x —5) 

(g) m(2m—n)—3m(3m—4n)+2m(5m — n) 


2. Expand and collect like terms. 
(a) (x —1)(x +3)+(x +4)(x +3) 

(b) (2x —1)(x +2)+(x +2)? 

(c) 2(a—1)(a—2)+3(a +4)(a —3) 
(d) 3(4b +1)(b —2)—2(2b +4)(b—1) 
(e) 2(x —3)?—(2x —1)(x —2) 

(f) 3(2m—1)(2m+1)—(2m+3)? 
(g) (x ~y)(x +2y)—3(x?—y’) 

(h) (x +3)(1—x)—3+4(x +2)? 

(i) 2(a—3b)(a—b)—(a—b)?+6b? 


3. Expand and simplify. 





(a) (x +1)(x?+x +1) (i) (2X 3)(3x° —2Xx +5) 

(c}) (Sa —1)(2a*—2a —3) (d) (x?—7x+3)(2x +1) 

(e) (2b +1)(3b°—2b?+2b —4) (f) (x?+2x—1)(x?—3x —2) 

4. Expand and collect like terms. 

(a) (x +2)(x —2) +(x +2) (b) (a +2)°—(a—2) 

(c) 5(x —2)(x —2)—3(x +4)? (d) (x +2)(x —3)—2(x +4)(x —3 


3.2 THE COMMON FACTOR 
In Section 3.1 the distributive law was used to expand: 


a(b+c)=ab+ac 


We will now use the distributive law to reverse the process—which we 
call factoring: 


ab+ac=a(b+c) 
EXAMPLE 1. Factor (a) 5x+15 (b) ab—ac—a 
Solution The common factor is found by inspection. The other factor 
is found by division. 


(a) 5x +15 =5(x+3) (b) ab —ac—a =a(b-—c-—1) 
Do these steps mentally. 
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o7 


Group to get common fac- 
tors. 


HINT 
See Example 3. 


BINOMIALS 
e/a 


(x +1)(x —3) 


= Xi 2X0 


TRINOMIAL 
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EXAMPLE 2. Factor (a) x(x+3)—2(x+3) (b) 2x(x-—1)—(x-1) 
Solution 


(a) x(x +3)—2(x +3) =(x+3)(x—2) 


(b) 2x(x —1)—(x —1) =(x—1)(2x —1) 


EXAMPLE 3. Factor 2x?+4x+3xy+6y 


Solution 
2x?+4x+3xy+6y 
= (2x?+4x)+(3xy + 6y) 
=2x(x +2)+3y(x +2) 
= (x +2)(2x +3y) 


EXERCISE 3-2 


1. Factor. 

(a) 3x+6 (b) 3x?7+5x 

(c) x°+7x (d) x*+7x?+5x? 
(e) p*m*—pmn (f) 6y*—3y 


(g) 24a*b —6ab? 


2. Factor. 

(a) 3x(x +3)+4(x +3) 
(c) 3x?(x —1)—4(x —1) 
(e) 5(t+7)+6t(t+7) 
3. Factor. 

(a) x?+2x+xy+2y 
(c) 2x?—5x +2xy —5y 
(e) x*+3x-—xy—3y 
(g) 2ab —3b —2ax +3x 


(h) 5mnt+10m?nt—30m?n7t? 


(b) 2a(a—7)—3(a—7) 
(d) 5a(a+3)+(a+3) 
(f) 2x(x +5)—(x +5) 


(b) x7+5x+xt+5t 

(d) 5at+4t+5a+4 

(f) 3xy—2x—-—3y+2 
(h) 4mx?—2mx +2x-1 


3.3. FACTORING TRINOMIALS: x:+bx+c 


The product of two binomials is often a trinomial. It follows that the 
factors of a trinomial (which is factorable) are often in the form of two 
binomials. 
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EXAMPLE 1. Expand (x+m)(x+n) 


Solution 


(x +m)(x +n)=x?+nx+mx+mn 
=x*+mx+nx+mn 


=x?+(m+n)x+mn 


EXPANDING 


(x +m)(x +n)=x?+(m+n)x+mn 





FACTORING 
EXAMPLE 2. Factor x?+9x+20 


Solution y?+2y—15 
XA 9X4 20 


x?+(m+n)x+mn 


We see that m+n=9 and mn =20. 
The two numbers whose sum is 9 and whose product is 20 are 5 
and 4. 


x?+9x +20=(x +5)(x +4). 
EXAMPLE 3. Factor y*+2y—15 


Solution y?+2y—15 


m+n=2 and mn=-—15 


-. the values of m and n are 5 and —3. 
vy’? +2y—15=(y+5)(y—3). 


EXERCISE 3-3 


1. Factor. 

(a) x?7+7x+12 (b) x*+6x+8 
(c) x7—5x+6 (d) x?+2x-8 
(e) x*-3x-—10 (f) x?+12x +36 
fayix =x-2 (h) x*=x=12 
(i) x?+x—-12 (i) 42+ 12x, +20 
2. Factor and check by expanding your answer. 
(a) x*+8x+12 (b) x?—13x +36 
(c) x*+5x —36 (d) x*+10x +16 
(e) x?—x—30 (f) x?+6x—-—27 
(g) x?—16 (h) x?-9 

(i) x?-14x +49 (j} x-=25 

3. Factor. 

(a) x?+7xy+12y? (b) x?—xy—12y’ 
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Addition 
ZERO 
ONE 
TWO 


THREE 





Write an expression for 


100 using four nines. 
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Insert signs of operation to 
make 


3N5N4N2N = 13 


a true statement. 
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(c) a*—3ab —4b? 
(e) s?+3st+2t? 
(g) m?—9n? 

(i) x?+9xy+18y? 


(d) p*-8pq —9q’ 

(f) c?+¢cd—12d? 

(h) a*b?—2ab +1 

(j) a?—2ab —15b? 

4. Find three factors of each of the following by first finding a 
common factor. 
(a) 4a?—8a —60 

(c) 6c?—12c +6 

(e) 2e*+10e —48 


(b) 3b?+15b —42 
(d) 5d*—50d +125 
(f) x—5x?+6x? 


(g) 4a7—100 (h) 2x7+24x +72 
(i) 7a*—63 (j) ax?+ax—30a 
5. Factor. 

(a) x?+x+4 (b) x?-x +4 

(c) x*+2x +76 (d) x*-ax—-3 

(2) Xoaa (f) x?-8x-¢ 


3.4 FACTORING TRINOMIALS: ax’+bx+c 


To factor a trinomial ax*+bx+c, where a, b, cel and a#1, a method 
similar to that of Section 3.3 is used. 


EXAMPLE 1. Factor x*—12x+35 


Solution We want to find two numbers whose sum is —12 and whose 
product is 35. The numbers are —5 and —7. 


X71 2xt 35 = (XE 5X 7): 


EXAMPLE 2. (a) Expand (2x+5)(x+2) (b) Factor 2x?+9x+10 


Solution 


(a) (2x +5)(x +2) (b) 2x?+9x+10 


=2x?+9x+10 = (2x?+4x)+(5x +10) 


=2x(x +2)+5(x +2) 
=(x+2)(2x +5) 


The problem of factoring 2x*+9x+10 is simple enough once we 
replace 9x by 4x+5x. But how do we know to decomposé 9x into 
4x +5x? Notice that (4x)(5x)=(2x’)(10). Here, although we are still 
looking for two numbers whose sum is 9, we now require their 
product to be 2x 10=20. Suppose the two numbers are p and q. Then 
p+q=9 and pq =20, so the values of p and q are 4 and 5. 


EXAMPLE 3. Factor (a) 2x?—5x+3 (b) 12x?—8x-—15 
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Solution 


p+q=-5, pxq=3x2=6 
The values of p and q are —2 and —3 

2x?—5x+3 
= 2x*—3x-2x+3 
= (2x?—3x)—(2x —3) 
= x(2x —3)—(2x —3) 
= (2x —3)(x —1) 

Put the numbers 1 to 9 in 


2: 
(b) 12x°—8x—15 the spaces to make the 
p+q=-8 and pxq=-—180 statements true: 


p=-18 and q=10 
12x*—8x —15 
= 12x?—18x+10x —15 
= (12x*—18x)+(10x — 15) 
= 6x(2x —3)+5(2x —3) 
= (2x —3)(6x +5). 





EXERCISE 3-4 


B 1. Factor by decomposing the middle term. 


(a) 2x?+7x+5 (b) 3x?+7x+2 

(c) 6x*+19x +10 (d) 2x?+5x-—3 

(e) 5x?-17x +6 (f) 2x?-3x-14 
(g) 6x?+19x +15 (h) 6x?+13x +6 

(i) 8x?+x-9 (j) 10x?—21x—10 
2. Factor. 

(a) 2x*+5x—-3 (b) 5m*—17m+6 
(cIROxX —L3x—5 (d) 9a*—18ab + 8b? 
(e) 15r7-31r4+14 (f) 4x*+8xy+3y? 
(g) 28y?—39xy +8x? (h) 12x?—5xy —2y” 
(i) 3m?—19mn—14n? (j) 10a?—13ab —30b? 


3.5 DIVISION AND SPECIAL 
FACTORING 


When one factor is known the second can be found by division. We 
can divide polynomials by a method similar to long division in 
arithmetic. 


EXAMPLE 1. Divide (x?+5x+7) by (x +2) 
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3 is a factor of 12 because 
3 divides 12 evenly 
(remainder = 0) 
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218) = BD = Ss Fis) 


@) 2 = 2h) =) Quy 


Solution x+3 


x +2)x?+5x +7 


x?+2x , ——— Subtract 


3x+7 
3x+6 


1 Remainder 





(x+2) is not a factor of x?+5x+7 since division yields a remainder 
which is not zero. 


EXAMPLE 2. Divide (14x*—29x*+12—x’*) by (3x —6+7x’) 


Solution Rearrange both polynomials in descending powers of x. 
Leave a space for any power of x that is missing. 


2x?— x-2 
7x?+3x —6)14x*— x?—29x? 
14x*+6x?—12x? 
—7x?—17x? 
—7x?— 3x’+6x 
—14x?-—6x4+12 
—14x?—6x+12 
0 





(7x?+3x —6) is a factor of 14x*— x*—29x’*+12 since division yields a 
remainder of 0. 


EXERCISE 3-5 

















1. Simplify. 
x? x? x’ x3 
(a) ee (b) re (c) xe (d) es 
6x* 18x° —12x* 24x°® 
(e) 2x? (f) 3x3 (g) 9xe— (h) Bx 
.. —18x’ eae —3x* —22x°® 
) ox i) =e WW Sez ") ae 
2. Divide. 
(a) (x?+7x+12)+(x +4) (b) (x?—4x —12)+(x +2) 
(c) (x?—6x +9)+(x —3) (d) (x?—x —12) +(x —4) 
(e) (x*?+3x —11)+(x +5) (f) (x?-11x +25) +(x —7) 
3. Divide } 
(a) (3x?—7x +3)+(x +1) 
(b) (x?—7x +6) +(x +2) 
(c) (9a*—27a +14) + (3a —7) 
(d) (p*+p°+7p’?—6p +9)+(p*+2p +8) 
(e) (6c°?—13c?—4c +15) + (2c —3) 
4. Divide and check by multiplying. 
(a) (7y°—96y?— 28y) + (7y +2) (b) {p°+3p —1=3p")}=(p—=1) 
(c) (x?-38x —10) +(x —5) (d) (a?—4)+(a—2) 
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5. Refer to 4(d) and state the factors of a?—4. 


6. (a) Divide x*+27 by x+3. 
(b) What is the remainder? 
(c) State the factors of x*+27. 


7. Divide y°—64 by y—4 and state the factors of y°—64. 
8. Use the method of questions 6 and 7 to factor the following: 


(a) a°+8 (b) a°-8 (c) x?+1 
(d) x°-1 (e) b°—125 (f) b°+125 
9. Determine by division whether (a+2) is a factor of 

(a) a*+6a+8 (b) a°+2a7+a+4 

(c) 2a°+2a?—3a+2 (d) 3a°+7a’?+4a 


3.6 REDUCING RATIONAL 
EXPRESSIONS 


Thus far in Chapter 3 we have been performing operations to help 
study the properties of polynomial expressions. We will now consider 
the set of rational expressions that includes the set of all polynomials. 
Polynomials are manufactured using the operations addition, subtrac- 
tion, and multiplication. If division is included we may obtain rational 
expressions. 

A rational number is of the form a where a, be! and b#0, such as 


b 

by Beans Keates 
x’ x ’ (x—3)(x-—4)’ 
value of x (except those which make the denominator zero). 

Remembering that 1 is the identity element of multiplication in our 
real number system allows us to perform some interesting manipula- 
tions with rational expressions. 9 8 

The number 1 may be written as = or = or =. Therefore 





which are rational expressions for every real 


lak? aa 
32 6X2740 a 16_16+8 2 
AWA? 8 FAIA] Sse 


Multiplying or dividing by any of the equivalent numerals for 1 gives 
an equivalent rational expression. 


Principle of Equivalent Rational Expressions: 





EXERCISE 3-6 


1. State the value of x for which each of the following is not a rational 
expression. 

5 x+4 x+1 
(a) = (b) Pare (c) 2 
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Write an expression for 19 
using four eights. 


Put the numbers 1 to 9 in 
the spaces to make the 
statements true: 
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x x 2x 
(Oldie ae (oa ved) (f) KE INx +2) 
3x 2x : x+2 
(g) OTE (h) es (i) aol Anak) 
(j) 2x+3 
YK +7P 
2. Complete the following: 
(a) 2-8 o) +=8 
a3 18 705 
5 20 3_ 18 
(c) 6 Ns (d) 5“ N 
4_ SW 4x_ SN 
Chie 58 ()) by Bxy 
2_ WN 2 _ 2(x—3) 
() 33-3041) (h) 5- & 
x+3 





pas wee) 


3. Reduce the following rational expressions to lowest terms by first 
factoring the numerator and denominator and then dividing. 


























2a —12xy 36a*b? 
(a) Ga? (b) 6x (c) gab 
4x +6y 6ab —9ac 2x 
(d) = oan (e) aa (f) Dy —8t 
5ax 3x +6 .. 2ab—ac 
(9) tOay+ tat thhse9 WP Sb aae 
tee Xotex x+2 a’+7a 
(i) x?-3x (k) x?-4 (I) a?—49 
4. Reduce to lowest terms. 
Xo IX 12 Gre Xe Ae 
(a) x? +6x +8 ) Kecex = 20 
VY -3yt2 est 
ic) 7G VERG (d) aaaxd 
(e) m?—2m-—15 (f) 6k?—k—12 
m?—5m 6k?—-17k+12 
( ) Ox + 11x +3 (h) 6m*+5m—4 
g 4x?-9 3m’*-—8m-—16 


3.7 MULTIPLICATION AND 
DIVISION OF RATIONAL 


EXPRESSIONS 


To find the product of two rational numbers 


ac 
b od 


bd 
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To divide by a rational number, multiply by its reciprocal. 










































































a.c_a.d_ad 
Denaii¢b c be 
EXAMPLE 1. Simplify 
7a*b_ 9a® Xe RY Bees 
(2) 3a *28b? cS ay 
Solution 
7a*b_ 9a? XoaVeEo 
—— Ke o£: + 
ida Deb: LS eae pa! 
_7X9Xa*b Xa® Mi Xes VY) eaV) S 
_ 3x28xaxb? ~  6x(x+y) 
cE _x-y 
Ab ee 
EXAMPLE 2. Simplify 
ba Dima: Xa V ex ey 
CU ysrys icy: Dye Asya Gy 
Solution 
a Ue t0a® Kay ee ey: 
(a) Qabc?2 3c (b) 2x —3y ° 4x —6y x+y+0O, 
_5a*b’ 3c Xa Yay 4x 6y ox SY cal 
Qabc* 10a’ 2x-3y x+y 
_ 5X3xa*b’c _(x~y)(x +y)2(2x —3y) 
9X10 abe" (2x —3y)(x +y) 
as => 
~ 6ac eA aia 
EXERCISE 3-7 
1. Simplify. 
(a) 3Xé (b) 2X3 (c) 5X} (d) (—2)(a) 
Ne) ess (f) 3+2 (g) &+3 Kh) 6a oea 
2. Simplify. 
2a,b 2x, BY =3a, 2b 
(a) 3 2 I 3y * x (c) 2b *3a 
Ae tan) 2a_.a acineem 
I) ema 2x. 6 i) Sgt 2 3t 
3. Simplify. 
abx 127 eee 
ta o4y 35x Leer pasar sy 
6x’y _ 14x*y (a+b)? x-T7y 
(c) 35xy? 9xy” (d) x-7y a ab 
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common denominator is 
12abce. 
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x*+4x—-12 3x+12 
x?+9x+18 6x+18 


a*—6a+8_ a’—4a 
a*+3a+2 ° a’?-4 





(e) (f) 

















( ) a—11a +30 . a’—5a (h) ORV TN EX. 
3! 757=6a49 at=Ga a’—ab ab—b? 
5. Simplify. 
a) XX = 200 XX  2eexX 
x?-25 ~ x?+2x-8 x?+5x 
(b) WAX AV XX = 12 Xe OX ee 





X?+6X 49 x?—8x +16 x?-9 
2a*+a—1, 6a*+a—-2 _3a?—7a-6 
a’—4a+3 2a?—-5a+3 2a?—-7a+6 
4x?-1 3x?+5x-—2 6x?—5x+1 
2x?+7x+3 2x?—x-10 2x?+x-—15 
2x+6  2x*-3x-5 2X = 19x ab 
4x+4 3x?+5x—-12 ° 3x?—25x +28 


(c) 





(d) 





(e) 





3.8 ADDITION AND SUBTRACTION 
OF RATIONAL EXPRESSIONS 


To add or subtract rational expressions with the same denominator, 
add or subtract the numerators and use the same denominator. 





In order to add or subtract rational expressions with different de- 
nominators, change each expression to an equivalent fraction with a 
common denominator. 


ad _cb_ad+cb age 


paces ¢ ad. cb sad—cb 
bd bd bd 


4 


i. 
d 


iS 
b 























: : 2 5 3 
EXAMPLE 1. Simplify 3ab  Bhe ase 
Solution 
2 5 3 
3ab + 6be *4ac 6 
oth 2(4c)  5(2a) rs 3(3b) 
12abc 12abc 12abc 
_8c +10a+9b 
12abc 
EXAMPLE 2. Simplify 
a+5 a-1 3) 2 

(a) a+6 a+3 (b) X7+X—12 ' XP FOX4B 
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Se 


Solution 


acr Or a — I 
afOm das 
(a+5)(a+3) (a—1)(a+6) 


~ (a+6)(a+3) (a+6)(a +3) 
ma, + Sac19) la" 5a 0) 
(a+6)(a+3) 
_a’+8a+15—a’?—5a+6 
(a+6)(a +3) 
wee oa 2 | Write an expression for 5 
~ (a+6)(a+3) using four sevens. 


eS eee en 2 
x?+x-12 x?+6x+8 
_ 3 n 2 
(x +4)(x-—3) (x+4)(x +2) 
_ 3(x +2) 2(x —3) 
(x +4)(x —3)(x+2) (x +4)(x —3)(x +2) 
3x +67 2xX—6 
(x +4)(x —3)(x +2) 


o 5x 
(x +4)(x —3)(x +2) 


(a) 











(b) 














EXERCISE 3-8 




















1. Simplify. 
Sez 7 #4 Xx 
eer. 7 (b) 373-73 (cl 2-9 
Bo Hl Si 4 7m, 3m 
sa Sex X (8) D528 trea 5 
8a 2a 2 4 : 9 5 
ect 6 We U1 toed 
(j) mor. 4 (k) EUS ou (I) ae 0 Find the dimensions of a 
ats. ats Fe eed OET- Jena ©) Xo VaxX SV, 
hose area and perimeter 
3x 2 3m 2 Mid 
(a) ay (b) 22-38 (c) ay ae are the same number. 
Ke PA DXeerex 2a 3b 
8s 3. (5-5 ) 2 
5d 3c 3a 2b 5c 
3. Simplify. 
3 4 Be 2 Th od} 
baie y ib) 3*5 Nears 
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2 5 3 «5 X AY, 
es anal ASS eee —+— 
(d) 3m‘ 2n (e) 4a 3b (f) Vax 
A). (a) Xeey mz 
— ae —+——— 
(g) xy yz (h) a b (6; 
4. Simplify. 
x+3_x+5 Xie Xe a-3_a+4 
(a) aaa 3 (ba 5 Ore ab a"e5 
m+1 m-7 b+4 b+2 2a-—1 3a+2 
—_—— —_ ——_— “+ ——_— 
(q) BHt_ me (e) 224_25 iiaauata 6 
2x+3y x+4y 2b+3c b—2c 
ioke 7 WE 7 2 
5. Simplify. 
5 72 3 5 4 
ae ln op ib) 4 sages () 43 m—1 
5 2 esray ea m—-—5 m-3 
Gea pe (e) sare a Nig ee ea 
x-4 x-7 a+2 a-—4 
(9) Xe 2 Ox 6 (h) 2=3 483 
6. Simplify. 
2 3 4 3 
(a) x?—-x-12 x*-6x+8 (b) x2 27x-N0. X2=x=6 
5 2 2a a 
(c) a?+7a+12 a?+6a+9 td) BOSE W 29) 
(e) 2X eeeeX (f) aitsat 2a 2a 
Xo =V eX +y aa at+1 
3 2 7 2a? 2a” 
(g) X-y x+y x?-y? (h) a?—b2 a2?+ab 
he Aiton 
Ths thi fiomiaaR find R. 
| | ! : 
8. ee eae find R. 
fk R R 's 
9. If e. SrES eal ee then a(t 


REVIEW EXERCISE 


1. Expand and simplify. 

(a) 2(x +7)—3(x —2)+6 

(b) (a—3)(a+2)—2(a+4)(a +1) 

(c) (x +3)?-—2(x —1)(x +2) 

(d) 2(2a—1)(a —3)—(a+4)?—2(1—3a) 
(e) 2(x +1)(x —2)—3(x + 4)(x —2)+6 
(f) (2x —1)(x?+3x —4) 


+2) (0-2) 


(h) 5(x —2)(x +2) —3(x —3)(x —4) 
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2. Factor the following. 


(a) 3x+15 
(d) x? —y? 
(g) x*+5x —36 


(j) 2x?+16x +24 


(m)a°—27 
(p) a°+64 


(s) 5x?+22xy —48y? 


(b) ax+ay—a 

(e) a?7—7a+12 

(h) x?—64 

(k) x*—15x?+56x 
(n) 2x?+9x+10 
(q) 4a?+8ab +3b? 
(t) 9m?—27m+14 


3. Reduce to lowest terms. 





(c) x?-2x+x-2 
(f) a*7—a-—12 

(i) 16p?—25q? 
(7 ail 

(o) m°+n° 

(r) 15x?-—31x+14 





























36x’y? —40a’b°c 3a’*—6a 
(a) 6x*y 2) —10abe i Wack 
4x —8y x*+6x+8 x?-9 
ig) ateleR ef E+ 6x +8 Wc = 
( SEpEAay te} x?+7x+12 (f) x*—6x+9 
x?—5x 6x?—x-12 .. 8x?—10x-3 
(9) x?—2x —15 ny 6x?—17x+12 (i) 4x*-4x-3 
4. Simplify. 
3a’?_ 8b? 36x*y xy" 
2 4b? 6a (b) 12xy *Oxy® 
(c) 4a*b | 2ab (d) x?—8x+16_ x*+2x-8 
Sab sb" x?+3x-10 x?-16 
es Marlixir oO xX tex 2 (f) 2x?—x—-3_ 2x?+5x+3 
x?+x-20 x*-8x+16 x?+2x4+1 4x?-9 
(g) Xe 250 Xt = 7x4 10 
SB) X?43x4+2 5x+10 
5. Simplify. 
3x dy 5a_2b 
J 3 eA 
3 A Ph eh Pe 
(mon aba 
Speak il Boe = 4] 2a+3b 3a-—2b 
See a Re Awan FG 
1 Z 3 3 2 
encaT  x2 1x43 ix? 
(i) er ee att (j) 3 5. 2 
exes x42  X?—x 12 x?—6x+8 
(k) De Xb (1) 2x°+7 x-3 
(x—5)? x—-5 x?*+x-2 x4+2 
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Put the numbers from 1 to 
9 in the spaces to make 
the statement true: 
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How long will it take to cut 


a 10m board into 10 
pieces if it takes 30s per 
cut? 
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- (c) 3x +4=6x-11 


REVIEW AND PREVIEW TO CHAPTER 4 
EXERCISE 1 


1. Solve. 
(a) 2x+34+8x =23 


Solving Linear Equations 


(b) 11x+5=9x-7 

(d) 5x +4-—2x =7+4x-5 
(f) 3b+13—5b+8=0 
(h) 3m—7-—84+2m=15 


(e) 5a—3a+7=7a-—23 
(g) —3x +14=2x+7—-3x+2 


2. Solve. 

(a) 2(x —3)+3=-—15 

(b) 3(x —2)—2(x +3)=0 

(c) 2(2a—1)—(3a+2)=8 

(d) 5(2b —3)—7 =4-—(b+7) 

(e) 4=3m—4(m —2)+6(2m +3) 

(f) 4y+7—(3y —4) =2(1—2y)+6(y —1) 
(g)s—2= (x—7)—3{4x —2)= 17 

(h) 2(1—3a)—(2a —3)+5(a—1)=7 
(i) 2(3t—4)+2t—5=5t 

(j) 4(2m—4)—3(1—3m)—(1—m)=7 
3. Solve. 

(a) 2[1—2(x+1)]+3=4 

(b) 3[2x —(x+4)—2]=6 

(c) 5—[3x +2(1—2x)]—(x —1) =6x 
(d) 4x —3=2[1—3(1-—2x)+4]-—2 


EXERCISE 2 Solving Linear Equations 














1. Solve. 

(a) 3-7 (b) XFt=5 

(c) X42 =4 (d) %-3X—7 

(a) Xo1 x2 (f) Lees 
(g) Seat eth a (h) exe tT X49 
2. Solve. 


(a) (x —2)(x +3) = (x +4)(x +1) 

(b) (2x —1)(x —3) = (2x +1)(x +4) 

(c) (x +2)(x +3)—(x —7)(x +1)=2 

(d) 3x?—(1+3x)(1+x)—6 =2(x—-1) 

(e) 2x(x —1)—(x +1)(x +2) =x? 

(f) 2(x —1)?—(x —3)?=x?+7 

(g) 2(1—2x)(x +1)—2(x +1)(x —1) =6x(1—x) 
(h) 2(2x —1)(x +3)—3-—4x? =2(x—1) 
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mabey SI 
Ax X2— XI 

Sal & fe 

Determine the slope of the line passing through: bog 


1. (1.764, 2.831) and (4.817, 1.819) 

. (16.45, 18.71) and (13.22, 11.86) 

. (5.281, 6.813) and (—4.815, —8.432) 

. (—12.43, —16.81) and (22.58, —11.78) 

. (0.0716, —0.0153) and (0.1076, —0.0324) 
(166.4, 583.2) and (243.8, —686.7) 


(0.5813, —0.7614) and (0.8176, —0.7883) 
(—24.81, —66.82) and (—83.76, —243.71) 
(—8.413, —9.754) and (0.689, —4.777) 


(5784, 9763) and (7555, 8648) 


OON AAA WH 


= 
° 
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CHAPTER 4 


The root of an equation is 
a value of the variable 
which makes the sentence 
true. 
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Quadratic 
Equations 


4.1 SOLVING QUADRATIC EQUATIONS 
BY FACTORING 


When a polynomial of the second degree is equated to zero we have a 
quadratic equation. Examples of quadratic equations are: 
x?-3x+2=0 
x?—25=0 
x?-7x=0 


3x?+5x +4=0 


In general: 


an equation of the form ax*+bx+c=0, a0, where a, b, c 
represent real numbers, is called a quadratic equation. 


We now must investigate methods of solving quadratic equations 
so that we will be able to solve problems which involve them. 

The first method is by factoring the polynomial. If a quadratic 
polynomial can be factored, a solution to the corresponding quadratic 
equation can easily be obtained. After factoring we make use of the 
fact that we have the product of two real numbers equal to zero. 


If ab =0, then a=0 or b=O0o0ra=b=0. 


The domain of all the variables in this chapter is R, the set of real 
numbers. 


EXAMPLE 1. Solve (a) (x—2)(x—3)=0 (b) x(x—5)=0 


Solution 

(a) (x —2)(x —3)=0 (b) x(x -5)=0 
x—2=0o0rx-—3=0 x =Oorx-—5=0 
x=2o0rx=3 x=Oorx=5 


EXAMPLE 2. - Solve and check x?+5x +6=0 


applied mathematics for today: senior 


Solution 
x?+5x+6=0 
(x +2)(x+3)=0 
x+2=0 or x+3=0 


xXx=-2 or x=-3 


Check: If x=-2 Ifx = -3 
LS =x?+5x+6 LS =x?+5x +6 
=(-2)?+5(-2)+6 =(-3) +5(-3)+6 
=4-10+6 =9-15+6 
=0 =0 
RS =0 RS =0 


~. -2 and —3 are the correct roots. 
EXAMPLE 3. Solve 2x?+5x—-—3=0 


Solution 
2x?+5x -3=0 
2x*+6x —x-3=0 
2x (x +3)—(x+3)=0 
(x +3)(2x —1)=0 
x+3=0 or 2x-—1=0 


X=-3 or x=2 


EXERCISE 4-1 


1. Solve. 

(a) (x —2)(x +3)=0 (b) (x+1)(x+2)=0 

(c) (x —3)(x —4)=0 (d) (x +5)(x —4)=0 

(e) x(x+4)=0 (f) 2x(x—3)=0 

2. Solve by first factoring. 

(a) x?-7x+12=0 (b) x?—x-6=0 

(c) x7+4x+3=0 (d) x?+3x—-10=0 

(e) x*-2x —15=0 (f) x?+6x+9=0 

(g) x?-9x+20=0 (h) x?7-—8x+16=0 

(i) x*+4x—21=0 (j) x?+x-30=0 

(k) 2x7+8x+6=0 (I) 3x?+6x—24=0 

3. Solve by first factoring. 

(a) x7-4=0 (b) x?—49=0 (c) x?—25=0 
(d) x*-64=0 (e) x*7—100=0 (f) x?-81=0 
(g) 2x?-72=0 (h) 4x*-—36=0 

4. Solve. 

(a) x*—10x +21=0 (b) x*7-—2x-—8=0 

(c) 3x?—4x -—7=0 (d) 6x?+7x+2=0 

(e) 9x*-1=0 (f) 3x?-5x =0 


quadratic equations 


p+q=5 
pxq=-6 
p=6, q=-1 


Watch for common factors. 
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Cc 


Put the numbers from 1 to ~ 


9 in the spaces to make 
the statements true: 





If m*=25 then m=5 or —5 
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(g) 7x*—28=0 (h) x*?-7x =0 


(i) 4x?-9=0 (j) 3x?-11x-14=0 
(k) 2x?+7x+5=0 (1) 5x?-17x+6=0 
(m) 2x?—3x —14=0 (n) 6x?+13x +6=0 
(o) 10x*?—21x —10=0 (p) 15x?-—31x+14=0 


5. What is the radius of a circle whose area is 154 cm?? (Use A = ar? 
and 7+.) 

6. What is the radius of a right circular cone whose volume is 264 cm? 
and whose height is 14cm? (Use V=3ar7h and 7=#.) 


4.2 SOLVING QUADRATIC EQUATIONS 
BY COMPLETING THE SQUARE 


In Section 4.1 we solved the quadratic equation ax*+bx+c=0 by 
factoring the polynomial ax*+bx-+c. If the polynomial cannot be 
factored we may complete the square to solve the equation. 


INVESTIGATION 4.2 


1. Add a number to each of the following to make a perfect square. 


(a) x7 6x +m (b) x?+10x +8 
(e) x?+4x +N (f) x27—14x +8 
(g) x?+5x +N (h) x?—3x +8 
(i) x?+bx + (j) +2 x +88 


2. We wish to solve x?—6x—1=0. 

(a) Can x*—6x-—1 be factored? 

(b) Add 1 to each side of the given equation. 

(c) What must be added to x*—6x to make it a perfect square? 

(d) Since we are dealing with an equation, what must now be added 
to the other side of the equation? 

(e) Write the factors of the perfect square as the square of a binomial. 
(f) By taking the square roots of each side of the equation, find the 
two values of x —3. 

(g) What are the two values of x? 


3. Solve the following by completing the square. 


(a) x?7-—4x -1=0 (b) x?+8x-—-3=0 
(c) x*-—10x +4=0 (d) x?+6x+2=0 $ 
(e) x?+2x-—5=0 (f) x?-12x+3=0 


4. Complete the following solution for 3x?—4x-—6=0 in your 
notebook. 


3x?—4x —6=0 
x*—§x -2=0 Dividing by 3, the 
coefficient of x? 
x?—3x =N Adding 2 to each side 
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?—&x +N =2+N Adding SN to make x?—$x 
a perfect square 
(x —W)? =N Rewriting as the square 
of a binomial 
x-S=+N or x—S=-N Taking the square root 
of both sides 
x=N or x=N. 
5. Solve the following by completing the square. 


(a) 2x?7+12x -—3=0 (b) 3x?—12x —1=0 
(c) 3x?+5x -7=0 (d) 2x?-3x -—2=0 
(e) 4x?—5x -—6=0 (f) 2x*+5x—-12=0 


6. Complete the solution for ax*+bx+c=0 in your notebook. 


ax’?+bx+c=0 


b ‘ 
x°+~x+S=0 


x42 x = 


742 x+8-N-£ 


(x + 8)? = 
x+W=+N or x+iWN=_ 
x=N or x= 


43 SOLVING QUADRATIC EQUATIONS 
BY THE FORMULAS 


By completing the square we can derive the formulas to solve the 
general quadratic equation. These formulas enable us to solve any 
quadratic equation. 


The solution of ax?+bx+c=0, a0 is 


. _—b+~Vb’?—4ac otis _—b-—Vb’—4ac 


2a 2a 





EXAMPLE 1. Solve 2x*—7x+6=0 


Solution By comparison with ax’?+bx+c=0, a=2, b=-7, c=6. 
Substituting into the formulas, 


—b+~Vb’—4ac =D be—4ac 
—  ——— ——— 
2a 2a 
_—(-7)+v(-7"P —4(2)(6) _—(-7)-v(-7 —4(2)(6) 
2(2) 2(2) 


quadratic equations 


Find the fifth root of 7776. 


15 


7+vV49—48 _7-v49—48 


4 4 
ee it 
4 4 
=?2 _3 
2 


" .. the roots are 2, 3. 
This example could have been solved by factoring, but it was 
chosen to illustrate that the formulas will enable you to solve any 
quadratic equation. The next example is not factorable. 


EXAMPLE 2. Solve 4x?—7x+2=0 


Solution Here a=4, b=-7, and c=2. 














Write an expression for 36 hob aa 2h ob? 44 
using four sixes. MUR OF XG tae ye gree 
_/7+V49—32 WN 49 32 
8 8 
v 7d Se 
8 8 
Jue ty JON 
.. the roots are and 
8 8 
It should be noted that Bei and eed are the exact roots of 


4x?—7x+2=0. Once they have been found, 4x*—7x+2=0 has been 
solved. In practice, decimal approximations for the roots may be 
required. 


EXAMPLE 3. Find the roots of 3x?+5x+1=0 correct to two decimal 
places. 


Solutionua—saoi—SaG—i 


—b+~Vb’?—4ac —b—Vb*?—4ac . 
YO ee ae 
2a 2a 
_-5+V25-12 a5 25-12 
6 6 
From tables /13 =3.606 53 _-5-Vi3 
6 6 
. —5+3.606 GedeE haus 
6 6 
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~1.39 _ —8.606 


6 6 
=—0.232 = —1.434 





.. the roots are —0.23 and —1.43 correct to two decimal places. 


When a quadratic equation is expressed in the form ax?+bx+c =0, The largest of T consecu- 
it may be solved by using the factoring method if the factors of tive integers is OQ. What is 
ax’?+bx+c are apparent or readily obtainable. If not, use the general the smallest? 


formulas, which always produce an answer. 


EXERCISE 4-3 


A 1. Determine the values of a, b, and c for each of the following. 


(a) 2x?+3x+4=0 (b) 3x*-—5x+2=0 
(c) x*+7x-1=0 (d) 4x*-x-3=0 
(e) 5x*-—3x =0 (f) x?—25=0 
(g) x*+5x =16 (h) 2x*=3x+4 
(i) 2x?+3=5x (j) 3x?+17=0 
B 2. Solve each of the following by using the general formula. 
(a) x?-7x+12=0 (b) 3x?-6x+1=0 
(c) x?—6x—-7=0 ; (d) x?-3x —88=0 
(e) 3x?-5x+2=0 (f) 2x*-6x =1 
(g) 3x?+6x-—2=0 (h) 7x?-—2x-—1=0 
(i) 2x?+5x+1=0 (j) x?=2x-1 
(k) 3x?+2x—-7=0 (I) 2x?—25x +77 =0 
(m) x?-9=0 (n) x*-—5x =0 
3. Find the roots of the following correct to two decimal places. 
(a) x?+3x+1=0 (b) x?-3x -5=0 
(c) x?-—5x+1=0 (d) 2x?—3x —4=0 
(e) 2x7-5=0 (f) 3x?-—5x =3 
(g) 5x*?+3=11x (h) 6x?-7x+1=0 
4. Solve the following using any method. 
(a) x*-5x+6=0 (b) x?—2x-—3=0 
(c) x?-—2x—-2=0 (d) 20x?+x—15=0 
(e) 2x?—7x-15=0 (f) x?-11x+28=0 
(g) 3x?+6x—10=0 (h) 4x?—4x —1=0 
. 2 = . 2s as 
Mi RE ¢ i aes ; Watch for common factors. 
(m) 2x?+6x —20=0 (n) 2x?+8x+2=0 
C_ 5. Solve the following. 
(a) 2(x?—1)=3x (b) 4x(x +3)+5=0 
(c) (x—1)(x +3)-6=0 (d) L=2x +1 
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4.4 NATURE OF THE ROOTS 


The quadratic equation ax*+ bx +c =0, where a40 and a, b, c are real 
/fA2 2 
numbers, has the two roots _ Uae 2 mace and Bits ~ stacy but you 
will recall from your study of radicals that Vx is only defined as a real 
- number when x is a nonnegative number. So ax?+bx +c =0 has real 
roots only when b*—4ac =O. 

The two formulas are similar except Vb*—4ac is added in one case 
and subtracted in the other. If b?—4ac =0 (and hence Vb*—4ac=0) the 
two real roots will be equal. 

If b*—4ac>0, there will be two distinct real roots. 

If b*—4ac <0, Vb*—4ac is not a real number. We call such a number 
an imaginary number. The set of real numbers together with the set of 
imaginary numbers make up the set of complex numbers. However 
for the purposes of this book the set of real numbers is sufficient. 





V—4 is an imaginary 
number 


ax?+bx+c=0 


b?—4ac=0 b?—4ac>0 b?—4ac <0 


Two equal Two distinct Two nonreal 
real roots. real roots. roots. 





The value of b?—4ac enables us to determine the nature of the roots 
of a quadratic equation without actually solving the equation. b*—4ac 
is called the discriminant of ax*+bx+c =0. 


EXAMPLE 1. Without solving, state the nature of the roots of 
(a) x?+4x+4=0 (b) x?+4x-—5=0 (c) x?+4x+5=0 


Solution 
Ia), x*+4x+4=0 
a=1, b=4,c=4 
b?—4ac = 4’ —4(1)(4) 
= 16-16 
=0 
.. there are two equal real roots. 
(b) x*+4x-—5=0 
a=1, b=4,.c=-5 
b?—4ac = 4? —4(1)(—5) 
=16+20 
=36 


.. there are two distinct real roots. 
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(c) x*+4x+5=0 
a=1,b=4,c=b 


b?—4ac = 4 —4(1)(5) 
=16—20 
=-4 


.. there are two nonreal roots. 


EXERCISE 4-4 


1. Complete the following table. 


Equation Discriminant Nature of Roots 
ax?+bx+c=0 b?—4ac 
Pecrao_| ya 
Pato | 
| 


















(a) 
(b) 
(c) 
(d) 
(e) 
(f) 






2. Calculate the discriminant of each of the following quadratic equa- 
tions and then state the nature of the roots. 








(a) 3x?7-6x+2=0 (b) 4x?+5x+3=0 

(c) 9x*-12x+4=0 (d) x?+4x+5=0 

(e) x*—-49=0 (f) 25x?—40x +16=0 

(g) 3x*—2x—5=0 (h) 2x°+5x =0 How would you measure 
(i) 2x°+x+16=0 (j) x°+7=2x 4£ of fluid using a 3¢ and 
(k) 2(x*+1)—3= 2x (I) 2x*=0 a 5€ container? 

3. Solve the following quadratic equations. State which have nonreal 

roots. 

(a) 3x?-7x+5=0 (b) 16x?+8x+1=0 

(c) 2x?-7x+4=0 (d) 2x*-—5x+6=0 

(e) 4x?-25=0 (f) 3x?-4x =0 


45 PROBLEMS INVOLVING 
QUADRATICS 


In this section we shall consider some problems that involve quadratic 
equations. It should be noted that if a problem is solved by means of a 
quadratic equation it does not follow that both roots of the equation 
will be admissible as solutions to the problem. For instance, a length 
cannot be negative, nor can the number of seats in a room be 
fractional. A root of an equation which is excluded by the conditions of 
the problem is called an inadmissible solution. 
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EXERCISE 4-5 


1. State the algebraic expressions for: 

(a) the sum of three consecutive integers. 

(b) a number plus its square. 

(c) the square of a number less twice the number. 

(d) the sum of the squares of two consecutive numbers. 

(e) the area of a rectangle if the length is twice the width. 

(f) the area of a square with sides x +3. 

(g) the time, if the distance is 100km and the speed is x km/h. 
(h) the distance if the speed is x km/h and the time is 3h. 


NUMBER PROBLEMS 


EXAMPLE 1. The sum of the squares of three consecutive integers is 
77. Find the integers. 
Solution Let x, x+1, x+2 represent the three integers. 


x? +(x +1)?+(x +2)? =77 


x?+x?+2x4+14+x?+4x+4=77 remove brackets 
3x?+6x+5=77 collect like terms 


3x’?+6x —72=0 


x?+2x —24=0 divide by 3 
(x +6)(x —4)=0 factoring 
x=-6 or x=4 
and X+1=—-5 or x+1=5 
and x+2=—-4 or x+2=6 


.. the three integers are —6, —5, —4 or 4, 5, 6. 


2. The sum of the squares of two consecutive integers is 113. Find the 
integers. 


3. The sum of the squares of three consecutive integers is 302. Find 
the integers. 

4. The sum of the squares of four consecutive integers is 966. Find the 
integers. , 

5. Two integers differ by 8 and the sum of their squares is 130. Find 
the integers. 

6. The sum of two numbers is 13 and their product is 42. Find the 
numbers. 


7. The sum of two numbers is 17 and their product is 52. Find the 
numbers. 
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AREA PROBLEMS 


EXAMPLE 2. The side of one square is 2m longer than the side of 
another square. The sum of their areas is 52 m*. Find the dimensions 
of each square. 





YHygpG A GOEG 


(x + 2) 





(x + 2)-—————+ 





Solution Let x and x+2 represent the lengths of the sides of the 
squares in metres. 


.. the areas of the squares 
are x’ and (x +2)? respectively. 
x?+(x+2)?=52 
x*+x?+4x+4=52 
2x*+4x—48=0 Divide by 2 
x?+2x —24=0 
(x +6)(x —4)=0 
x=-6 or x=4 


The solution —6 is inadmissible since a length must be positive. 
Therefore the lengths of the sides of the squares are 4m and 6m. 


8. The side of one square is 3cm longer than the side of another 
square. Their combined area is 117 cm’. Find the dimensions of each 
square. 


9. A rectangle is 4cm longer than it is wide. If its 
area is 192.cm7’, find its dimensions. 

10. The length and width of a rectangle differ by 
4cm. lf its area is 96 cm’? find its dimensions. 


11. The base of a triangle is 6cm longer than its 
height. The area of the triangle is 56 cm’. Find the 
length of the base. 


12. A rectangular label on a book has an area of 
44cm’ and a perimeter of 27cm. Calculate the 
dimensions. 
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13. A rectangular sheet of tin is 15cm long and 
9cm wide. A uniform strip is to be cut off all 
around the sheet. If the remaining area is to be 
112 cm’, calculate the width of the strip. 


DISTANCE, SPEED, TIME 
PROBLEMS 


EXAMPLE 3. The time required to make a 240km trip by car is 2h 
less than the time required by bus. The average speed of the car is 
20 km/h faster than the average speed of the bus. Find the average 
speed of each. 


Solution Let the average speed of the bus in kilometres per hour be x. 
Then the average speed of the car in kilometres per hour is x +20. 





240 240 _. Thedifference in 


x. (x+20)_. the times is 2. 
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Multiply both sides by x(x +20) 


240(x + 20) —240x =2x(x +20) 
240x + 4800 — 240x = 2x*+40x 
2x?+40x —4800=0 
x*+20x —2400=0 
(x +60)(x —40)=0 
x+60=0 or x—40=0 
x=—-60 or x=40 
The solution —60 is inadmissible for the speed of the bus, therefore 


the average speed of the bus is 40 km/h and the average speed of the 
car is 60 km/h. 


14. The time required to make a 120 km trip by motorboat is 2h less 
than the time required by sailboat. The average speed of the motor- 
boat is 5km/h faster than that of the sailboat. Find the average speed 
of each. 


15. On a cross country trip of 360km, one motorcycle averaged 
10km/h faster than another. The difference in their times was 3h. 
Find the average speed of each bike. 

16. The time required for a train to make a 175 km trip is 1.5 h less than 
the time required by car. The average rate of the car is 15km/h less 
than the average speed of the train for the same trip. Find the average 
speed of each. 

17. An engine hauls a train 125km. It is then replaced by a second 
engine which averages 5 km/h faster than the first. The second engine 
pulls the train 165km. If the time for the 290km is 5.5h, find the 
average speed with each engine. 


REVIEW EXERCISE 


1. Solve by factoring. 


(a) x?+7x+12=0 (b) x?—4x —21=0 
(c) x?-—6x+9=0 (d) 2x?-—14x —36=0 
(e) x*-36=0 (f) x?-x-42=0 
(g) 2x?—-3x —2=0 (h) 2x*+11x+12=0 
(i) 3x?—5x+2=0 (j) 6x?+5x-4=0 
(k) 10x?+13x -—3=0 (l) 6x?+37x+6=0 
2. Solve. 

(a) x*+x-1=0 (b) 16x?—15x —1=0 
(c) x*-x-2=0 (d) 2x*-x =1 

(e) x?=5x-1 (f) 5x?-—6x-—12=0 
(g) 10x*+2x —1=0 (h) 27x?—24x —16=0 
(i) 15x?+7x-2=0 (j) 3x?-7=0 

(k) 5x?—20x =0 (l) 3x—x?+7=0 


3. Calculate the discriminant of each of the following quadratic equa- 
tions and then state the nature of the roots. 
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(a) 3x?+x+7=0 (b) 4x?—12x+9=0 

(c) 4x?—25=0 (d) 9x?+6x =-—1 

(e) 2x?+7x-2=0 (f) x?=7x+1 

4. The sum of the squares of three consecutive integers is 245. Find 
the integers. 

5. Two integers differ by 5 and the sum of their squares is 193. Find 
the integers. 

6, A rectangle is 5cm longer than it is wide. If its area is 176 cm’, find 
its dimensions. 


7. The side of one square is 1cm longer than the side of another 
square. If their combined area is 145 cm’, find the dimensions of each 
square. 

8. On a trip of 300 km, one car averaged 10 km/h faster than another 
car. The difference in their times was 1h. Find the average speed of 
each car. 


9. It takes a motorboat 2 h longer to travel 40 km up river than it does 
on the return trip. The average speed up river is 10 km/h slower than ~ 
the speed on the return trip. What is the speed of the boat travelling 
up the river? 


im 


Which has the greater 
volume? 


How much greater? 
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REVIEW AND PREVIEW TO CHAPTER 5 
EXERCISE 1. Relations 


1. Determine whether the given point lies on the given line. 


(a) y=3x +4; (1,7) (b) y =2x —4; (—3, —9) 
(c) y=3x +2; (2, 4) (d) y=—4x +3; (—2, 11) 
(e) 2x +y =5; (1, 4) (f) 2x —3y =7; (10, 2) 
(g) 3y —2x +5 =0; (1, —1) (h) 2x +3y =0; (1, 1) 


2. Determine whether the given ordered pair satisfies the given rela- 
tion. 


raves X -(— 1,1) (b) y =—3x?; (2, 12) 

(c) y=2x?—3; (3, 14) (d) x =2y’; (8, —2) 

(e) x*+y?=25; (—4, 3) (f) y=2x?+3x—-—1; (—2, -1) 
(g) x*+y?=10; (—1, —3) (h) y=—2x?-—4x +5; (—1, 7) 


EXERCISE 2 Graphing Linear Equations 


1. Sketch the graph of each of the following. 


(a) y=2x+1 (b) y=—x+3 
XGaal 
(c) pier (d) y=3x-2 
(e) 2x+y=7 (f) 3x+2y=6 
(g) 5x-y=4 (h) 5x —2y=5 
—b+Vb*°-4 
ax’+bx+c=0 x = Deve eee = 
a 
age 
Solve the following equations: 000 
1. 3.25x?—7.12x +1.25=0 2. 485.7x?+21.65x —247.3=0 
3. 21.25x’?+32.65x —47.35=0 4. 6.125x’?+ 24.35x + 3.675 =0 


5. 0.025 75x’ +0.135 7x — 0.042 70 =0 
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Quadratic 
Functions 


5.1 THE GENERAL QUADRATIC 
FUNCTION 


The Titan Missile Club has built a missile capable of being fired in a 
vertical direction with an initial speed of 100 m/s. Let us suppose for a 
moment that there is no gravitational force pulling the missile back to 
earth and no resistance due to the air. The height h of the missile in 
metres, in time t seconds, is given by the equation 


h = 100t. 


A table of values could be drawn up as in Table 5-1 and the relation 
graphed as in Figure 5-2. 

















Table 5-1 
































Figure 5-2 


We see that the graph of the relation defined by h=100t is a straight 
line. By comparing h=100t with the form of the general linear 
function, y=mx +b, it is clear that h=100t represents a linear func- 
tion whose graph has slope 100 and which meets the vertical axis at 0. 

Whereas air resistance might be negligible on the missile, the pull 
of gravity is not. Taking gravity into account, the height h of the rocket 
in metres, in time t seconds, is given by the following equation 
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h =100t —4.9t? Find the axis of symmetry 


Once again a table of values could be drawn up (Table 5-3) and the of each figure. 


relation graphed (Figure 5-4). 

















8 10 12 14 16 18 20 


an : | “i | decgnds = =) ; T | + 

— Pee ee 2a te dt he dL ee (RP IR ee CE ES ee 
Figure 5-4 

The graph of the relation defined by h=100t—4.9t’ is a parabola. 





The degree of the defining equation h = 100t —4.9t’ is second degree, 
so this relation is said to be quadratic. You will recall that a function is 
a set of ordered pairs (x, y) such that for each value of x there is only 
One corresponding value of y. 

Just as the general linear function is defined by y=mx-+b, so the 
general quadratic function is defined by 


y=ax’+bx+c, a0 


In this chapter we will study quadratic functions. 


EXERCISE 5-1 


1. Which of the following define linear functions? 


(a) y=2x—-4 (b) y=3x7+22 

(c) 2x-3y=11 (d) 3x*=2y-11 
(e) tay (f) y=3x°+2x-1 
(g) 2x?+x*=y (h) y=(x-1)?+4 
2. Which of the following define quadratic functions? 
(a) y=3x°-2x+4 (b) y=3x —2x? 

(c) y=3x+6 (d) y=2x(x +1) 
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(e) y=3x(x?—4) (f) y=(2x —1)(x +3) 

(g) y=4(x?—x)+x (h) y=x*—x? 

3. State the values of a, b, and c in each of the following quadratic 
functions. 


(a) y=2x?7+3x+7 (b) y=—3x?—4x+3 
(c) y=x?+5 (d) y=—2x?+6x 
(e) y=(x—1)(x +4) (f) y=2x(x +5) 
(g) y+3=2x?+6x (h) y+2x —3 =x? 


4. State the value(s) of k for which the following define quadratic 
functions. 


(a) y=kx?-—7x+6 (b) y =2x?—kx 
(c) y=x*+6x—-4 (d) y=3x?+2x*—2 
(e) y=(k—3)x*+6x (f) y=—3x?+(k+2)x—1 


5.2 QUADRATIC FUNCTION DEFINED 
BY y= ax’ 
One method of studying quadratic functions is through their graphs. 


We now look at the graph of y = ax?+bx-+c in stages. First let us look 
at y = ax’, where b =c=0 in the general quadratic function, 


y =ax’+bx+c, a#0. 


INVESTIGATION 5.2 


1. (a) Complete Table 5-5 in your notebook and then use the values 
from the table to graph on the same axes: 

(i) y=x? (ii) y=2x? (iii) y=3x? 

(iv) y =2x? (v) y =3x? 





Table 5-5 


(b) We say each of these curves opens upward or is concave up- 
wards. Is a positive, zero, or negative in each case? 

(c) Are there any points on the curves below the x-axis? 

(d) Does each curve have a minimum point? If so, what is it? 

(e) Fold the graph along the y-axis. What do you observe? 
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(f) Notice that for every point (a,b) that satisfies y=x?, there is a 
corresponding point (—a, b) also satisfying y = x*. This is because the 
curve is symmetric about a line, in this case the y-axis. Are the other 
four curves symmetric about the y-axis? 

(g) The point of intersection of a parabola with its axis of symmetry is 
called its vertex. What are the co-ordinates of the vertex of each of 
these parabolas? 











i 
j 
j 
H 
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(h) Which parabola is flattest? 

(i) Which parabola is sharpest? 

(j) What happens to the graph of a parabola as a increases in value? 
(k) What happens to the graph of a parabola as a decreases in value? 


2. (a) Using the same axes, draw a table similar to Table 5-5 and 
graph the functions defined by each of the following for the interval 
ei Xe50 

(i) y=—x? (ii) y=—2x? (iii) y= —4x? 

liv) iy,= 52x" (vey ==4x? 

(b) We say each of these curves opens downward or is concave 
downward. Is a positive, zero, or negative in each case? 

(c) Are there any points on the curves above the x-axis? 

(d) Does each curve have a maximum point? If so, what is it? 

(e) What is the axis of symmetry of these curves? 

(f) What is the vertex of each curve? 

(g) Which parabola is flattest? 

(h) Which parabola is sharpest? 


3. Without making a table of values, sketch the following on the same 
set of axes. 

(a) y= 2x? Hohe Wiehe (c) y = 3x? 

(d) y=—3x? (e) y =ax’ (f) y=—6x? 
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5.3 QUADRATIC FUNCTION DEFINED 
BY y=ax’+c 


Section 5.2 dealt with the role of a in y=ax*. Let us now see what 
effect the constant term c, when it is not zero, has on the graph of a 
quadratic function defined by y = ax*+bx+c, a#0, b=0. 


INVESTIGATION 5.3 


1. (a) Using the same axes graph the functions defined by each of the 
following for the interval -3Sx S3. 

(i) y=x?-3 (ii) y=x? (iii) y=x?+3 

(b) What is the direction of opening of each parabola? 

(c) What is the axis of symmetry of each parabola? 

(d) What are the coordinates of the vertex of each parabola? 

(e) Is the vertex a maximum point or a minimum point? 

(f) How do the three graphs seem to be related? 


2. (a) Using the same set of axes graph the functions defined by each 
of the following for the interval —-3=Sx $3. 

(i) y=—x?-2 (ii) y=—x? (iii) y=—x?+2 

(b). What is the direction of opening of each parabola? 

(c) What is the equation of the axis of symmetry of each parabola? 
(d) What are the coordinates of the vertex of each parabola? 

(e) Is the vertex a maximum point or a minimum point? 

(f) How do these graphs seem to be related? 


3. (a) Using the same set of axes, graph the functions defined by 
y =3x?+2 and y=3x’-—1 for the interval -2=x =2. 

(b) What is the direction of opening of each parabola? 

(c) What is the equation of the axis of symmetry of each parabola? 
(d) What are the coordinates of the vertex of each parabola? 

(e) Is the vertex a maximum point or a minimum point? 

(f) How do these graphs seem to be related? 


4. Without making a table of values, sketch on the same set of axes 
y=x?, y=x’?+2, y=x’?-3, y=x’?+6, y=x?—-5. 

5. Sketch the following on the same set of axes. 

(a) y=—2x? (b) y=—2x?-3 

(c) y=2x?-2 (d) y=2x?+4 


6. Complete the following table in your notebook 
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Direction of | Equation of axis 
Quadratic function | opening of symmetry 


y=x?+4 





y =5x?+100 


Y= 2 


y=ax*+c,a>0 
y=ax?+c,a<0 





5.4 QUADRATIC FUNCTION DEFINED 
BY y=a(x-—s)+t 


Before moving on to consider y = ax?+bx +c, it will be helpful to look 
at the graphs of y=a(x—s)’?+t. Note that if s=0 we have y= ax’*+t, 
which represents a parabola as considered in the previous section. If 
s =t=0 we have y= ax’, which we discussed in Section 5.2. 


INVESTIGATION 5.4 


1. (a) Using the same set of axes graph the quadratic functions 
defined by y =3(x —0)* and y =3(x —3)’, for the interval -2Sx <5. 

(b) What is the direction of opening of each parabola? 

(c) What is the equation of the axis of symmetry of each parabola? 
(d) What are the coordinates of the vertex of each parabola? 

(e) Is the vertex a maximum point or a minimum point? 

(f) How are the graphs related? 


2. (a) Using the same set of axes, graph the quadratic functions 
defined by y = 3(x —3)?+0 and y =3(x —3)?+4 for the interval O=x $5. 
(b) What is the direction of opening of each parabola? 

(c) What is the axis of symmetry of each parabola? 

(d) What are the coordinates of the vertex of each parabola? 

(e) Is the vertex a maximum point or a minimum point? 

(f) How are the graphs related? 


3. (a) Using the same axes, sketch graphs of each of the following. 
(i) y=—(x—0)?+0 (ii) y=—(x —0)?+2 

(iii) y=—(x —3)? +0 (iv) y=—(x —3)?+2 

(b) What is the direction of opening of each parabola? 

(c) What is the equation of the axis of symmetry of each parabola? 
(d) What are the coordinates of the vertex of each parabola? 

(e) Is the vertex a maximum point or a minimum point? 


4. Complete the following table in your notebook. 
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Direction | Equation of axis Value of 
Quadratic function | of opening of symmetry Vertex max. or min. 


y =(x—1)?+3 x-1=0 (3) 


y =(x+2)?-4 





y =-3(x +2)2+1 
y =—2(x —3)?-7 





5.5 QUADRATIC FUNCTION DEFINED 
BY y=ax’?+bx-+c 


In question 2 of Investigation 5.4 we graphed y =3(x —3)?+4. But we 
can rewrite y =3(x —3)°+4 as follows: 


y =3(x —3)?+4 =3(x?-6x+9)+4 
=3x?—3x+5+4 
=5X°—-3x +7 
Thus y=3(x—3)?+4 defines a quadratic function of the form 
yY=ax’*+bx+c 


Similarly y =—(x —3)?+2 (see question 3, Investigation 5.4) could be 
rewritten as: 


y =—(x—3)?+2 
=—(x?—6x+9)+2 
=—x*+6x—7 


Again, y =—(x —3)?+2 defines a quadratic function of the form 
y=ax*+bx+e 

In general, a(x —s)’+t can be expressed in the form y = ax*+ bx +c. 
However, y=a(x—s)*+t is the more useful form of the equation of 
a quadratic because the coordinates of the vertex and the equation 
of the axis of symmetry are readily obtained. If we convert 
y=ax’*+bx+c to the form y=a(x—s)?+t we can study the general 
quadratic function. To do this we must be able to “complete the 
square” (see Chapter 4, Section 2). Recall that to complete the square 
you add the square of half the coefficient of x: 


y =ax’+bx+c = al x?+2 x Ee ashe +2] 
a a 

b \ fe | On eG 

= 2 pat es aS eee + — 

alx a x+(55) ica 4 


al b | 
2a 4a? 
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EXAMPLE 1. Express y=x*—4x+5 in 
completing the square. 


Solution 


b —b*+4ac 





2 
+ 
2a 4a 


the form y=a(x-—s)’+t by 


y =x?—4x +5=x?—-4x+4—-44+5 
=(x—2)?+1 


EXAMPLE 2. Express y=2x?—12x +22 


Solution 


y = 2x?—12x +22 =[2x?-12x]+22 
= 2[x?-—6x]+22 
= 2[x?-—6x +9-—9]+22 
= 2[(x —3)?-—9]+ 22 
= 2(x —3)?-184+22 
=2(x —3)?+4 


EXAMPLE 3. Express y =—3x*+12x—7 


Solution 

y =-—3x?+12x —7 =[—3x?+12x]-7 
=—3[x?-4x]-7 
=—3[x?—4x +4—4]-7 

—3[(x —2)?—4]—7 

—3(x —2)?+12-—7 

—3(x —2)?+5 


EXERCISE 5-5 





in the form y=a(x—s)?+t. 


grouping 

factoring 2 

completing the square 
writing the perfect square 
removing square brackets 
simplifying 


in the form y=a(x—s)+t. 


grouping 

factoring —3 

completing the square 
writing the perfect square 
removing square brackets 


simplifying 


1. Express the following as perfect squares. 


(a) x?+6x+9 
(d) x*-4x+4 
(g) x*-6x+9 


(b) x?+4x +4 
(e) x?—10x +25 
(h) x?-—2x +1 


(c) x?+8x+16 
(f) x?+14x +49 
(i) x?+x+4 


2. What number must be added to each of the following in order to 


make the sum a perfect square? 


(a) x*+6x (b) x?7+4x 
(d) x*-—8x (e) x?+12x 
(g) x*+20x (h) x?—18x 


(c) x?+2x 
(f) x?—10x 
(i) x?+16x 


3. What number must be added to each of the following in order to 


make the sum a perfect square? 


(a) x*+5x (b) x?+7x 
(d) x?—11x (e) x?+x 
(g) x*+6x (h) x*—3x 


(c) x?—3x 
(f) x?-x 
(i) x?+3x 
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(j) x*—%x (k) x*+5x (I)? tee ex 


4. Express each of the following in the form y=a(x—s)’+t. 


(a) y=x?+6x+7 (b) y=x?—4x+3 

(c) y=x?+8x-13 (d) y=x?—10x +21 

(e) y=x?+2x+3 (f) y=x?-12x—-4 

(g) y=x?-14x -3 (h) y=x?+20x 

5. Express each of the following in the form y=a(x—s)*+t. 
(a) y=2x?+4x +7 (b) y=3x?—-12x -2 

(c) y=2x?+16x+8 (d) y=—2x?-8x—5 

(e) y=—3x?+6x—-1 (f) y=—4x?-16x+1 

6. Express each of the following in the form y=a(x—s)?+t. 
(a) y=2x?+6x+7 (b) y=3x?-—15x +4 

(oc) y =—3x- 2x4 J, (d) y=6x?-—5x+2 

(e) y=—4x?+5x-1 (f) y=4x?-—10x +3 


7. (a) Express y=2x?—14x+12 in the form y=a(x—s)?+t. 
(b) What is the equation of the axis of symmetry of the parabola 
defined by y = 2x?—14x +12? 
(c) What are the coordinates of the vertex of y=2x?—14x+12? 

(d) Does the vertex represent a maximum or minimum point? 

8. (a) Express y =—2x*+5x—4 in the form y=a(x—s)*+t. 

(b) State the equation of the axis of symmetry and the coordinates of 
the vertex of the parabola defined by y =—2x*+5x—4. 

(c) Does the vertex represent a maximum or minimum point? 


9. (a) State the vertex and the equation of the axis of symmetry of the 
function defined by y =—5x*—10x —8. 
(b) Does the vertex represent a maximum or minimum point? 


5.6 INTERCEPTS 


In the general linear function, y =mx +b, b represents the value of the 
y-intercept. The y-intercept of a relation is the y-coordinate of the 
point of intersection of the graph of the relation and the y-axis. 
Similarly, the x-intercept of a relation is the x-coordinate of the point 
of intersection of the graph of the relation and the x-axis. 
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You will recall from earlier work that to find a y-intercept you 
substitute x =0 into the equation (since the x-coordinate of points on 
the y-axis is zero) and solve for y. To find an x-intercept, you 
substitute y =0 into the equation (since the y-coordinate of points on 
the x-axis is zero) and solve for x. For this reason the x-intercepts are 
sometimes called the zeros of the relation. 


EXAMPLE 1. Find the x- and y-intercepts of the quadratic function 
defined by y = x*—5x—6. 


Solution 
lf x =0, y=0O—O0-—6, ... the y-intercept is —6. Put the numbers from 1 to 
i k 
If y=0, Qo ex=6 9 in the spaces to make 


the statements true: 
O=(x —6)(x +1) 


x=—6=0 or x+1=0 
X=6 or x=-1. 





.. the x-intercepts are 6 and —1. 


Note that the problem of determining the x-intercepts of the graph 
of a quadratic function is the same as that of finding the roots of the 
corresponding quadratic equation. To solve a quadratic equation we 
first try to factor the polynomial. If the factors are not obvious, we use 
the general quadratic formulas: 


pe b*—4ac —b—Vb?—4ac 


a and x= 2a 





EXAMPLE 2. Find the x- and y-intercepts of y=3x*+5x—7. 


Solution 

If x=0, y=-7 

“. the y-intercept is —7. 

If y=0, 3x?+5x—-7=0. 
a=3, b=5, c=—7, and 


—b+~Vb’*—4ac —b—Vb’?—4ac 
x =—.———_ or x= 








2a 2a 
—5+V25+84 —5—V25+84 
I) 
6 6 
—§+V109 See) 
X= ae Oia 
6 6 
: Sora 109 SOs) 
.. the x-intercepts are 6 and 6 


To plot the intercepts we take the value 109 = 10.4 
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EXERCISE 5-6 


1. Find the x- and y-intercepts of the following. 


(a) 2x+3y =6 (b) 4x —3y =12 

(c) y=2x—-6 (d) y=—3x +12 

(e) 2y+5x =10 (f) 3x+5y—15=0 

2. Find the x- and y-intercepts of each of the following. 
(a) y=x?+7x4+12 (b) y=x?+5x+6 

(c) y=x’=x=—12 (d) y=x?+2x—-—15 
(e) y=—x?-—7x-10 (f) y=—x?+4x+12 
(g) y=—x?+8x—12 (h) y=4x?—28x 

(i) y=2x?+5x-12 (j) y=2x?-3x-2 

(k) y=x?+8x+9 (l) y=4x?—5x—-—6 


3. (a) How many y-intercepts does a quadratic function have? 
(b) What is the maximum number of x-intercepts a quadratic function 
may have? 


4. (a) Find the x-intercepts of: 

(i) y=x?+2x+1 (ii) y=4x?—12x +9 

(b) How many x-intercepts are there? 

5. (a) Find the x-intercepts of: 

(i) y=x?+x+1 (ii) y=4x?+5x+3 

(b) How many x-intercepts are there? 

6. (a) Using the same set of axes, sketch the graphs of each of the 
following clearly indicating the vertex, y-intercept, and x-intercepts. 
(i) y=x?+4x+4 (ii) y=x?+4x—5 (iii) y=x?+4x+7 

(b) Does the vertex represent a maximum point or a minimum point 
in each case? 

(c) What is the maximum or minimum value? 


7. Sketch the graphs of each of the following. Indicate the vertex, 
y-intercept, and x-intercepts in each case. 


(a) y=x?+x-6 (b) y=x?+2x-8 
(c) y=—x?+6x-—5 (d) y=—x?+8x-—12 
(e) y=2x?+5x-3 (f) y=x?+2x4+5 
(g) y=—x?-4x-6 (h) y=2x?+5x-1 


5.7 MAXIMUM AND MINIMUM 
VALUES 


EXAMPLE 1. Sketch the graph of y=2x?+3 and determine whether 
the function has a maximum or minimum value. State the value of x 
at which the maximum or minimum occurs. 
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Solution 














minimum of 3 when x =0 















































EXAMPLE 2. Sketch the graph of y=—2x*+12x—13. Determine the 
maximum or minimum value of the function and state the value of x 
at which it occurs. 


Solution 








y =—2x?+12x —-13 
= [—2x?+12x]—13 
=—2[x’?—6x]-—13 
=—2[x?—6x +9-—9]-—13 
= A(X -3) 91 a3 
=—2(x —3)?+18-—13 
=—2(x —3)?+5 


maximum of 5 when x =3 


EXERCISE 5-7 






































1. State the maximum or minimum value of each of the following. 
Also state the value of x where the maximum or minimum occurs. 


(a) y =3x? (b) y=—2x? (c) y=x?+2 
(d) y=3x?-4 (e) y=—4x?+7 (f) y=—3x?-6 
(g) y=2x?+11 (h) y=—3x?—5 


2. Find the maximum or minimum values of each of the following 
quadratic functions and state the corresponding value of x. 


(a) y=(x—2)?+3 (b) y=2(x+3)?—4 

(c) y=-—(x -—3)/-4 (d) y=—7(x+1)?+10 
(e) y=19(x +3)°-—18 (f) y=—3(x —5)?-2 
(g) y=4+4+2(x —1) (h) y=—54+3(x +2)? 
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Draw three straight lines to 
separate the dots. 
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3. By first completing the square, determine the maximum or 
minimum value of each of the following. State the corresponding 
value of x. 


(a) y=x?+6x+7 (b) y=x?—4x4+1 
(c) y=—x?-2x-3 (d) y=2x?+12x +5 
(e) y=—3x?+6x—-4 (f) y=2x?+3x—-2 
(g) y=—4x?+20x —7 (h) y=3x*+4x 


5.8 MAXIMUM AND MINIMUM 
PROBLEMS 


EXAMPLE 1. Find two positive numbers whose sum is 12 and whose 
product is a maximum. 


Solution Let the numbers be x and (12—x). The product of the 
numbers is 
P=x(12-—x) 
= 12x —x? 
=—x?+12x 
We now complete the square to find the maximum value of the 
function. 
P =—x?+12x 
==—[x?=— 12x] 
= —[x?—12x +36—36] 
= —[(x —6)?—36] 
= —(x —6)?+36 














& Ra es pe 








= 
| 
3 
i 





The product is a maximum of 
36 when x =6. 
The two numbers are 6 and 6. 





L 
| 


























EXAMPLE 2. A rectangular field is to be enclosed with 600m of 
fencing. What dimensions will produce a maximum area? 


Solution Let the width in metres be x. 
Then the length is 300—x. 
The area enclosed by the 


fence is 

A = x(300— x) x A =x (300 — x) 
=300x — x? 
=—x’*+300 300 — x 
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To find the maximum area we we Taine 
complete the square: 





— 
Amelie 8A 


150,22 500) 


A =-x’+300x 
= —[x?-—300x] 
=—[x?—300x +22 500-22 500] | i 
=—[(x —150)?—22 500] Be led bear ae ee 
=—(x —150)?+22 500 Alger Eee eas 


The value of A is maximum 

(22 500) when x = 150. 

A width of 150m and a length of 
150 m will produce a maximum area. 


EXERCISE 5-8 


1. Complete the following statements (only use one variable: x). 

(a) The sum of two numbers is 20. 

Let one number be 

Then the other number is 

(b) The sum of two numbers is 33. 

Let one number be 

Then the other number is 

(c) The perimeter of a rectangle is 200 cm. 

Let the width be 

Then the length is 

(d) The perimeter of a rectangle is 400 m. 

Let the width be 

Then the length is 

(e) A rectangular field, bounded on one side by a river, is to be fenced 

on 3 sides with 600 m of fence. 

Let the width be BBA 7--FA 
Then the length is BAARABRRARA 


2. Find two positive numbers whose sum is 14 and whose product is 
a maximum. 

3. Find two positive real numbers whose sum is 14 if the sum of their 
squares is a minimum. 

4. A rectangular field is to be enclosed with 400 m of fencing. What 
dimensions will produce a maximum area? 


5. A rectangular parking lot is to be fenced with 
80 m of fencing on three sides, leaving the fourth 
side open to the street. If the area is to be a 
maximum, what should the width be? x PARKING LOT x 


STREET 
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x x x x 
(10 — x) ———___+ 
x x 


6. A rectangular field is to be enclosed by a fence 
and then divided into three smaller plots by two 
fences parallel to one side of the field. If there are 
1600 m of fence available, find the dimensions of 
the field giving maximum area. 


7. Forty centimetres of picture frame moulding 
are purchased to frame a small rectangular 
mosaic. What is the maximum area which can be 
enclosed? 


8. If the sum of the base and height of a triangle 
must be 10cm, how long should you make the 
base to give a maximum area? 


9. A rectangular field is to be enclosed by a fence 
and then divided into two smaller plots by a fence 
parallel to one side of the field. If 400 m of fence 
are available, find the dimensions of the field 
giving maximum area. 


5.9 GRAPHS OF POLYNOMIAL 


FUNCTIONS 


EXERCISE 5-9 


A 1. (a) Graph the linear function defined by y =3x +2. 
(b) Find the x- and y-intercepts. 
(c) Does y=3x+2 have a maximum or minimum value? 


2. (a) Graph the quadratic function defined by y =3x?-12. 
(b) Find the x- and y-intercepts. 
(c) Does y=3x?—12 have a maximum or minimum value? 


3. (a) Graph the cubic function defined by y = x*—3x?-—x +3. 
(b) Find the x- and y-intercepts. 

(c) How many x-intercepts are there? 

(d) What are the roots of x*—3x?—x+3=0? 

(e) Does y=x*—3x*—x+3 have a maximum or minimum value? 


4. Graph the following cubic functions. 


(a) y=x°-—3x 


(b) y=x?—13x —12 
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5. (a) Graph the quartic function defined by y = x*—4x*—4x?+ 16x. 
(b) Find the x- and y-intercepts. 

(c) How many x-intercepts are there? 

(d) What are the roots of x*—4x°—4x?+16x =0? 

(e) Does y = x*—4x*—4x?+16x have a maximum or minimum value? 


6. Graph the quartic function defined by y = x*—5x?+3. 
7. Graph the quintic function defined by y = x°—5x°—4x. 


REVIEW EXERCISE 


1. (a) Graph the parabola represented by ‘y = 3x’. 

(b) Name the vertex and axis of symmetry of y = 3x’. 

(c) Using the result of (a) sketch graphs of the following parabolas on 
One set of axes. 

IY = axe (ii) y=4x?+2 

(iii) y =4(x +3) (iv) y=a(x—-1)7+5 

(d) Name the vertex and axis of symmetry of each parabola in (c). 
2. Find the coordinates of the vertex of each of the following 
parabolas and state whether the vertex represents a maximum point 
or a minimum point. 


(a) y=x?*+2 (b) y=2(x+3)’—4 

(RY = 1X2) +5 (d) y==a(x+5)?—7 

3. Express each of the following in the form y=a(x—s)’?+t. 
(a) y=2x?-6x+9 {ibD)iV=—ox +9xX==7 

(c) y=x?+2x+8 (d) y=2x?+4x+4 

(e) y=x?+2x-6 (f) y=—3x?—2x+3 


4. State the maximum or minimum value of each function rep- 
resented in question 3 and state when the maximum or minimum 
occurs. 


5. Sketch the graphs of each of the following. Indicate the vertex, 
y-intercept, and x-intercepts in each case. 


(a) y=x?+3x—10 (b) y=2x?+8x 
(c) y=—2x’+8 (d) y=x?+6x+9 
(e) y=—2x?—5x+3 (f) y=x?+2x+6 


6. Find the dimensions of the rectangular lot having maximum area 
that can be enclosed by a fence 600 m long. 


7. Find the maximum or minimum value of: 
(a) y=2x’?+6x—3 (b) y=—2x?+3x+6 
(c) y=—4x?+8x+5 (d) y=3x?+10x 


EDO Tt O 
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NAMES AND NUMBERS 


Pythagoras is best known for his 
work with right angle triangles, but 
he also founded a school of 
thought that believed the 
apparently bewildering chaos of 
nature could be reduced to 
mathematical order, and that the 
universe itself conforms to an 
understandable numerical pattern. 

This branch of Pythagorean 
thought is the basis of 
numerology, the magical theory of 
numbers, which assumes the 
additional belief that the name of a 
thing contains the essence of its 
being. According to this belief 
there is no difference, for instance, 
between the name ‘frog’ and the 
animal itself. Similarly, your name 
not only distinguishes you from 
other people, it also defines the 
person that is you. 

But how to analyse the meanings 
of millions of different names? The 
task is hopeless unless they are 
reduced to a reasonably small 
number of types. Numerologists do 
this by turning all names into 
numbers. 

To find the number of your 
name you start by giving each 
letter a number. There are different 
systems of doing this, but in the 
one most widely used the numbers 
from 1 to 9 are written down and 
the letters of the alphabet are 
written underneath in their normal 
order: 


1 2 3 4 £5: ‘Gye s659 
A B C D €® (fasG rial 
J °K Ut MANGO UP > 2B 
S T_U Vow Xe yaw 
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Now write down you name and 
the number equivalents for each 
letter. Then add the numbers. If the 
total has two figures or more, add 
these figures together and repeat 
the process until you reach a 
single number. This is called the 
‘digital root’. For example: 


Lio loLN 1DigAserG On VeERURY 
34945444107 3467-475 3.3 47 9 


The numbers total 50. Add 5 and 0 
to give 5. Then 5 is the digital root 
of 50, and the number of the name 
Linda Covely. 

The number of your name found 
by this method is believed by 
numerologists to show your basic 
character and personality, and the 
type of life you will lead. Each 
number has a different 
interpretation, roughly as follows. 

People whose names add up to 
one are supposed to be positive, 
self-assertive, ambitious, and 
aggressive. 

People whose number is two 
have traditionally feminine 
qualities. They are quiet, tactful, 
lovers of peace and harmony. 

If your number is three, you are 
brilliant, imaginative, versatile, 
energetic and probably artistic. 

Four is the number of solid, 
practical people. Down-to-earth, 
calm and steady, they are the 
pillars of society. 

Fives are adventurous, attractive 
people, lovers of travel and all 
things unusual. They make 
excellent salespeople. 

Six is the number of harmony 
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and domesticity. Sixes tend to be 
loyal, conscientious, idealistic, and 
affectionate. 

Seven is the number of the 
scholar and the philosopher. 
Dignified and serious, sevens have 
little patience with frivolity. 

Eight stands for power and 
money. Eights have the capacity 
for massive material success, but 
also face the possibility of 
resounding failure. 

Nine is the number of high 
mental and spiritual achievement. 
Nines are romantic people, with 
wide sympathies and great charm. 

Some numerologists also stress 
the importance of the number 
found by adding up the figures of 
your birth date. For instance, if 
your were born on May 15, 1952: 


MiAAYatNs5i- 1:9 5 2 
4+1+7 + 145 + 14+9+5+2 


This adds to 35, which reduces to 
8. This is your birth number. 
According to numerologists it is an 
indication of the stamp which the 
mysterious forces that move the 
universe impressed on your 
character and destiny at the 
moment you were born. If it does 
not harmonize with your name 
number, you may be torn by inner 
conflict and seem to be always 
struggling against fate. 

The theory of numerology is of 
course much more complicated 
than this. Is there any truth in it? 
You may be surprised at how 
closely your friends seem to fit 
their numbers! 
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REVIEW AND PREVIEW TO CHAPTER 6 
EXERCISE 1. Function Notation 


1. If f(x) =2x +3, find: 


(a) (1) (b) #(2) 

(d) f(—2) (e) f(—4) 
2. If g(x) =2x —3, find 

(a) g(2) (b) g(8) 
(d) g(12) (e) g(7) 


3. If t(n)=n?+4, find: 
(aac) ae (b) t(2) 


(d) t(8) (e) t(2) 
40 f f(x) =2* 1; find: 

(a) #(1) (b) £(2) 
5. If g(x) =4(2)*—5, find: 

(a) g(1) (b) g(2) 
6. If h(x) =—3x?+2x —4, find: 
(a) h(—1) (b) h(3) 
(d) h(m) (e) h(0) 


(c) f(0) 
(f) (9) 


(c) g(—4) 
(f) gla) 


tc) Pt(=2) 
(f) t(x) 


(c) f(a) 
(c) g(3) 


(c) h(—2) 
(f) h(1) 


EXERCISE 2 Linear Systems 


1. Solve the following by elimination: 


(a) x+y=7 
x-y=3 

(c) a+3d=11 
a+d=3 

(e) a+11d =—90 
a+3d=-—10 

(g) 5x —3y =29 
2x +7y=-13 


applied mathematics for today: 


(b) 2x+y=10 
x+y=4 

(d) a+5d =-17 
a+2d=4 

(f) 2x+3y=-13 
3x +2y=—-12 

(h) 5x —6y =—45 
7x—4y =—41 

senior 


FROM 0 TO 1 ) 
Complete the following tables; then match the equation with the 


~OO 


appropriate curve on the graph. at 
000 
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CHAPTER 6 


Find the next term 
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0,7; 7, FF, S; aos 


Sequences and Series 


6.1 SEQUENCES 


The set of page numbers in this text, 1, 2, 3, 4, 5,... forms a sequence. 

A sequence is a set of numbers which are written in a definite order. 
This particular sequence is a subset of the set of natural numbers N. 
This set has a definite number of elements corresponding to the 
number of pages in the book and is therefore a finite sequence. N, on 
the other hand, is an infinite sequence. 

A student had a job after school and was offered payment of $1 for 
the first month, $2 the second month, $4 the third month... for one 
year. Complete the sequence and find how much the student was paid ~ 
the 12th month. 


Monthly wage ={$1, $2, $4, $8, $16, $32,$ ,$ ,$ ,$ ,$ ,$ }. 


A sequence need not follow a predictable pattern. The sequence 6, 
1, 2, 9, 8, 9,... was taken from a table of random numbers. Most 
sequences that mathematicians are interested in do follow a pattern, 
and the challenge is often in finding what it is. Study the pattern in 
each of the following sequences and determine a next term. 


A=11 ono eee 
B=({3, 6, 1244) 
C11, ANS ae 
D=(1? 246 424.4 
Since sequences need not follow a particular pattern, your answer, 
whatever it is, is one of many possible correct answers. If we wish to 
define a specific sequence, this can be done by giving the general 


term t(n), where neN. 
In the above sequence A, t(n)=4n —3 


t(1)\=4-3=1 
t(2)=8-3=5 
t(3)=12-3=9 


Each member of a sequence is associated with a natural number. 


In set A, 11 
2—5 


3-9 
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From this we see that a sequence can be considered a function in 
N xR, where the domain is a subset of the natural numbers and the 
range is a subset of the real numbers. In this sense sequence A could 
have been written 


th), (2; 0), (3, 9) nen (N43), .. .} 


In sequence B, t(n)=3(2)""' 


t(1)=3(2)°=3 
t(2)=3(2)'=6 
t(3) =3(2)?=12 


Sequence B could have been written 
A TRS) ATS Fe Pe i (2 ee 


In sequence C, t(n)=n7’. 
In sequence D, t(n)=1x2x*3x:-:-xXn. 
1X2x3x---xXn is called factorial n and may be written n! Thus: 


t(1)=1!=1 
t(2)=21=1x2=2 
t(3)=3!=1x2x3=6 


It is usual to refer to the nth term of a sequence as t,(read “’t sub n”) 
rather than t(n); t(1) becomes t,, t(2) becomes t, and so on. We shall 
use this abbreviated notation in the remainder of the chapter. 

Often valuable information can be derived from the graph of a 
sequence. Since we are dealing with a function in N XR, the graph will 
be a discrete set of points. Compare the graphs of the preceding four 
examples. Which sequence has the most rapid rate of growth when t(n) 
n32? when n=4? 





12 12 12 
10 10 10 
8 8 8 
6 6 6 
4 4 4 
2 2 2 
Tre Se wea Mopar Eat 
A=(1,5,9,...) B = (3,6, 12,...) C=(1,4,9,...) PMG 206: 24 nee.) 
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EXERCISE 6-1 


B 1. Determine the first 3 terms of each of the following sequences. 


(a) t, =2n+1 (b) t, =4+6n (c) t, =200—10n 
(d) t, =3n—-6 (e) t, =n(n+2) (f) t, =3" 
(GQ) tae 2 (h) t, =5(2") (i) t, =(n+1)(n +2) 
2. For each of the following sequences find a possible t, and t, and 
graph. {(1, t,), (2, te),..., (5, ts)} 
(a) 81 4 aJeroe ADR 237 eee \c) 3, 6n12;e.- 
: (d) 1,4, 16,22. (e) 1,4,9,... (tes alee 
Find the next term (g) 16,8, 4,... (h) 2,6, 18,... (i) Tota 


1, 3, , 1 ’ 1 ’ | feed . . . . 
CLEA 3. The Pythagoreans were a fraternity of mathematicians who studied 


under the leadership of the early Greek mathematician Pythagoras. 
They attributed mystical qualities to certain numbers. Odd numbers 
were masculine, even numbers feminine; the number 1 was the 
source of all numbers and represented reason. The Pythagoreans 
were particularly interested in the connection between numbers and 
geometry. 


Some numbers were considered triangular: a A 
e 


Some square: e mt HH 


Some pentagonal: ° CY G? 


1 by ihe 

(a) Continue each of the above sequences as far as tg. 

(b) For each of the sequences in (a) make a second sequence from the 
number of dots which must be added to get each succeeding term. What 
property has each of the sequences in common? Construct a sequence of 
hexagonal numbers to t;. Does the property hold? 


4. A prime number is an integer greater than one which is divisible only by | 
itself and by one. Write the sequence of the first ten prime numbers. 


Is this sequence predictable and can a general term be formed? 
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Fibonacci Sequence 


The sequence 1, 1, 2, 3, 5, 8, 13,... is called the Fibonacci 
sequence after Leonardo Fibonacci (1170-1250). The first two 
terms are both 1. Thereafter to find a term of the sequence you 


find the sum of the previous two terms. 


This sequence had its origin in the question of how many 
pairs of rabbits can be produced from a pair of rabbits in a year, 
if each pair produces a new pair each month and each new pair 


reproduces from the second month and no rabbit dies. 


This series has also been found to describe the spiral forma- 
tion of leaves about a stalk and the seed formation 


sunflowers. 


There is a Fibonacci society whose members have a special 
interest in finding new significance in this special set of num- 


bers. 


6.2 ARITHMETIC SEQUENCES 


In Section 6.1 we investigated the sequence 1, 5, 9, 13,.... Notice that 
5-1=4, 9-5=4, 13-9=4,...; that is, the difference between each 
succeeding pair of terms is a constant. Sequences of this form are 
called arithmetic sequences. This particular sequence could be written 


1,1+4, 14+2(4), 1+3(4),.... The general arithmetic sequence is 
aga Onde 2d.a-50,, 04 


where a is the first term and d is the common difference. 


t,=a 
t=a+d 


t,=a+2d 


EXAMPLE 1. Find t, and t, for the arithmetic sequence 6, 10, 14,... 


Solution a=6 and d=10—6=4 


t;=a+6d t,=at+(n—1)d 
=6+6(4) =6+(n—1)4 
= 30 =6+4n—-4 
=4n+2 


t,=30 and t, =4n+2 
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Put the numbers from 1 to 
9 in the spaces to make 
the statements true: 


Sx S+N=9 

Sx S—-S=9 

S-S+N=9 
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EXAMPLE 2. How many terms are in the sequence 3, 5, 7,...99? 


Solution The sequence is arithmetic: a=3, d=2 


t, =a+(n—-1)d 


99 =3 +(n—1)2 
99=3+2n-2 
98 =2n 
49=n 
99 = tus 


The sequence has 49 terms. 


EXAMPLE 3. /n an arithmetic sequence t,=130 and t,.=166. Find t,, 
ty-andats 


Solution 
tio = 166 a+11d=166 
ts = 130 a+ 7d =130 
By subtraction 4d =36 
d=9 
By substitution in tg, 
a+7d=130 
a+63=130 
a=67 
t,=67, t,=67+9=76 
and 
t, =67 +(n-1)9 
=67+9n-9 
=9n+58 


t,=67, t.=76 and t, =9n+58 


EXERCISE 6-2 


1. Which of the following are successive terms of an arithmetic 
sequence? For those that are arithmetic sequences, state the value of 
d 


(EN Uwe Wy ese (D) E25 azine ere 

(8) Be Wolly Wp oe (d) =4) —7, —10, —13,... 
(e) 2, 6, 18, 54,... (ft) 164074402 ee 

(g) 3,3.5, 4,4.5, «5. (h) 8, —6, 47 —2,... 

(i) <2x7 eX 7 4X 5X ae (ox 4X OX OX. aan 


applied mathematics for today: senior 


B 2. Find the terms indicated for each of the following arithmetic se- 


quences. 

layetcand t, fOr S, 10-12... 

(b)at aandstactor: 9 ASAI7 9.5 

(G) to, and © for-10,177-24;,... 

(d) t.; and t, for —12, —8, —4,... 

(e) t,, and t, for 6, 0, —6,... 

(f) ti. and t,, for a, a+2b, a+4b,... 

(g) te and t., for 3x+y, 3x+2y, 3x+3y,... 
(h) tp and t,, for 4m—2k, 4m—4k, 4m—6k,... 


3. Find a, d and t, for the following arithmetic sequences. 


(a) t,=16, t, =25 (b) t,=52, t.,=102 

(c) tso= 142, t,.= 182 (d) t.=—12, tt=9 

(e) t,=37, t,.=22 (f) t,=—20, t..=—53 

(g) tis=—117, tz. =—207 (h) t;=3+15k, t,,=3+23k 


4. How many terms are in the following arithmetic sequences? 
FANGS, 9, Fyn 99 

esa plies 165 

(cje—29,.—24, —19,.... 26 

(d) 51, 45, 39,... —9 

(e) —6, —11, —16,... —156 

Ney 02,7 Onna OD 

(g) m,m+3d, m+6d,... m+81d 

exo 2, x7, Xe, ee Kee 

(i) multiples of 5 from 30 to 500 inclusive 
(j) multiples of 7 from —56 to 560 inclusive 


5. When money is lent at simple interest rates, the amounts required 
to pay off the loan at the end of each year are the terms of an 
arithmetic sequence. 


Amount P  P+Pi P+2Pi P+3Pi P+4Pi --- P+nPi 





where P represents the principal and j the annual rate of interest. 
If $100 is lent at 5%/a simple interest, show the amount at the end 
of 1, 2, 3, 4, and n years. Find a and d for the sequence. 


6. Repeat question 5 for $800 lent at 7%/a. Find the amount required 
to repay the loan after 12a. 


7. (a) Compare the equation t, =5n+4 with the equation y=mx +b. 
Describe the graph of t, =5n+4. 
(b) Graph the sequence for 1=n=10 and illustrate your answers to 


(a). 
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Find the next term 
Py, 2,4, 6, 10, 16, eee 
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Write an expression for 5 
using four threes. 


jd2 


6.3 THE SUM OF A FINITE ARITHMETIC 
SERIES 


When we indicate that the terms of a sequence should be added then 
the indicated sum is called a series: 

sequence 3757779) ae 

series 3+54+7+9-..2. 


The sum of n terms is given by S,: 
S,f= 375474942": 
S,=3+5+7+9 

For the general arithmetic series: 


S, =at+(a+d)+(a+2d)+---+[a+(n—1)d] 


INVESTIGATION 6.3 


Complete each of the following according to the instructions. 
1. List the first 10 terms of the arithmetic series 


Si = 2457522 
2. List the terms again under the first starting with the last term 
S ost tee tet ee Or Ae 


3. Add the corresponding terms of the two series giving an expres- 
sion of the form 


2S,,=— +— +. t+. 
4. This might be rewritten in the form 
2S,.= 10(9) 
S..= 5($). 


5. Note that the factor 5 is one-half the number of terms, and that the 
factor (S) is the sum of the first and last terms. 


6. Repeat steps 2, 3, and 4 for the series 


S,=at+(a+d)+(a+2d)+...+(t,-—d)+t, 


pra 
S,=5 (atta) 


This formula gives us the sum of an arithmetic series when we know 
the number of terms n, the first term a, and the nth term t,. 


Your result should be 


Substituting t, =a+(n—1)d 


we have 
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Ss =Sla+a+(n—1)d] 


S, =F [2a +(n—1)d] 


This formula gives us the sum of an arithmetic series when we know 
the number of terms n, the first term a, and the common difference d. 


EXAMPLE 1. Find the sum of the series 12+8+4+...+(—28) 
Solution a=12, t, =—28, d=—4, S, =5 (a+t,) 


In order to find the sum we must evaluate n: 


t, =a+(n-—-1)d 


= 12+(n—1)(—4) 
=16—4n 
—28=16—4n 
4n=44 
n=11 
re Nao 
$= 5 (225) 
ne 
pip gh 16) 
=—88 


..the sum of the series is —88. 


EXAMPLE 2. Find S,, for the the series 10+13+16+... 


Solution a=10, d=3, n=15 


iS =F [2a +(n—1)d] 
Sy. = 4 [20+14x3] 
15 
== [20+42] 


ws 
25 (62) 


= 465 


-.the sum of the series is 465. 


sequences and series 


Find the next term 


Vil py Sp Oy. Oy sas 
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EXERCISE 6-3 


1. Find the required sum for the following series. 


(a) S,. of 5+9+13+... (b) S.. of 40+45+50+... 
(c) Sof —14—8—2--a. (d) S., of —2+64+14+... 
(e) Sz. of 50+48+46+... (f) S,, of 20+154+10+... 
(g) Sigs Of —4-8412—, 2. (h)(S,,,0f =50—60=70—... 
(i) Soo of 3+3+3+... (j) S., of 3+394+1+... 

2. Find the sum of the following series. 

(a) 4+84+12+...+400 (b) 5+10+15+...+265 
(c) 100+90+80+...—50 (d) 52+47+42+...—48 
(e) —17—10—3+...+74 (f) 2—5-—12—...—222 
(Q)iete ee (h) Sta O ==: 


3. A pile of logs is formed by first laying 12 logs side by side and 
piling others on top to form a prism. How many logs are there in 
the pile? 

4. A student is offered the opportunity to earn $3.25 the first day, 
$3.50 the second day, $3.75 the third day and so on for 20 working - 
days, or accept $120 for the whole job. Which offer pays more? 

5. (a) Find S, for the series 1+2+3.... The answer to this can be used 
as a formula to give us the sum of n natural numbers. 

(b) Find the sum of the natural numbers from 1 to 100, using the 
formula in (a). 

(c) Find the sum of the natural numbers from 45 to 120 inclusive. 

6. A set of boxes is stored in a warehouse. The pile is four boxes wide 
and 20 boxes long at the bottom. Each layer is one box shorter than 
the previous layer but the same width. How many boxes are there in 
the pile if the top layer is four boxes long? 


6.4 THE GEOMETRIC SEQUENCE 


Earlier we investigated the sequence 3, 6, 12, 24.... Notice that 
6+3=2, 12+6=2, 24+12=2,...; that is, the ratio of each succeed- 
ing pair of terms is a constant. Sequences of this form are called 
geometric sequences. This particular sequence could be written 


Sj oo eva e 2ave oC 2 ee 
The general geometric sequence is 
a, ar, ar, aFa aes 


where 4 is the first term and r is the common ratio. 


GZ, — a 
t.=ar 
taal 
t, =ar’" 
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EXAMPLE 1. Find t,; and t, for the geometric sequence 3, 6, 12,.... 


Solution a=3 and r=s= 


te—ale tate 
=3x7 = 3(2)"" 
=48 


tf —AS ang ft) —3(2) ne: 


EXAMPLE 2. How many terms are in the sequence: 


2,6, 18,..., 486? 


Solution The sequence is geometric: a=2, r=3 
t,=ar"' 
486= 2(3)"" 
243 =3""' Dividing by 2 
3°=3"" 
ale 
n=6 
486 = ¢ 


.. the sequence has 6 terms. 


EXAMPLE 3. In a geometric sequence ts=10935 and t;=1215. Find 





t,, tz, and t,. Separate the dots using 3 
circles. 
Solution 
ts= 10 935, “. ar’ =10935 
te= 1215, care 1215 
By division: 
ar’ _ 10935 
aie wale 15 
r°=9 
r=+3 


This indicates that there are two possible solutions: 


(il) 7Ss (ii) r=—3 

Substituting in te, Substituting in te, 

a(3)°= 1215 a(—3)"= 1215 

243a =1215 —243a =1215 

a=5 a=-—5 

t,=5, t,=15, t, =5(3)"" t, ==5/'t7=15, t, =—5(-3)"" 
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Write an expression for 
121 using four ones. 
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EXERCISE 6-4 


4. Which of the following are successive terms of a geometric sequ- 
ence? For those that are geometric sequences, state the value of r. 


(a) El 254 Chem (D)E4> 12536 10Seaee 
(c)N6, 24548544 (a) RGaSm4e2 eae 

(ce) RIA 339 51Sseer (f) 4, —8, 24, —48,... 
(g) 27, —9, 3, —1,... (hh) Bx, xs DCE Xia. 

(1) RX S28 Kee Xo (j)ie 65, we XP Xe 


2. Find the terms indicated for each of the following geometric sequ- 
ences. 


(a) staraindtt-s(Olmel 2 4 (Db) Rterandsteatono wb a4 oye 
(c)"t and) t for 3) 6, 12)... (a) iterancegeOmo4ns2 alone 
(e) t; and t, for 4, —8, 16,... (f) t, and t, for 81, —27, +9,... 


AGyaet aeanOnlsmlOte2 a2 Xen? Kee 
(h) ty and téo for 5x'? —5x°, 5x®, eee 


3. How many terms are in the following geometric sequences? 


(aes 26, 12,20,.34504 (b) 4, 8, 16,...,256 

(C)R4 2S One oe (d) 625,125,025, 3 oe 
\@je2a—4. Soe 2 56 (f) 145874865 1622.4, 2 
(Q)° 2X 2X eX ore ne Kae (RD XazI SX ae occa xe 
4. Find a, r, and t, for the following geometric sequences. 
(a) t;=36, ts,= 108 (b) t,=48, tp=384 

(c) t,=28, t,=448 (d) t,=64, ts=2 

(e) t,=—9, tt =—3 (f) t,=12, t,=192 

(g) ts=5k°, t..=5k” (h) t,=8k°, to = 256k* 


5. When money is lent and compound interest is charged, the amount 
required to repay the loan at the end of each year forms a geometric 
sequence. 


Year Now 1 2 3 4 ata n 
P P(1+i/) P(1+i)? P(1+/)? P(1+i)* ... P(14+1)° 


where P represents the principal and i the annual rate of interest. 
If $100 is lent at 5%/a compounded annually, show the amount at 
the end of 1, 2, 3, 4, and n years. Show a and r for the sequence. 
Compare the amounts in the above question to those found in 
Exercise 6-2, question 5, which uses simple interest. 
6. Repeat question 5 for $500 invested at 8% compounded annually. 
7. (a) Graph the sequence t,=3(2)""' for the domain defined by 
(Si =: 
(b) What type of growth is illustrated by the graph? 
8. A virus reproduces by dividing into two, and after a period of 
growth by dividing again. How many virus will be in a system after 
division has taken place ten times? 
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6.5 THE SUM OF A FINITE GEOMETRIC 
SERIES 


For the general geometric series, 
S,=at+ar+ar?+ar°+...t+ar"™ 


To develop a formula to give the sum of n terms of a geometric series 
with first term a and common ratio r: 


S,=atar+ar?+...t¢ar"' 


rS.=  ar-+ar?’+...t+ar" '+ar" 
Subtracting, S,—rS,=a —ar’ 


(1—r)S, =a-—ar" 
a(1—r") a(r"—1) 


ome Teer yee eS) 


EXAMPLE 1. Find S,, for the series 1+2+4+.... 





Solution 
a=1,r=2, n=10 | S Seles) 
, ~~ hay = iia (r—1) 
1(2°°—1 
$= 
_ 1024-1 _ 1993 


7 


EXAMPLE 2. Find the sum of the series 5+15+145+...+10935. 





Solution 
Seles 
S. = G1) 
where a =5, r=3, nN is unknown. 
(3—a lee 
10 935= 5(3)""* 
Sy! Sa Key 
Bre a 31 
n= 1l=7 
n=8 
ren al) 
Se= 3-1 
_ 5(6561 —1) 
2 
= 216800) — 16 400 
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For r>1, use 


walri=A} 
r<1, use 
Nat=r2) 
rae (1—r) 
a 


EXERCISE 6-5 


1. Find the required sum for the following series. 


(a) S, of 10+20+40+... (b) S; of 2+64+18+... 

(c) S,; of 3+15+75+... (d) S, of 2—6--18—.... 

(e) S, of 256+128+64+... (f) S, of 486+162+54+... 

2. Find the sum of the following series. 

(a) 4+8+16+...+256 (b) 1-3 9-2 729 

(c) 2—4+8-...—256 (d) 5—15+45-—...+3645 

(e) 814+27+9+...4+3 (f) 3500+350+35+...+0.0035 


3. Every person has two natural parents, four natural grandparents 
and so on into the ancestral past. What is the total number of direct 
ancestors in the previous six generations? 


4. At the beginning of each month an investor puts $100 into an 
account which pays 1%/mo. interest. At the end of one year the last 
deposit is worth $100(1.01), the second last is worth $100(1.01)?, the 
third last is $100(1.01)°, and so on. Write an expression for the total 
value of his 12 deposits. * 


5. A rubber ball is dropped from a height of 16m. On each bounce it 
rebounds to ; of its previous height. 

(a) How high does it bounce after hitting the ground (i) for the third 
time? (ii) for the fifth time? 

(b) What is the total distance it has travelled when it hits the ground 
for the sixth time? (Refer to the diagram to determine which distances 
were travelled twice.) 


Height (m) 





No. bounces 


* The abbreviations “w.” and “mo.” are used at points in this text for week(s) 
and month(s). These are not S/ symbols (since no such symbols exist for these 
designations) but simply abbreviations. 
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REVIEW EXERCISE 


1. Identify each of the following sequences as arithmetic or geomet- 
ric, and find t,. 


(ay-12 10219 hee. KO)EX; X-A2 Vax AY ee 

(Chu 12.10, #10304. (d}vab*, azbta*b*,:, 

(e) SE Pie (f) 2, —ANGhees 

(g) 56, 50, 44,... (h) 2+3y, 4+4y, 6+5y,... psa nell lone Zo nearer 
2. Write the first three terms of each of the following series and find Find the next term. 
the sum of eight terms. 

(a) t, =3n+4 (b) t,=5(3"") 

(c) t, =2(n+1) (d) t, =42—3n 

(ero f= 3(2") (eG (20) 

3. Find ty and Sioo for each of tne following arithmetic sequences. 

(a) ts= 100, t,.=130 (b) tj=32, tt=26 

4. Find t. and S, for each of the following geometric sequences. 

(a) t.=15, tj =75 (b) t,=14, t,= 686, r>0 

5. Find the number of terms in each of the following sequences. 

Caye7 tT bse 99 (b) 5, 10, 20,......,,.640 


6. A grandfather clock strikes the hours. How many times does the 
clock strike in 24 h? 


7. In each year an automobile depreciates 20% of its value at the 
beginning of the year. If an automobile costs $4000 new, what is its 
value after 4 a? 


8. If a town has a 10% population growth each year and its present 
population is 5000, what will its population be after 5 a? 


9. Legend has it that the inventor of chess asked that his reward be 
One grain of wheat on the first square, two grains on the second 
square, four on the third and so on for all 64 squares of a chess board. 
Find an expression for the amount of wheat required to fulfill the 
request. (This figure is said to represent several times the world’s 
annual crop of wheat!) 
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REVIEW AND PREVIEW TO CHAPTER 7 


PERCENTAGES 


EXERCISE 1 


Complete the following calculations: 


1. 6% of $45.65 2. 12% of $274.98 

3. 43% of $154.70 4. 150% of $400.00 

5. 95% of $214.75 6. 18% of $348.71 

7. 53% of $5700.00 8. 23% of $974.63 

9. 13% of $870.00 10. 245% of $700.00 
11. 3% of $58.93 12. 2% of $8000.00 
Express the first quantity as a percentage of the second: 
13. $4.50 $4500.00 14. $85.00 $1700.00 
{helkok SSM7AS $7500.00 16. $43.00 $34400.00 
17. $74.00 $370.00 18. $6840.00 $57 000.00 
19. $300.00 $12 000.00 20. $3.45 $460.00 
21. $928.00 $5800.00 22. $0.81 $54.00 
23. $4500.00 $3000.00 24. $387.00 $180.00 


Simple Interest 
Interest = Principal x Rate x Time 





Amount = Principal + Interest 


Cover the one 
you want to 
find. 





EXERCISE 2 


Find the missing quantities: 
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Interest Principal Rate Time (a ) Amount 


1. $4500 12% 
2 | MR *sic0 
zt $24.50 8% 
4. $4.80 ne 16% 
5. $560 

5 | isc 
7. | $1179.50 $50 000 7% 
8. $250 11% 
0 | Moses =o 
10. $3.92 Sn Sed ee 
ahs $2.87 $350 10% 
2, $21.36 5.5% 


13. 12% 
15. 7.75% 


Geometric Sequences and Series 





n-1 


t, =ar 
2ele Sih) 

Gea 
EXERCISE 3 
1. Write the first five terms of the following geometric sequences. 
(a) a=1, r=2 (b) a=32, r=; 
ic)\a=27, r=3 (d) a=—4, r=—3 
(e) 2 A =) = (f) SS 2, DE | eae gt are 
(g) Ci a a A ae (h) Wyo fa aay) 


2. Find the required term for each of the following geometric sequ- 
ences. 


(a) a=2, r=2; t, (b) a=—5, r=3; ts 

(c) a=a, r=—2; te (d) a=9, r=3; te 

(6) goa 2nes) te (iit =275-9) 3/2055. te 

NONE apace 5 te (h) av 7, 8---3 ty 

3. Find the required sum for the following geometric series. 
(a) a=1, r=2; S., (b) a=2, r=3; Sz 

(c) a=5, r=—2; S, (d) a=—9, r=3; S, 

(6) S612 79.7)'Ss (f) 7+21+63+...: S; 

ig). 12=6+3-—...; S, (h) 4+3+3+...; Sy 


annuities 


Arithmetic sequences 
Dn 5 Onell eee 

tly => —Ueonac 
Geometric sequences 
2;:6,. 18/54; 9ans 

by, =20), 10), =SL0, oa , 





De or 

















n 
1 2 3 
2 4 9 
3 8 27 
4 16 81 
5 32 243 
6 64 729 
7 128 Zo ANGt 
8 256 6 561 
9 512 19 683 
10 1 024 59 049 
el 
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-00 
oo0 
000 


Perform the following calculations: 


1. 41,51, 6! 
(5—3)! 
~ 5Ix3l 


12! 
* 31x4l 





7. (8!—2!)(5!—3!) 


4!x5!x6! 
* 4l+5!+4+6! 


la 
12 — 2) 
1x2x3=6=3! 
1x2x3xX-°:xXx=x! 

1. Aliegel 

2. 91731" al 
(3.5)* 
4! 
7! 
3!14+4! 
6! x5! 
all 
5!+6! 
6!-—5! 


4. 


6. 


10. 
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Annuities coe ve 
7.1 COMPOUND INTEREST Amount 
Compound interest is interest that is payable at regular intervals 
during the duration of the loan. The first payment falls due after an 
interval of time called the conversion period. If at the end of the first 
conversion period the interest is not actually paid, it is then added to 
the principal so that in the second conversion period interest is 
calculated on the interest from the first period, as well as on the 
Original principal. 
EXAMPLE 1. If $100 is invested at 9%/a compounded annually, 
show how the amount grows over a term of n years. 
Solution > 
Time (a) 
— ~~) 
Now 1 2 3 4 5 n 
100 100(1.09) 100(1.09)? 100(1.09)? 100(1.09)* 100(1.09)° 100(1.09)" | ee 
100(1.09) = 
100(1.09)(1.09) 
100(1.09)7(1.09) 
100(1.09)°(1.09) —- ~) 
100(1.09)*(1.09) 
100(1.09)" *(1.09) —=5 
Notice that the amount at the end of each year forms the terms of 
geometric sequence where = 
a = $100(1.09) 
r=1.09 
and t, is the nth term of the sequence. “Pick up sticks” #1 
Seven match sticks are 
The amount after n years: placed in a row. 
t,=ar’' = ; 
‘a wo players each pick up 1 
t, = $100(1.09)(1.09) or 2 matches in turn. The 
= $100(1.09)" player picking up the last 
match wins. Find a rule so 
EXAMPLE 2. If $100 is invested at 9%/a compounded semi- that the player who picks 
annually, show how the amount grows over a term of N years. first always wins. 
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9% compounded semi- Solution 
annually gives 4.5% each 
conversion period. Time (a) 


2 N 


NI> 


Now 3} 1 1 
100 100(1.045) 100(1.045)? 100(1.045)? 100(1.045)* 100(1.045)?" 
100(1.045) 
100(1.045)(1.045) 


100(1.045)?(1.045) 
100(1.045)°(1.045) 


N years gives 2N semi- The amount at the end of each half year forms the terms of a 
annual conversion periods geometric sequence where a = $100(1.045) and r=1.045. The amount 
after N years is the 2Nth term of the sequence, toy = 100(1.045)7”. 
We may generalize from the above example to the relationship 


where A is the amount 
P is the principal invested 
i is the rate of interest per conversion period 


n is the total number of conversion periods. 


To ease calculation a table of values for (1+i)" is given in the 
appendix. 


EXAMPLE 3. Find the amount of $5000 invested at 9%/a com- 
pounded semi-annually for 16 a. 


Solution 
At 9% compounded semi-annually, i = (0.5)(9%) =4.5% 
For 15a compounded semi-annually, n=15x2 


=30 
- A=P(1+i)° 
= $5000(1 + 0.045) *° 
= $5000(3.745 32) (from the tables) 
= $18 726.60 


The amount would be $18 726.60 


EXERCISE 7-1 


A 1. Complete the following. 
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Pe | roma | Spates” on | 
rate Term (a) period n 
| 


0 
femal fe 


quarterly 


(a) 
(b) 
(c) 
(d) 
(e) 
(f) 
(g) 
(h) 




























4% 











1.5% 







0.75% 








6 2% 


2. Find the amount of each of the following investments: 





(a) 







(e) 


3. What amount is required to pay off a loan of $4000 after 2 a if it has 
earned interest at the rate of 12%/a compounded semi-annually? How 
much of this amount is interest? 

4. Find the amounts that $1000 invested at 12% for 3a will grow to if 
the interest is compounded (a) semi-annually (b) quarterly (c) monthly. 
5. How long must money be invested at 8% compounded semi- 
annually to double? (To the nearest 0.5 a) 

6. Two loans of $500 each are taken out on Feb. 1, and Aug. 1, and 
repaid the following Aug. 1. If interest is charged at 11% compounded 
semi-annually, what total amount must be repaid? 

7. (a) A savings account pays 1%/mo. on the minimum monthly 
balance with interest added every 3 mo. Find the interest paid for the 
period June 1—Sept. 1 given the following: 


Balance: June 1 $465.00 
Deposits: June 12 $250.00 
July 17 $175.00 
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“Pick up sticks’ #2 
Eleven match sticks are 
placed in a row. 


Two players each pick up 
1, 2, or 3 matches in turn. 
The player picking up the 
last match loses. Finda 
rule so the player who 
picks first always wins. 
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Aug. 20 $315.00 
No withdrawals were made. 
(b) If the only entry for September in the account from part (a) was a 
deposit of $85, on what amount would the interest for September be 
calculated? 


8. Mr Collins noted that he could use collateral to borrow at 9% 
compounded semi-annually and invest in second mortgages at 16% 
compounded quarterly. 

(a) If he borrowed and reinvested $20000 under these terms for 5a 
what profit did he make? 

(b) What had Mr. Collins done to “earn” this money? 


9. If money is borrowed at 8% compounded quarterly and reinvested 
at 12% compounded monthly what annual rate of return is being 
made? (Consider a principal of $1 invested at each rate for 1a.) 


10. Four years ago $10000 was invested at 8% compounded semi- 
annually. If the principal and interest are now invested at 11% com- 
pounded semi-annually for 5a, what will the investment be worth? 


7.2 COMPOUND INTEREST Present Value 


Present value refers to the amount of money that must be invested 
now, at a given rate of interest, to produce a desired amount at a later 
date. 


EXAMPLE 1. What principal invested now at 9% compounded annu- 
ally will amount to $100 in n years? The principal to be invested is 
called the present value and is represented by PV. 


Solution 

Time (a) 
Now 1 2 3 n-1 n 
a 
PV PV(1.09) PV(1.09)? PV(1.09)* PV(1.09)""’ PV(1.09)" 


The last term of the sequence PV(1.09)" represents the value of the 
investment after n years, which we know must be equal to $100 by 
the conditions of the question. 


PV(1.09)" = $100 
1 


PV = $100 = og5 . 


EXAMPLE 2. What principal invested now at 9% compounded semi- 
annually will amount to $100 in n years? 


Solution lf the interest had been compounded semi-annually, the 
number of conversion periods would have been 2n and the present 


for each period. 


value would have been reduced by a factor of ade 
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The above expression would become 


1 


From the above example we can generalize the relationship 


A 


Ovi 





where PV is the present value 


A is the amount to be achieved 
i is the rate of interest per conversion period 
n is the total number of conversion periods. 


To ease calculation a table of values for is given in the 


ey ues 
(abaetny 
appendix. 


EXAMPLE 3. Ms Williams has decided to sell her house and move 
into an apartment, since her job requires that she move frequently. 
When she retires in 15a, she wishes to have $75000 for a 
retirement home. How much of the $40 000 cash that she received for 
her present house must she invest in guaranteed investment certific- 
ates at 10%/a compounded semi-annually to give her the $75000 
she desires in 15a? 


Solution She must invest the present value of $75000. At 10%/a 
compounded semi-annually, i =(0.5)(10%)=5%. For 15a compound- 
ing semi-annually, 


ni 15 >2—18 0: 
75 000 
Mee (05) 
PV =$75 000(0.231 38) 
= $17 354.00 


She must invest $17 354. 


EXERCISE 7-2 


1. Find the present value of each of the following amounts. 
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Want to be a millionaire 
for a day? How much 
would it cost to borrow 
$1000 000 for 1d at 
12%/a? 
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cs [ Pen] Sm pin 


2. How much money must be invested now at 7%/a compounded 
semi-annually to replace a $10 000 machine which is expected to wear 
out in 5a? 





3. Mr. Jones has a paid-up endowment policy that will pay him 
$20 000 on his 65th birthday. What is the present value of this policy 
on his 60th birthday if money is worth 9% compounded semi- © 
annually? 


4. Compare the present values of $1000 due in 3a at 12% if the 
interest is compounded (a) semi-annually (b) quarterly (c) monthly. 


5. You have signed a promissory note which requires you to pay $500 
on Dec. 15. What is the value of the note on the June 15 before the 
due date if money is worth 9% compounded semi-annually? 


6. Two debts of $500 come due in six months and one year respec- 
tively. If money is worth 11%/a compounded semi-annually, what 
amount paid now will discharge both debts? 


7. What principal invested for the next 5a at 9% compounded semi- 
annually, and for the following 3a at 7% compounded semi-annually 
will amount to $10 000? 


8. Six years ago a sum of money was invested at 7%/a compounded 
semi-annually. If the principal and interest are now invested at 12% 
compounded semi-annually and in two years will amount to $1430.78, 
what was the principal originally invested? 


7.3 THE AMOUNT OF AN ANNUITY 


If a sum of money is paid as a series of regular equal payments, it is 
called an annuity. The name comes from the word annual or yearly. 
However, payments may be made monthly, quarterly, semi-annually, 
or at any other agreed-on interval. Unless otherwise stated, the 
payment is made at the end of the payment interval. 

The amount of an annuity is the sum of the amounts of the 
individual payments invested at the stated interest rate from the time 
of payment until the end of the annuity when the last payment is 
made. 
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To find the amount: 


EXAMPLE 1. Mr. Howard deposits $500 in the bank every Dec. 1 and 
June 1 for ten years. If interest is earned at 8% compounded semi- 


annually, how much will he have in the bank at the time of the last 
payment? 


Solution You are asked to find the amount of an annuity of 20 
semi-annual payments of $500 at 8% compounded semi-annually. 


“. 1 =(0.5)(8%) =4% 


The time diagram below illustrates the problem. 


Time (a) 
Now 1 8 9 10 


Payments $500 $500 $500 Y $500 $500 $500 $500 $500 
| L, 500(1.04) 
500(1.04)? 


( 
500(1.04)? 
500(1.04)* 
500(1.04)'7 


500(1.04)'* 
500(1.04)"° 


The amount of the annuity is given by the sum of the 20 compound 
amounts: 


A =$500+$500(1.04)+$500(1.04)?+. ..+$500(1.04)"°, 
which is a geometric series with a =500 r=1.04 n=20. 
a (F=1) 
S20 = (r—1) 
_ $500(1.047°—1) 
(1.04—1) 
= S007 191 12-1) (interest tables, amount at 4% for 20 a) 


_ $500(1.191 12) 


0.04 = $14 889 


Check for gross error: 
20 x 500 = 10 000 


The amount of the annuity is $14 889.00. 

To find a general expression for the amount of an annuity (at the 
time of the last payment) we shall use a payment of $1 for n 
payments at rate i per payment interval. The amount of the annuity is 
given by the series 


14+1(1+/)+1(1+/)?+1(1+i)?+...ton terms. 


This quantity is represented by the symbol S-7; and is evaluated in the 
table in the appendix for various values of i and n. 
The regular annuity payment is called the periodic rent and is 
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For how many years have 
payments been made? 
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represented by R. If Sy, represents the amount of an annuity of n 
payments of $1 at i% per interval then RS;, represents the amount of 
an annuity of n payments of $R at i% per payment interval. 


EXAMPLE 2. Find the amount of an annuity of $1000/a for 7a. 
Interest is earned at 6% compounded annually. 


Solution 
Now 1 22 3 4 5 6 i 


$1000 $1000 $1000 $1000 $1000 $1000 $1000 
Amount 





R =$1000 NY! i=6% 
From the table for Sz; in the 6% column, n=7 row, 


Sos = 8.393 838 


RSF o06 = $1000(8.393 838) Check for gross pia 
1000 x 7 = 7000 


= 8393.838 
The amount of the annuity is $8393.84. 


To find the rent: 
Example 3. How much money must | invest every half year at 9% 


compounded semi-annually in order for it to amount to $25 000 after 
the 25th payment? 


Solution 
Now 1 2 3 4 23 24 25 
x x x x x x x 
Amount 
$25 000 


i =(0.5)(9%) = 4.5% 
RS-Ao.oss = $25 000 








_ $25 000 
SFJo.045 
~ 44.565 21 9 9960.975 Check for gross error: 
25 000 _ 
[apes 1000 


The semi-annual rent is $560.98. 
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EXERCISE 7-3 


1. Find the missing quantities in the following using the S,, table. 


Periodic | Number of | Payment interval | Interest rate 
rent | payments |Conversion period] per annum 









(a) 































7) 


2. Mr. Wilson bought a new taxi on June 30. He expects the car to last 
2a as a taxi, and then he will trade it in on a replacement. He 
estimates that he will require $3000 plus his old car for the new taxi. 
Starting July 30, how much must he invest monthly in an account 
paying 12% compounded monthly, to meet this expense in two years? 
This type of investment plan to meet a future expense is called a 
sinking fund. 


3. Mrs. Brewer is self-employed and must make provision for her own 
pension. If she invests $500 every 6 mo., starting 6 mo. before her 35th 
birthday, in a fund which pays 8% compounded semi-annually, how 
much will she have after the last payment on her 55th birthday? 


4. Acme Manufacturing Co. has a $150000 custom-designed press 
which has a useful life expectancy of 15a. How much should they 
invest semi-annually in a sinking fund at 9%/a compounded semi- 
annually to meet this expense in 15a? 


5. Draw a time-payment diagram and use the formula S, - to 
find the amount of the following annuities after the last payment. 
(a) 15 annual payments of $400 at 7% compounded annually. 

(b) 24 quarterly payments of $600 at 12% compounded quarterly. 
(c) 30 semi-annual payments of $1200 at 9% compounded semi- 
annually. 

_ (d) 36 monthly payments of $50 at 18% compounded monthly. 


6. Mr. Shapiro has just purchased a used car for $3300. In planning 
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for future transportation he makes the following assumptions: 

(a) He will keep the present car for 4a. 

(b) In that time it will depreciate 66%. 

(c) The cost of cars will increase by 36%. 

(d) There will be a 7% sales tax on the difference between the trade-in 
and the new car. 

e) He can invest money at 12% compounded quarterly. 

Starting 3mo. after the purchase date, how much should he invest 
each 3 mo. in a sinking fund to purchase his new car 4a from now? 


7. An investor deposited $200/mo. for 6 mo. in an account and then 
allowed the amount to remain for an additional 6 mo. If interest was 
paid at the rate of 1.5%/mo. what was the final amount? 


Time’ (mo.) 
Now 1 2 3 4 5 6 7) 8 19) MORE 12 





Payments $200 $200 $200 $200 $200 $200 





200(1.015) i=1.5% 
200(1.015)? 
200(1.015)* Amount 
200(1.015)* 
200(1.015)® 


8. Ten semi-annual payments of $750 are paid into an annuity earning 
9% compounded semi-annually. The amount is then invested for 4 a at 
12% compounded quarterly. Construct a time diagram and find the final 
amount. 


9. Use the formula and a time line to find the amount of 10 annual 
payments of $600 earning interest at 9% compounded semi-annually. 


7.4 THE PRESENT VALUE OF AN ANNUITY 


The present value of an annuity is the principal which must be 
invested now at a given rate of interest to provide the periodic rent. It 
is equal to the sum of the present values of the payments. 

To find the present value 


EXAMPLE 1. How much money must be invested now at 8%/a 
compounded annually to provide an annuity of 5 annual payments of 


$600, the first payment being made in one year? 


Solution The problem can be illustrated by a time diagram as fol- 
lows: 
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Time (a) 
Now 1 72 3 4 5 


$600 $600 $600 $600 $600 








om aie Se Lie 3|8 
Oo FC |lOmo | Omo) Lomo}. © 
BD QS WS BIG W/O 


The present value of the annuity is given by the sum of the five 
present values: 


$600 $600 $600 $600 , $600 











fee 1.08 | (1 03) eeeidOS).4.0S)o.. (108)° 
aye he : é _ $600 ae ~ 
Which is a geometric SS where a 1.08’ 1.08' n=5. 


Gaels 

g, -$600| __1.08° 

1:08 \eeetin’ 1 
1.08 

. $600(1 — 0.680 58) 

~ 1.08(1—0.925 93) 


_ $600(0.319 42) 
1.08(0.074 07) 





(from tables for present values) 


= $2395.78 Bas for gross bar 
5 x 600 = 3000 


The present value of the annuity is $2395.78. 

An expression for the present value of an annuity of $1 for n 
payment intervals at rate i per payment interval, at a time one 
payment interval before the first payment, is given by the series: 


1 1 1 
141 (tip aeip .. ton terms. 

This quantity is represented by the symbol a7, and is evaluated in a 
table in the appendix for various values of i and n. 

Ray represents the present value of an annuity of n payments of 
$R, at i% per interval. 


EXAMPLE 2. Find the price of an annuity of ten semi-annual pay- 


ments of $750, the first payment to be made in 6 mo., if money is 
worth 7%/a compounded semi-annually. 
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Solution r=$750 n=10 i =(0.5)(7%) =3.5% 
From the table for a7, in the 3.5% column, n=10 row: 


Aisjooss = 8.316 605 
Ra m)o.oss = $750(8.316 605) 


= $6237.453 Check for gross wee 
750 x 10= 7500 


The price of the annuity is $6237.45. 


111 To find the rent 
Find a and b if iE hea 
Bnda HEN esi EXAMPLE 3. Mrs. Rainey has an endowment insurance policy which 
i ‘ pays her $50 000 at age 60, or she may leave the money invested with 
the insurance company at 6%/a compounded semi-annually and 
withdraw it in 30 equal semi-annual payments. The first payment is 
made 6 mo. after her 60th birthday. How large is each payment? 


Solution Let each payment ir dollars be R. 


Time (a) 
Now 1 2 15 





Value $50 000 R R R R R 





—_ —_ 
=| el, 
> 82 8 
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$50 000 = Raxoas i = (0.5)(6%) =3% 





R= $50 000 
950.03 
_ $50 000__ 
~ 19.600 441 
= $2550.96 hae for gross be) 
. 30 x 2500 = 75 000 


Each semi-annual payment will be $2550.96. 
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EXERCISE 7-4 


B 1. Find the missing quantities in the following using the aj, table. 


Present | Periodic | Number of| Payment interval 
value rent payments |Conversion period | per annum 

semi-annual 
semi-annual 
quarterly 


(g)| $2500 monthly 
inl Res zeae 


2. Find the present value of an annuity of $100/mo. for 3.a beginning 
1 mo. hence if interest is earned at 1.5%/mo. 













(a) 
(b) 
(c) 
(d) 







Construct a time diagram 


2 
2 
3 for all problems. 


0 
4 
6 
10 










(e) 
(f) 


$20 000 
$6 000 





24 





Ss) 
lee) 


3. John Fairchild has won $3000 to go to a community college 
for a three-year technician course. If he invests the money at 12%/a 
compounded monthly on Aug. 1, how much may he draw monthly for 
the next 3 a starting Sept. 1? 


4. An insurance policy pays $30 000 cash at age 60 or it may be taken 
in 30 equal half-yearly payments with the endowment earning interest 
at 8%/a compounded semi-annually. If the first payment is made 6 
mo. after the 60th birthday, how large is each payment? 

a(1—r") 
(law) 
with tables for (1+i)" to find the present value of the following 

annuities, first payment to be made after one period. 

(a) 20 annual payments of $1000 at 8% compounded annually. 
(b) 15 annual payments of $650 at 7% compounded annually. 
(c) 36 monthly payments of $200 at 1.5% /mo. 

(d) 4 quarterly payments of $500 at 18% compounded quarterly. 


5. Draw a time-payment diagram and use the formula S, = 


6. Mrs. Comtois won a $25 000 lottery prize. She invested the money 
in an annuity to receive payments over the next 10a. 

(a) How much will she receive every 3 mo. if the money is invested at 
12%/a compounded quarterly? 

(b) Consider your answer to (a) the amount of a three month annuity 
and approximate how much she could receive if she took payments 
monthly and the interest was paid at 1%/mo. 

(c) When would she receive her first payment? 
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Note that the amount is 
calculated one payment 
interval after the last 
payment. 
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7. Mr. MacDonald owns an annuity which pays $4000 semi-annually 
for 8 a. What is the present value of the annuity if money is worth 11% 
compounded semi-annually and: 

(a) The first payment is due in 6 mo. 

(b) The first payment is due now. 

8. Use the formula S, a and a time diagram to find the annual 
payment for a five year annuity with present value of $4000. Money is 
worth 8% compounded annually. 


9. Use the formula and a time diagram to find the present value of an 
annuity of 10 annual payments of $750 if money is worth 9% com- 
pounded semi-annually. First payment due in one year. 


7.5 ANNUITIES DUE 


In section 7.3 it was mentioned that unless otherwise stated, the 
payment of an annuity is made at the end of the payment interval. 
When the payment is made at the beginning of the payment interval 
the annuity is referred to as an annuity due. 


Payment intervals NOW lig 2 eee n-1 n 
Annuities 
Payments R R RR R R 
Payment intervals Now esi 2s: 4 ie n 
Annuities Due 
Payments ; R LR ae RoR R | 
Time For Time For 
Finding Finding 
PV Amount 


EXAMPLE 1. Find the amount of an annuity due of 4 semi-annual 
payments of $500; interest is paid at 12% compounded semi- 
annually. 


Solution 
i =(0.5)(12%) 


=6% 
Time (a) Now 1 2 


a See Re ey eye ea nee pe 
$500 $500 $500 $500 


| L__ 590(1.06) 
500(1.06)? 

500(1.06)° 

500(1.06) 


A =$500(1.06) +$500(1.06)?-+$500(1.06)?+$500(1.06)* 
= $500(1.06 + 1.06?+ 1.06? + 1.06*) 
= $500(1 + 1.06 + 1.06?+ 1.06°+ 1.064—1) 
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= $500(Ss).0s — 1) Sy— i (Wares. 


= $500(5.637 093-1) <—— n terms —— 
= $500(4.637 093) aes for gross acid 
= $2318.55 500 x 4 = 2000 


The amount is $2318.55. 


In general, the amount of an annuity due of n periodic payments 
of R at an interest rate of i per interval is A 


A=R(Sm-1) 





EXAMPLE 2. Mr. Nicols made 12 monthly deposits in an account 
paying 1.5%/mo. If he had $992.76 in the account 1 mo. after the last 
deposit, how large was each deposit? 


Solution 


Time (mo.) Now 1 2 3 4 11 12 


Amount 
$992.76 





This forms an annuity due where i=1.5%. 
A=R(S=m ay 


R a a for gross ea 


Ore liane 1 
12x 75=900 
_ $992.76 


r Sryp.015 - 1 


_ $992.76 
~ 13.236 830 


+ $75.00 
The monthly payment is $75.00. 


EXAMPLE 3. Find the present value of an annuity due of five semi- 
annual payments of $600. Interest is paid at the rate of 9% com- 
pounded semi-annually. 


Solution 
i =(0.5)(9%) 


=4.5% 
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Ta a 


Time (a) 








Now 1 2 
$600 $600 $600 $600 $600 
600 | 
1.045 
600 
1.045? 
600 
1.045: 
600 
1.045° 
t $600 $600 $600 $600 
PV = $600 +7 45 + 7.045°' 1.045 * 1.045" 
1 1 1 1 
= $600(1 +7045 | 1.045? 1.045° 1 aes 


= $600(1 + aqo.o«s) 

= $600(1 + 3.587 526) 
= $600(4.587 526) 

= $2 752.52 


The present value is $2752.52. 


In general, the present value of an annuity due of n periodic 
payments of R at an interest rate of i per interval is PV 





PV=R(1 + ani) 


EXAMPLE 4. A color T.V. was purchased for $750.00 to be paid for in 
30 equal monthly payments, the first payment due on delivery. If 
interest is charged at the rate of 1.5%/mo., how much is the monthly 
payment? 


Solution The repayment schedule takes the form of an annuity due of 
30 payments, i=1.5% and present value $750.00. 


Time (mo.) 
Delivery 1 2 3 4 28 29 
R R R R R R R 


PV= R(1 + @5=jo.018) 
ae ee 
1 staclaen 0.015 
gr 750 
1+ axo015 
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ne O50 
1+ 23.376 076 


ah $750 
24.376 076 


== $30.77 
Each payment will be $30.77. 


EXERCISE 7-5 


1. When an annuity becomes an annuity due, what is the effect on 
each of the following? 

a) The time when each periodic payment is due. 

b) The size of the amount of the annuity. 

c) The time at which the amount is calculated. 

d) The size of the present value of the annuity. 

e) The time at which the present value is accumulated. 





2. Find the amount of the following annuities due with periodic rent 


$1. 


a) | 7 payments | 3% per interval 
b) | 20 payments | 5% per interval 
c) | 40 payments | 6% per interval 
d) | 7 payments | 1.5% per interval 
e) | 15 payments | 4.5% per interval 





3. Find the present value of the following annuities due with periodic 
rent $1. 


12 payments | 4% per interval 
18 payments | 5.5% per interval 


8 payments | 2% per interval 
24 payments | 5% per interval 
48 payments | 0.5% per interval 





4. Cathy Willis deposited $100/mo. for 3a in an account paying 
1%/mo. How much did she have on deposit 1 mo. after the last 
payment? 

5. Find the amount of an annuity due of 12 quarterly payments of 
$700. Interest is charged at 8% compounded quarterly. 


6. A debt of $5000 must be repaid in 4 a. How much must be invested 
in 8 equal semi-annual payments, if the initial payment is made now, 
to retire the debt in 4 a? Interest is earned at 11% compounded 
semi-annually. 


7. Twenty annual payments accumulate to $23 395.64 one year after 
the last payment. If interest is earned at 6%/a, how large is each 
payment? 
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8. Find the present value of an annuity due of 48 quarterly payments 
of $300. Interest is paid at the rate of 10% compounded quarterly. 
9. Mr. Parker has agreed to repay a debt by means of 30 monthly 
payments of $85. What single payment will retire the debt at the time 
of the first payment if money is worth 1%/ mo.? 


10. $25 000 is invested in an annuity to pay 50 equal quarterly instal- 
ments, the first one immediately. The money earns interest at 14% 
compounded quarterly. How much is received in each instalment? 
11. Find the semi-annual rental required to repay a debt of $600 in 4 
equal payments, the first payment due now, if money is worth 11% 
compounded semi-annually. 


7.6 DEFERRED ANNUITIES 


When the first payment of an annuity is not due for some time we say 
that the annuity is deferred. 


EXAMPLE 1. Find the present value of an annuity of ten quarterly 
payments of $500. Interest is earned at 10% compounded quarterly. 
The first payment is deferred one year. 


Solution 
i =(0.25)(10%) 


=2.5% 


Now 1 2 


as $500 $500 $500 $500 $500 $500 $500 $500 $500 $500 


7.025 
500 
1.0257 
1.025 


700, 


1.025 





Annuity C 


Annuity B 
500 

1.0255 

900, 


1.025 


1.0257 


Annuity A 
| 1.025°° 


If the annuity had not been deferred the first 
payment would have been due one quarter 
from “Now”. The deferment of one year 
makes the first payment due 5 quarters from 
“Now”. 


From the diagram it can be seen that: 
Present value of the deferred annuity 
A = (Present value of Annuity B)—(Present value of Annuity C) 
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PV = $5004 ¥o0.02s— $5004 qo.o2s Check for gross foie 
= $500(a 5)0.00 a 7]Jo.025) 500 x 6 = 3000 


= $500(8.752 064 —3.761 974) 
= $2495.05 


The present value is $2495.05. 


In general, an annuity with n periodic payments of R, deferred m 
intervals, has a present value PV. 


PV = Rl assy — am) 





EXAMPLE 2. Find the amount of an annuity of 4 semi-annual pay- 
ments of $1200 if the repayment is deferred to 3 a after the last rent 
payment. Interest is paid at 8% compounded semi-annually. 


Solution 
i =(0.5)(8%) 
=4% 
Now 1 2 3 4 5 
$1200 $1200 $1200 $1200 $1200 $1200 $1200 $1200 $1200 $1200 | 


L_, 1200(1.04) 
[eee 1200(1.04)? Annuity 
: ce 


1200(1.04)® se Annuity 
1200(1.04)® B 


1200(1.04)? Annuity 
1200(1.04)® A 
1200(1.04)° + 


From the diagram it can be seen that: 
Deferred amount of Annuity 


A=(Amount of Annuity B)—(Amount of Annuity C) 


A= $1 200Sq 0.04 $1 200Sy 0.04 


= $1200(Siq}0.04— Saooa) Check for gross meal 
= $1200(12.006 107 —6.632 975) L4x1200=4800 


= $6447.76 


The amount is $6447.76. 






In general, an annuity with n periodic payments of R, with 
repayment deferred m intervals, has an amount A 


A = R(Sammi — Sm) 
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1 2 
T i | I 
dl $750 


3 


EXAMPLE 3. Mrs. Wilson invested $10000 at 12% compounded 
monthly. She wishes to withdraw the money in 24 equal monthly 
payments, the first payment deferred for one year. How much will she 
receive in each payment? 


Solution 
BSL eets 
i= 75 (12%) 
4196 
Time (mo.) 
Now 1 eA Wee) AG aes Se 2B 
Present ROS Re eR iat ol 
Value 
$10 000 


$10 000 = R(azaria)0.01 — aiz0.01) 
$10 000 = R(azgJ0.01 — A Jo.01) 
$10 000 = R(30.107 505 — 11.255 077) 


R aE ee for gross cna 


18.852 428 
24 x 530 = 12 720 
= $530.43 


Ms. Wilson receives $530.43 each month. 


EXERCISE 7-6 


1. Describe what is meant by the following terms: 

a) Annuity b) Present value of an annuity 

c) Amount of an annuity d) Annuity due 

e) Deferred annuity 

2. A deferred annuity of 12 quarterly payments is purchased on 
November 1, 1978. If the annuity is deferred for 5 mo., when will the 
first payment be received? 


3. (a) Will deferring an annuity increase or decrease its present value? 
Why? 

b) When purchasing an annuity with a large sum, will deferring the 
annuity increase or decrease the rental payments? 


B 4. An annuity of 6 semi-annual payments is 


2 5 deferred for 2 a. If the semi-annual rent is 


Le woes $750 and interest is paid at 12% com 


$750 $750 $750 pounded semi-annually, find the present 


value. 
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5. Find the present value of an annuity of NoWani ames) 4 Ol SO tiei2eisst4etb 96047 
$250/mo., the first payment is 6mo. from =o Sa a a 
now, and it is to continue for 12 payments. BY SC a as sl ECS 5 


Interest is paid at a rate of 1.5%/mo. 





6. $5000 is invested at 12% compounded quarterly and withdrawn in 
8 equal quarterly payments. If the first withdrawal is made 2a after 
the investment date, how large is each payment? 


7. A debt of $2500 is to be repaid by 24 equal monthly payments. The 
first monthly payment is due 3mo. from the date of purchase. If 
interest is charged at 1.5%/mo., how large is each payment? 


8. Find the present value of an annuity of 20 quarterly payments of 
$500, the first payment to be made in one year. The money is invested 
at 10% compounded quarterly. 


9. An annuity of 30 semi-annual payments 


; : N 1 2 1 16 17 
of $1000 is allowed to gather interest for an ie 4 ee 


additional 2 a before bein in. i 
g cashed in. If it $1000 $1000$1000 $1000 $1000 $1000 


has earned interest at 7% compounded 
semi-annually, how much is it worth? | Deferred 








Amount 
10. (a) Find the amount of an annuity of 36 monthly payments of $75 
interest paid at 1%/mo. 
(b) Find the amount of the same annuity if it is allowed to accumulate 
interest for an additional year. 
11. Mr. Kowalchuk wishes to invest while his earnings are high so 
that he and his wife can take a trip when he retires. He wants $10 000 
when he is 65, and makes 20 equal semi-annual payments into an 
annuity with the last payment on his 55th birthday. If the investment 
earns 8% compounded semi-annually, how large must each payment 
be? 
12. (a) Find the present value of an annuity Nie 1 2 3 4 5 6 
of three annual payments of $500 which is 
deferred for 3 a, by finding the value at year &— 5500 


3 and then using compound interest tables 
to find the present value of this sum. Interest 
is paid at 6%/a. ISS I)G 
(b) Repeat the solution using the method 
described in this section as a check. 


500 


<?__————_- PV 
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7.7 PROBLEMS SOLVED AS ANNUITIES. 
The problems that follow all are related to annuities in some form. In 
finding their solution the following steps are helpful: 

1. Draw a time payment diagram. 


2. Determine whether you are given the periodic rent, the present 
value, or a deferred annuity. 


3. Determine whether you are required to find a periodic rent pay- 
ment, the present value, or the amount of the annuity. 


4. Determine whether you are dealing with a simple annuity, an 
annuity due, or a deferred annuity. 


5. Determine the correct formula. 
6. Use the correct tables. 


EXAMPLE 1. Mr. Armstrong purchased a car for $4500. He paid 
ati, $1000 down and financed the remainder at 1.5%/mo. on the unpaid 
hf 
6 


tvs balance over 3 a. What are the equal monthly payments? 


Solution Let each payment in dollars be R. 





1_1,1 The amount financed is $4500-$1000=$3500 i=1.5% 
‘n ®§ 

Time (mo.) 

Now 1 2 35 36 

beeior R 

1 aire 

Rai 

1.015” 

Own 

1.015°° 


From the diagram we see that we are given the present value, are 
required to find the periodic rent, and are dealing with a,simple 





annuity. 
i te mv at 1.5% where n =36 
Ali 
_ $3500 
830.015 
__ $3500 _ | 
~ 97.660 684 Check for gross error: 
= 126.53 36 xX 120 = 4320 
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The monthly payment will be $126.53. 


EXERCISE 7-7 


1. A stereophonic sound system costs $565 with no down payment. 
The account is paid in 18 equal monthly instalments with interest of 
1.5/mo. on the unpaid balance. Interest starts immediately with pay- 
ments due in one month. How large is each payment? 


2. A new Bullroar 8 automobile costs $5500 with an allowance of 
$2200 on a trade-in as down payment. If the difference is paid in 36 
equal monthly payments with interest at 1%/mo. on the unpaid bal- 
ance, find the monthly payments. The first payment is due in one 
month. 


3. A piano is advertised at $200 down and $30/mo. for 24mo. If 
interest is being charged at 1.5%/mo., what is the cash price? 


4. A small motorcycle is sold for $150 down and $20/mo. for 12 mo. 
If interest is being charged at 2%/mo., what is the cash price? 


5. A fur coat costs $500. If a down payment of $50 is made and the 
remainder financed over 12 mo. at 1%/mo. service charge on the 
unpaid balance, what are the monthly payments? 


6. A portable stereo cassette tape recorder costs $75 cash, or $10 
down with interest on the unpaid balance at 2%/mo., financed over 10 
mo. Find the monthly payment, the total amount paid, and the total 
interest charged. 


7. Mr. Firth and Mr. Lasky both buy a new car every second year and 
pay an average of $1500 plus trade-in. 

(a) Mr. Firth borrows the money for his car and pays the loan in 24 
monthly payments, starting the month after the car is purchased. lf 
the money is borrowed at 1%/mo. on the unpaid balance, what are his 
monthly payments? 

(b) Mr. Lasky pays cash for his car and starts one month later to 
make monthly payments into an account paying 1%/mo. compounded 
monthly, so that in 24mo. he will have $1500 for his new car. How 
much must he invest monthly? 

(c) What is the difference in their total payments for the 2 a? 


8. Mr. Borden bought a summer cottage for $5000 down followed by 
10 half-yearly payments of $1000. 

(a) If interest was charged at 8%/a compounded semi-annually, what 
was the cash price of the cottage? 

(b) If the $5000 and the 10 half-yearly payments had been invested at 
the same interest rate, what would the value have been when the last 
payment was made? (Hint: Find the amounts of the down payment 
and the half-yearly payments separately.) 


9. Acme Construction company replaces its power shovel every 5 a 
and invests in a sinking fund at 10% compounded quarterly. To 
provide the funds, the company expects to pay $25 000 plus trade and 
starts making quarterly deposits 3 mo. after the purchase of the latest 


annuities 


145 


Annuity due 


Remember in calculating 
the deferment period, the 
regular annuity starts 6 
mo. before’ the first 
payment. 
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shovel. If the last payment is made when the new shovel is bought, 
how large must each quarterly payment be? 


10. A mortgage is repaid by payments of $1200, principal and interest, 
every 6 mo. Interest is being charged at 10% compounded semi- 
annually. If the mortgage has 20 a to run (40 payments) what sum of 
money will discharge the mortgage when the next payment is due? 

(A mortgage that may be paid off at any time without penalty is 
called an open mortgage.) 


11. Mrs. Samuels buys a new car for $2500 plus trade-in. She must 
also pay 7% sales tax plus $40 licence fee. This debt is to be repaid by 
30 equal payments, the first due at the time of purchase. Interest is 
charged at the rate of 1.5%/mo. How large will each payment be? 


12. (a) At age 45 Mr. McDermitt invests $20000 to be repaid in 20 
semi-annual payments starting on his 55th birthday. If the money is 
invested at 11% compounded semi-annually, how large will each 
payment be? 

(b) How large are the payments if he waits until his 60th birthday? 


REVIEW EXERCISE 


In questions 1 to 5 find the missing quantities. 


Per annum 
rate Conversion period | Term (a) 


| smiamt | s _| 
sos [ex | aw [=| 






(b) 
























aa ene Be 
value rate Conversion period | Term (a) 
rent payments | Conversion period rate 
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value rent payments | Conversion period rate 
: 
value rent payments | period interval |per interval 
S So 
: B= [me [emo | som 
: ee 





6. A television set is sold for $25 down and $15/mo. for 24mo. If 
interest is charged at 1.5%/mo. on the unpaid balance, find the cash 
price. 

7. Mr. Morgan invested $500 every 6 mo. for 20 ain a retirement fund. 
If the fund earns 7%/a compounded semi-annually, how much will 
Mr. Morgan have when he retires? The last payment is deducted from 
his final pay cheque. 

8. Mr. ““Lucky’’ Lewis won $10 000 in the Oyster Oil Co. sweepstakes. 
If he uses his winnings to purchase an annuity of 30 semi-annual 
payments, how large will each payment be? His investment earns 
interest at 8%/a compounded semi-annually. He receives the first 
payment 6 mo. after investing. 


9. Goman Delivery Service has found it economical to trade in their 
trucks every 3 a. If a new truck costs $2400 plus trade-in, how much 
money must be invested monthly in a sinking fund at 12% com- 
pounded monthly to replace a truck after 36 payments? The first 
payment is made 1 mo. after purchase. 

10. Find the amount of an annuity due of 12 semi-annual payments of 
$500. Interest is earned at 10% compounded semi-annually. 

11. A boat and outboard motor purchased for $1600 are paid for by 30 


monthly payments, the first payment due at the time of purchase. If 
interest is charged at 1.5%/mo. how large are the monthly payments? 


12. Starting on his daughter’s first birthday, Mr. Pitman invested $25 
each year in an account bearing annual interest of 8%. He did this up 
to and including her 18th birthday and the money was left in the 
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account until she was 25. Use a series calculation and compound 
interest tables to calculate the amount of the investment. 


13. Joe Walsh received an inheritance which would pay him $1000 
every 6 mo. for 4 a (8 payments) starting on his 21st birthday. If money 
is worth 11% compounded semi-annually, what is the value of the 
inheritance on his 18th birthday? 


HOW LOUD IS LOUD? 


Sound is measured by scientists in 
terms of how loud it is. The unit of 
measurement for ‘the loudness of 

sounds’ is called the bel, in honour 


of the inventor of the telephone, 


Alexander Graham Bell. 

The rustle of the leaves of a tree 
has been agreed to represent the 
noise of 1 bel. A noise whose 
measure is 2 bels is 10 times 
stronger than 1 bel. A noise 
measuring 3 bels is 10 times 
stronger than 2 bels, therefore 100 
times stronger than 1 bel. (In 
practice, the bel is much too large 
a unit to work with, so a smaller 
unit called a decibel is used. A 
decibel is one-tenth of a bel.) 

The strength of a noise is its 
measure in bels, but the 
magnitudes of different sounds, 
when expressed in whole bels, 
form a sequence in which 
neighbouring members are in the 
same ratio, the common ratio in 
the sequence being 10. The 
relation can be set out as follows: 


Strength (in bels): Why 1255 Sig A eee a Ons 
Magnitude: HOMTOS 1 O=e1 Onn OeelOceae 


Thus the number of bels is the 
exponent of 10 when the 
magnitudes of the noises are 
expressed in powers of 10. In other 
words, the relation between the 
strength of noise and the 
magnitude of noise is a logarithmic 
one. When we have measured the 
strengths of two different noises in 
bels, we have the logarithms of the 
numbers that measure the 
respective magnitudes. 

For example, the average 
conversation has been found to be 
6.5 bels strong. This is 5.5 bels 
louder than the rustle of leaves. 
But how many times louder, in a 
simple number, is conversation than 
the rustle of leaves? We have 


te 
10 


* 


= 10°*" = 10°. 





Applying logarithms, we have 
6.5 log 10—log 10=6.5—1=5.5. 
(log 10 to the base 10 is equal to 1) 


The number whose logarithm is 5.5 
is approximately 316 000. 
Conversation is therefore about 
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316 000 times louder than the 
rustle of leaves. 

The roar of a lion has been 
measured at about 8.7 bels. The 
difference between the noise 
produced by an average 
conversation and that produced by 
a roaring lion is 


8.7 bels—6.5 bels = 2.2 bels. 


The number whose logarithm is 2.2 
is approximately 158. Thus the roar 
of a lion is about 158 times louder 
than the average conversation. If 
an audience of 2000 people in a 
theatre were all talking at the same 
time, the noise of their 
conversation would be about equal 
to the noise produced by 


2000 


5S = 13 lions. 


Niagara Falls makes a noise 
about 9 bels strong. The difference 
between this and an average 
conversation is 


9 bels —6.5 bels = 2.5 bels. 


The number whose logarithm is 2.5 


is approximately 316. So the noise 
produced by Niagara Falls is about 
316 times louder than that of an 
average conversation. This means 
that 316 people in one big room, 
all talking at the same time, would 
sound as loud as Niagara Falls! 
And our theatre audience of 2000 
would be equal to 

ae 6.5 Niagaras. 

The world around us is full of 
noises—passing trains, fire 
engines, airplanes, automobile 
horns, slamming doors, crying 
children, jack-hammers, etc. etc. 
Some of them are very hard on the 
ears. It has been found that a per- 
son can withstand a noise about 
13 bels strong; any stronger noise 
is harmful. Some governments, in- 
deed, are becoming very con- 
cerned about the noise levels in 
and around cities. (The British and 
French supersonic airliner Con- 
corde, for instance, has been rigor- 
ously flight-tested in terms of the 
noise it produces at ground level.) 
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REVIEW AND PREVIEW TO CHAPTER 8 


EXERCISE 1 

Evaluate: 

tee 2. 3° 3x37 4. 4 53: 
6. (3)? 74a), 8. (3)? a ib 10. (13)? 


ili bea (USS 12009), 13. (0.3)° 14. (1.2)? 15. (0.15)? 








EXERCISE 2 
2°=2x2x2x2 Evaluate: 
= 16 i rag ars 2u43. KS 3. 5x57 4. 3x3° 
5. Seo, SF de Ar Wand res 8. 4°=4 
Gree. S23 5X5" Ax 23 
9: r5g 10. wicca 11. 3 12. a 
343 Ces 4’ +2" 3° + 3* 
13. 3x3 14. Qe 15. 239? 16. 3(3?—3) 
EXERCISE 3 
Simplify: 
1.5 (37) Pala) 3... (as? 4. (b*)° SAE 
6. (ab’)° y an V2 he 8. (3a°)’ 9. 2(a’)° 10. (5a*)* 
Graphs of Exponentials 
EXERCISE 4 
1. Complete the table and draw the graph for each of the following. 
fayiy=25 























150 applied mathematics for today: senior 





(c) y=(3)* 





A=P(1+i)" 














Seek 
(1+i)" 


P=A 


Perform the following calculations: 


1. 
3. 


5. 


, IBpAsex 


w6525 % 


35 520(1.0875)"° 
83 900(1.1075)"° 


3950(1.105)° 


1 
(1.375)? 


1 
(1.0625)° 


2. 2155(1.125)° 
4. 64.900(1.0975)"° 


1 
6. 6900 x (1.125) 


1 
8. 9550 x (1.525) 
1 


10. 3510 x777976)8 


radicals, exponents, and logarithms 
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CHAPTER 8 fe 
Radicals, Exponents, 
and Logarithms 
8.1 REAL NUMBERS 
Recall the development of our number system, and the following sets: 
Naturalnumbers N={1,2,3,...} 
Whole numbers W={Ont, 223, cast 
Division by ZERO is not Integers {={.o. =2,— 1,08 122 
defined. 


tl 
b 





Rationalnumbers Q -| anDeip = 0| 


Rational numbers can also be expressed as decimals, by dividing 
the numerator by the denominator. 


EXAMPLE 1. Change the following rational numbers to their decimal 


equivalents: 
(a) 3 (b) 3% (c) 3 (d) 7 
Solution 
(a) 0.125 (b) 0.75 (ce) 0.666... 
8/1.000 4/3.00 3/2.000 000 
0.142 857 142 857... 1 


(d) = 0.142 857 


7/1.000 000 000 000 000 7 


Rational numbers such as 3=0.125 and §=0.75 reach a point of 
exact division and are called terminating decimals. Other rational 
numbers, such as 3=0.6, and }=0.142 857, do not reach a point of 
exact division, but they do possess definite patterns that repeat, and 
they are called repeating decimals. 


The set of RATIONAL NUMBERS is the set of 
all terminating and repeating decimals. : 


Rational numbers when written in decimal notation either terminate 
or repeat in a definite pattern and are referred to as periodic decimals. 
Not all decimal numbers are periodic. Although numbers such as 


0.515.415.1171 S1 tele 
0.232 233 222.333... 


possess obvious patterns, they are not periodic because there is not a 
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definite sequence of numbers that repeats. The value of 7 has been 
calculated to thousands of decimal places using computers, yet it 
shows no sign of terminating or repeating. Numbers such as V2, and 
J3, are also non-periodic, and non-terminating. 


The set of IRRATIONAL NUMBERS is the set of 
all non-terminating and non-repeating decimals. 
EXERCISE 8-1 


1. Identify the following numbers as rational or irrational. 


(a) 3 (b) V5 (ce (d) 7 
(e) V16 (f) /27 (g) 5.23 (h) —V3 
(i) 4 (j) 1+V2 (k) 5+V4 (I) 0.246 


2. Express in decimal notation and state which are terminating and 
which are repeating. 

(a) 3 (b) 3 (c) 
(f) 


|r 


2 (d) x (e) 5 
(g) é (h) 5 (i) 4 (j) 3 


IN Sin 
oe 


(k) 3 (I) 5 (m) 35 (n) 12 (0) & 


3. Round off each of the following to (i) five decimal places, (ii) three 
decimal places, (iii) two decimal places. 


Approximations 
5 decimal 3 decimal | 2 decimal 
places places ' places 
g 
= 
J2 
V3 


= 0.142 857 14 


= 1.414 2136 
= 1.732 050 8 


a = 3.141 592 665 


8.2 OPERATIONS WITH 
RADICALS 


Numbers such as V2, V5, and V7 form an important subset of the 
irrational numbers called the RADICALS. The examples and the exer- 
cise which follow deal with the addition, subtraction, multiplication, 
and division of radicals. 









VaxVb=Vab, a,b>0 


avx+bVx=(a+b)Vvx, x>0 


l| 
i 


radicals, exponents, and logarithms 


3V5, 2/5 and —4V5 are 


LIKE RADICALS 
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Entire Radical /12 


=V4x3 
=J4xV3 
Mixed Radical = 2/3 


F 
Zam 
(a+b) (C+d) 


[at 
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EXAMPLE 1. Simplify (a) 4V5+7V3—3V5+V3 
(b) V45—V5+/20 
(c) 3V8+2/18-4V/2 


Solution 

(a) 4¥5+7V3-3V54+V3 (b) V45—-J/5+V20 
= 4/5-3V/5+7V3+V3 =3V5-V5+2V5 
= (4—3)V5+(7+1)V3 =AN5 
=/5+8v3 





(c) 3V8+2/18—4V/2 
= 3(2V2) + 2(3V2)—4V2 
= 6V/2+6V2-—4/2 
=8/2 


Note that in Example 1 we added LIKE radicals. (V5 and V3 are not 
like radicals, hence we leave V5+8V3 as is.) 


EXAMPLE 2. Simplify (a) 3V2(5V3+2v5) 
(b) (3V2+2V3)(5V2 —4V3) 
(c) (2V¥5—3) 
(d) (3V5—2V2)(3V5+ 2V2) 


Solution 
(a) 3V2(5V3+2V5) =3V2 x 5V34+3V2 x 2V5 
= 15/6+6V10 
(b) (3V2+2V3)(5V2—4V3) 
= 3V2 x5V2—3V2 x 4V3 + 2V3 x 5V2 —2V3 x 4V3 


= 15V/4—12/6+10V6—8V9 
= 15(2)—2V6—8(3) 
=30-—2V/6-—24 
=6-2V6 
(c) (2V5—3)? = (2V5—3)(2V5—3) 
= 4(5)—6V5—6V/5+9 








= 20-12/5+9 
= 29—12V5 
(d) (3V5—2V2)(3V5 + 2V2) = 9(5) + 6V10—6V10—4(2) 
=45-8 
=37 


Radicals such as (Va+Vb) and (Va—Vb) are 
called conjugate radicals. 


EXAMPLE 3. Simplify by first rationalizing the denominator. 


V5 4 3V2 


ne PEELE () 32-5 
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Solution 


(phen a aed ib v2 
V5-V2 V5-J2 V5+V2 





_ 4(V5+V2) 
by 52 


=3(V5+~2) 


(cy 3¥2_ = 3V2_ 245 
3V2-5 3V2-5 3V2+5 


_ 3V2(3V2+5) 
~  9(2)—25 





_18+15V2 
7 


_=18—15V2 
7 


EXERCISE 8-2 


1. Express as entire radicals: 
(a) 2V3 (b) 3V2 (c) 5V2 (d) 3V3 (e) 4V2 
(f) 4V3 (g) 7V2 (h) 5V5 (i) 2V5 (j) 3v5 


2. Express as mixed radicals: 


(a) V12 (b) V48 (c) V18 (d) /288 (e) /24 


(f) V125 (g) V45 (h) V63 (i) V98 (j) V60 
3. Simplify: 

(a) 3V2x2V5 (b) 4/3 x3V2 (c) 5V6x2V2 
(d) 4V3x3V2 (e) 3V2x4V7 (f) 5V3x4V2 
(g) 3V5x5V2 (h) 3V2xV8 (i) V2(v3 +5) 
(j) V3(v5—V2) (k) 2V2(V7 —2) (1) ¥5(3+V2) 


4. Collect like radicals: 
(a) 5V3+6V3—7V3 (b) 4/2—J/2+6V2 (c) 3V5+2V5—5V/5 
(d) V7-—3V7+4V7 (e) 4V3-—7V3+2V3 — (f) 6V2-—9V2—2V2 


5. State the conjugate radical for each of the following: 


(a) V3+V2 (b) 2V5+1 (c) 4V3-2 
(d) 7V2+4V3 (e) 3V7—2V11 (f) 5V2+2V7 
6. Simplify: 

(a) V3xV7 (b) 3V2xV5 (c) 5V2x3V7 
(d) V6xV6 (e) V2xV3xV5 (f) V12xV3 
(g) (V7)? (h) V15x 2V2 (i) (2/5)? 
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Write an expression for 5 
using four fours. 


Put the numbers from 1 to 
9 in the spaces to make 
the statements true: 


S+S_—S=10 
S-+S+N=10 
S_—NS+N = 10 
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How many license plates 
can you make using 3 let- 
ters followed by 3 num- 
bers? 


CAN.001 
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(j) 3V2xV8 (k) 5/7 x4V3 
7. Simplify: 
V6 /12 
(ae (b) ae 
(ay eo (e) 3¥8 
ONT V15 
( 3V5 x 2V3 (h) 3V6 
9) Vis 2x3 


8. Simplify by collecting like radicals: 


(I) V15xv2xv2 


ve 
*) » des 
4/7 xJ/2 


teearag 





(a) 3V11+5V11 
(d) 3V2+4/2+7V3—2V3 





_ (f) 3V5+5V2—-V5+3V2 


(b) 2V7+5V7 —4V7 


(c) 5V3+7V3-6V3 
(e) 5V5+4V3-2V54+3 
(g) 2/3 +3V3—V3 





9. Simplify by collecting like radicals: 


(a) 2V2+V8+V18 

(c) V32+V50 

(e) 450+V/27-—V8—V75 
(g) ¥125+V20-—V28 

10. Simplify: 

(a) 3V8+2V18 

(c) 3V27+2V12 

(e) 2V49—5V18+3V32 
(g) 7V8+4V20—5V125 
11. Simplify: 

(a) V3(V¥5+V7) 

(c) 2V5(V2—1) 

(e) (3V2+V3)(5V2+ V3) 
(g) (5V7 +6V3)(2V7 +4V3) 
12. Simplify: 

(a) (V7 —V6)? 

(c) (4V3—V7)? 

(e) (3V2—5V3)(3V2 +5V3) 
(g) (8V3+7V2)(8V3 —7V2) 























(b) J27+V12—4V3 
(d) V8+V98+4V2 
(f) ¥124+V18—-V27 +32 
(h) 284+ V63—V12+V27 





(b) 5/2 +2V32 

(d) 2V20+V125—2V5 

(f) 3V18—2/12+4/27 

(h) 2V50+3V75—2V18+J27 








(b) 7V5(V2+¥3) 

(d) 3V2(2V5—4V3) 

(f) (7¥5—V3)(3V5+4+ V3) 
(h) (3V7 —4V6)(2V7 + V6) 








(b) (5V3 +2)? 

(d) (3V5+2V6)? 

(f) (V5+V2)(¥5—~V2) 
(h) (3V5+2)(3V5—2) 





13. Simplify by first rationalizing the denominator: 























1 2 2 24/21 
(a) 5 (b) ie (c) Se (d) 45 
15/7 7V11 2/5 
(e) 2/3 (f) 1A (dria (n) 
V3+V2 1+2V2 2V2+V5 
14. (a) a; (b) Ts (c) Ve 
(a) 3y35) fe} /3+2V/5 (f V1 22 
2/5 V15 3V6 
(a) Toy mss 
Eo ND vliav3 V7—V5 
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d) § 33 en (e) _5+4V3 © (f) N7+v5_ 

V7 -V2 5V3-3V2 3V2+2V3 
16. Find the value of each of the following to two decimal places by 
first rationalizing the denominator. 


( 











V2=1.414 

nia 01732 

V6 = 2.449 

V10=3.162 
epee oe pee ig 2 
V5+V2 V5 V10 V3-V2 


8.3 RADICAL EQUATIONS 


Equations such as 


Vx#163 
Vx | —=5)) and 





Vx +2=VJ2x-5+vx 


are called radical equations because the variable occurs under a 
radical sign. 

We rationalize the radical variable before continuing to solve the 
equations. 


EXAMPLE 1. Solve (a) Vx=2 


(b) Vx-3=0 
(c) V¥x+1=0 
Solution 
(a) vx=2 (b) Vx-3=0 (c) ¥x+1=0 
= Vx=3 Vx=-1 
ser Wa Wal en" Write an expression for 
x=9 x=1 486 using four twos. 
Verification: Verification: Verification: 
LS =V4=2 L.S.=/9 —3=3-—3=0 LS.=V14+1=141=2 
R.S.=2 R.S.=0 R.S.=0 <=note 7 
.. the root is 4. .. the root is 9. .. there is no solution. 


Examples 1(a) and 1(b) verified, and Example 1(c) did not. Since the 
value 1 did not verify in 1(c), and investigation shows that there are no 
mechanical errors, we conclude that the equation has no roots. We 
say the value 1 is extraneous. 
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(START) 


WRITE EQUATION 













ISOLATE LARGER 
RADICAL ON 
ONE SIDE 






SQUARE BOTH SIDES AND 
SIMPLIFY 








ARE 
THERE ANY 
RADICALS 





CONTINUE SOLVING 
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Extraneous values occur because squaring both sides of an equa- 
tion is not a reversible step. 


The solutions to all radical equations must be verified. 





EXAMPLE 2. Solve: (a) Vx-1=5 (b) Vx+2=V2x-—5 
Solution 
(a) Vx-1=5 (b) Vx +2=V2x-—5 
X— 1 —25 x+2=2x—5 
x=26 7 
Verification: Verification: 
U.S/=v26—1=V25=5 L.S.=174+2=V9=3 
R.S.=5 R.S.=V14-5=V9=3 


.. the root is 26. .. the root is 7. 


EXAMPLE 3. Solve: Vx +7—1=Vx 


Solution 
Vx+7-1=<x 
Vx+7=Vx+1 
X+7=x+2Vx+1 
6 =2Vx 
3= Vx 
9=x 
x=9 
Verification: 
L.S.=V9 +7-1=V16-1=4-1=3 
R.S.=V9=3 
“. the root is 9. 


Unless otherwise stated all variables represent real numbers. 


EXERCISE 8-3 


1. Solve: 

(a) Vx=3 (b) Vy=1 

(c) ¥x+1=4 (d) Vy—1=1 
(e) Vx=0 (f) V2x+1=3 
(g) V2x-1=1 (h) V3x +1=2 
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2. Solve: 
(a) Vx-1=3 
(ec) V¥x+3-—5 
(e) V3x -—6= 
(g) Vx+2=5 
3. Solve: 
(a) V5x —1=V4x +12 
(c) V2x +3 =V3x 


0 








4. Solve: 
(a) V3a+2—V2a—1=0 
(c) Vx —-3=3-—~vx 


(e) Vx+Vx+5=1 





(b) V3x —2=V3—2x 
(d) V4x —3=V2x 


(b) Vx+Vx —9=1 
(d) Vx+Vx+6=2 
(f) Vx —4=Vx+11-3 





8.4 OPERATIONS WITH EXPONENTS 


Exponent Laws: 


22 DoD 2? = SO eanG 


aa—a<avarcaiee to miactons: 


a™xXa"=a™™" 
aea- =a" 
had ob a al 
(ab) =a"b" 


ids 
b la)" 


at=JVa and a*=Va 





EXERCISE 8-4 


1. Simplify: 
(a)ax xe 
(e) 2a°x3a’ 
2. Simplify: 
(a) x’+x* 
(d) m“+m?® 
(g) 50x°+2x* 
3. Simplify: 
(a) (a°)? 

(e) 3(a7) 


om RAP 

(i) ee 

4. Simplify: 
(a) (a*)°+(a’)? 
(d) a*b*+a’b? 
(g) 4a*b +(2a)’ 





(b) a®?xa°® (C)in2a5a23 (d)Rarcas 
(f) 2a°x7a (g) 15a"*x2a® (h) eaex4aq 
(b) c?z=+c> (c) m*=+m" 

(e) 8a°+2a? (f) 24a°+8a° 


(h) 343y"°+49y 





(b) (x*")* fel ai.) (d) (5a’)° 
(f) (3a7)° (g) (2x*)* (h) 5(2x?)? 
Mm SX7\" XEe 2(x°)? 
0 (3) W) (Fs) 0 (ax) 
(ytd oe (= 1)" (Oixey 7) 
(e) (3a’)° (f) a°x3a‘* 


(h) 98x*+ (7x7)? (i) 81x?+(3x)? 
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5 
5. (a) Simplify et so that the denominator is 1. 


5 


(b) Simplify = so that the numerator is 1. 





6. Evaluate: 

(aaa (lay) ye (e) (aay (d) 568° 
(e) 3*x3° (f}) 4=2)— (a) (-1)- (h) 2° 

de gOS! 2 ay Ka 37+3° 
(i) oe (j) ae (k) 37 (I) 32 
7. Expand: 


(a) 9.87 x 10° (b) 9.87 x 10? (c) 9.8710 (d) 9.87 x 10° 

(e) 9.8710" (f) 9.87107 (g) 9.87 x 10° (h) 9.87 x 10° 

8. The numbers in question 7 are written in scientific notation. Write 
the following numbers in scientific notation: 


(a) 645 (b) 0.654 (c) 65400 (d) 65.4 

(e) 0.0654 (f) 0.000 654 (g) 654 000 (h) 0.006 54 
9. Simplify: 

(a) 25? (b) 36 (c) 16 (d) 121: (e) 9°° 

(f) 100°° (g) (34)? (h) (42)? (jes (j) 4? 
(k) 162 (I) 252 (m) (x2)? (n) x2- x28 (o) x + x®* 


Since a?=(a°)?}=Va? 


or a?= (a?) =(Va)’, we can 
generalize by writing: 


xt=Vx° or xt= (x/x)?. 


10. Evaluate: 


(a) 8 (b) 81-4 (c) 1253 (d) 273 
(GY Ome? (f)) 1642 (g) 625% (h) 813 
(i) 642 (j) 64° (k) 252 (1) 83 
11. Write each of the following with rational coefficients. 
(a) vx (b) (vy)? (c) ¥m (d) ¥x? 
1 1 

¥p° fj) ss 4 h) —= 
(e) Yp (f) i (g) Ya‘ (h) oe 
12. Evaluate: 
(a) 328 (b) 163 (c) 83 (d) 9% 
(e) (33)? (f) (3) (g) (8)? (h) (3)3 
(t) (8a*)3 (j) 8(a°) (k) (a*b°)? (I) (64a°b*) 
(m)10000000? (n) ¥647 (o) (4")2 (p) 1002 
(q) 2°x 25 (r) 2°°x 275+ 28 (s) (2167)! + (328)? 

1 


(t} 10°" 510° = 10° (u) 32%x (v) [(729°°)5]° 





81: 
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8.5 LOGARITHMS 


Figure 8-1 is the graph defined by y = 10%. If we interchange the x, and y 
in the equation we get a new equation 


x = 10” 
This new equation can also be written 
VY =10Gio X 
and is read 
“‘y equals the logarithm of x to base 10” 


This means that the logarithm to the base 10 of the number x is the 
exponent y such that 10” = x. 


Exponential Form Logarithmic Form 





In this chapter we will deal exclusively with base 10 and will omit the 
subscript and write simply log 100=2 when we mean log,,. 100= 2. 





EXAMPLE 1. Express in logarithmic form: 
(a) 10°=1000 (b) 0.01=107 


Solution (a) 10°=1000 becomes log 1000 =3 
(b) 0.01=107 becomes log 0.01 =—2 


EXAMPLE 2. Express in exponential form: 
(a) log 100 000=5 (b) log 0.001 =—3 


Solution (a) log 100 000=5 becomes 10°= 100 000 
(b) log 0.001 =—3 becomes 10°*=0.001 


A table of logarithms for the values of y =log x for x-values from 1 to 
10 is in the appendix, so that we can read values of logarithms for 
numbers other than powers of 10. 


EXAMPLE 3. Read from tables: Multiplication abcdef 
(a) log 5.67 (b) log 563 (c) log 0.575 i. 
f abcde 


Solution (a) Read down the left-hand column to 5.6. 
Read across the 5.6 row to the 7 column. 
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log 5.67 = 0.7536 






Logarithms. 








Differences 








7419 
.7497 
1574 
-7649 
7723 



































standard 
notation 


The mean difference 2 is 
an abbreviation for 0.0002. 










(b) log 563 = 


5.63) 





./50 


(c) log 0.575=log (10@) x 5.75) 
=— 7597 
Where a number has 4 significant digits, we use the mean differences 
columns in the tables. 


EXAMPLE 4. Read from tables 


(a) log 3.742 (b) log 0.003 568 


Solution (a) log 3.74=0.5729 
2 (difference for 2) 
log 3.742 =0.5731 










Logarithms 

















.5575 
5694 
.5809 
5922 















-5465 .5478 
.5587 5599 
.5705 Y/N 
5821 5832 
.5933 5944 


Differences 
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(b) log 0.003 568 = log (10© x 3.568) 






log 3.56 = 0.5514 
(difference for 8) 
log 3.568 = 0.5524 


Examples 3 and 4 show that a logarithm consists of two pdrts: an 
integer called the characteristic and a positive decimal fraction called 
the mantissa. 


\og (number) ~[eharacteristio}+ [mantissa 


Note that the characteristic is always an integer and the mantissa is 
never negative. 

Suppose we wish to perform the inverse operation. We may wish to 
find a number whose logarithm is given. 
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EXAMPLE 5. Find x when 
(a) log x =0.7543 

(b) log x =1+.7348 

(c) logx =—2+.4324 


Solution (a) We first write log x =0.7543 in exponential form: Addition SEND 
x = 10°78 MORE 
We obtain 10°’ from the table of exponentials in the appendix. woo 
log x =0.7543 
x= 10275 


fl Open 6715 
4 (difference of 3) 


10°" = 5.679 
x= 5.679 


Values of the Exponential Function y = 10” 


Differences 
: 3/4 5 6 

















12 
5 2728) 5.2847 46.297 | 5.309.] 5.321 | 5333+] 5.346 | 5358 [1,2 415 6 7193011 
5.395 | 5.408 | 5.420 |"5.433 | 5.445 | 5.458 | 5.470 | 5493 |1 3 415 6 8] 9 
5521) | 05.534 |’ sisag 1055598] 5.572 |sise6 | ‘sib98 |) 5.610 |1 3 415 6 8] 9 10 12 
5.649 | 5.662 | 5.675 | 5.689 | 5.702 | 5.715 | 5.728 | 5.741 |1 3C4)i5 7 8| 9 1012 
5.781) | 5.794 | 5.8081 5.827 ') 5.834 | 5.8481 586i |)5.875 |1 3 4/5 7 8| 911 12 
5.916 | 5.929 | 5.943 | 5.957 | 5.970 | 5.984 | 5998 | 6012 |1 3 4/5 7 8]1011 12 
6.053 | 6.067 | 6.081 | 6.095 | 6.109 | 6.124 | 6.138 | 6.152 |1 3 4/6 7 8{1011 13 
(b) log x =14+.7348 

= (gees 10g 15-420 

=10' 5.430 10°42 =5 430 

= 54.30 


(c) log x =—2+.4324 
x= Oeste 


— 10? x 1 Q?-4324 


=107xX2.707 
= 0.02707 


1 (Oe 


(difference for 4) 


= 2.704 


3 


10°44 = 2.707 
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Solve for x. 2”*'=8. 
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EXERCISE 8-5 
1. Express in logarithmic form. 
(a) 10*=100 (b) 10°*=0.001 


2. Express in exponential form. 
(a) 3=log 1000 (b) log 0.001 =—3 
(c) log1=0 (d) log 10 000=4 


3. State the characteristic of the logarithm of each of the following. 


(c) 10°=1 (d) 10°'=0.1 


(a) 3.75 (b) 783 (c) 0.0255 (d) 68 300 
(e) 5461 {f) 0.251 (g) 0.000 355 (h) 5.63 

4. lf log 2.00 =0.3010, find: 

(a) log 20 (b) log 200 (c) log 0.2 

(d) log 20 000 (e) log 0.002 (f) log 2000 000 
5. Read from tables. 

(a) log 3.75 (b) log 5.67 (c) log 8.24 (d) log 6.74 
(e) log 3.14 (f) log 6.25 (g) log 1.74 (h) log 4.95 
(i) log 9.25 (j) log 1.75 (k) log 5.55 (I) log 5.81 
6. Read from tables. 

(a) 108822 (b) “(Qe (c) WOeeca (d) Onis 
(e) 10°°°3 (f) HOLY (g) 1 Ocuz (h) 110232 
(i) 1 esse (j) 1 oes (k) 1 Oo (I) 1 (yet 

7. If log 3.417 =0.5337, evaluate: 

(a) log 3417 (b) log 0.3417 (c) log 0.003 417 
(d) log 3 417 000 (e) log 34.17 (f) log 0.000 341 7 
8. Read from tables. 

(a) log 7.35 (b) log 62.8 (c) log 4750 

(d) log 3 500 000 (e) log 0.275 (f) log 4370000 
(g) log 0.005 25 (h) log 388 (i) log 0.000 671 
9. Read from tables. 

(a) log 4.125 (b) log 3.271 (c) log 6.841 

(d) log 0.2472 (e) log 0.035 71 (f) log 0.000 487 1 
(g) log 3541 (h) log 65.82 (i) log 3841 000 
10. Read from tables. 

(a) 10°85 (b) 10°45 (c) 10°85 

(d) 110m. (e) 1 Onaeees (f) 1102305 

(g) 10m (h) 1'Qiece (i) HOP EY 

11. Read from tables. 

(a) Ociewos (b) 1 OGacoee (c) “(Qe aa 

(d) Orme (e) 1] Oia (f) 1 Ome 

(g) fl Omeeece (h) Oise (i) “KO pee 


8.6 MULTIPLICATION USING 


LOGARITHMS 


By applying the laws of logarithms which follow, the operations of 
multiplication and division can be replaced by addition and subtrac- 
tion. 
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Let A=10° and’ B=/10" 
log A =x log. B=y 
l0g10 (AB) =log,, (10* x10” ) 
=10g1. 10**” 
=x+y 
=l0g1.A+log,.B 


logic (AB) =log,. A+log,. B 


In the logarithms which follow, we will write log A, when we mean 
log,. A. When the base is not written, base 10 is understood. 


EXAMPLE 1. Use logarithms to evaluate 
(a) 568 x58 (b) 673 x 4.36 x 0.004 17 


Solution (a) Let x =568 x58 
log x =log (568 x 58) 
= log 568+log 58 
=log (10? 5.68) + log (10' x 5.8) 
= (2+0.7543) + (1+0.7634) 
=4+.5177 
x = 107°” 
= 10° 10°” 
=10*x3.294 
568 x 58 = 3.294 x 10° 
(b) Let x =673 x 4.36 x 0.004 17 
log x =log 673+ log 4.36 + log 0.004 17 
= log (10° X 6.73) + log (10° x 4.36) + log (10° x 4.17) 
= (2+.8280)+ (0+ .6395) + (—3 + .6201) 
=1+.0876 
x = 101876 
103-10 2” 
=O) <4] Pe 
673 x 4.36 x 0.004 17 = 1.224 x 10’ 


EXERCISE 8-6 


A 1. Express as sums of logarithms: 


(a) log (15 x 20) (b) log (50 x 33) (c) log (25x 11x16) 

B- 2. Add the following logarithms: 
(a) 1+.5264 (b) 3+.7416 (c) —3+.2416 (d) —5+.3056 
Zea, {aed eyZ27/ 5+.4126 Poaeitets)\) || 
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+|=|- 


2+.7543 
1+ .7634 


4+.5177 


2+.8280 
0+.6395 


SOR eOLON 


1+.0876 
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3. Multiply using logarithms: 


(a) 3.14x6.92 ' (b) 5.38 x 26.2 (c) 0.275 x 68.3 
(d) 0.004 35 x 71.5 (e) 0.0635 x 2.12 (f) 3582.75 
(g) 3.275 41.72 (h) 0.035 54 x 64.32 (i) 3891*54.65 
4. Evaluate using logarithms: 
(a) 10.1 x 14.1 x 0.004 34 (b) 3.66 x 5.27 x 8.63 
logs” _ WN (c) 2.734 x 5.732 x 0.5175 (d) 18.76 x 3.406 x 0.6142 
2 =WS (e) 5.271 x 0.5833 x 5.726 (f) 0.4675 x 4.935 x 8.621 


Use logarithms to perform the calculations in the following problems: 


5. Find the volume of a warehouse 42.7 m by 112 m and 4.25 m high. 
6. The density, D, of a certain block of a light metal is 812.7 kg/m’. 
Find the mass, m, of the block if its volume, V, is 0.000 006 594 m®° 
(m=DV). 

7. Find the volume of a cube with each side 0.7125 m. 

8. If 0.2715 g of material are deposited at the anode in 1s, how many 
grams are deposited in 7.875 s? 


8.7. DIVISION USING LOGARITHMS 


Let A=10*% and B=10” 
logi.A =x log,.B=y 

Ae 10” 

lOGio a lOG:o Foy 
= 101 10” ” 


= logiA —lOGia B 


10Gi0 _ = lOgio A ae lOGio B 


EXAMPLE 1. Use logarithms to evaluate: 
(a) 518.7+8.305 (b) 0.007 515+ 0.000 028 54 


Solution (a) Let x =518.7+8.305 


log x = log (518.7 + 8.305) 
=log 518.7 —log 8.305 
= log (10? x 5.187) — log (10° x 8.305) 


Subtracti 
ubtracting =(2+.7149)—(0+.9194) 


2+.7149 
0+.9194 oT ES 
1+.7955 mi 7955 | x a iO tiez2ee 


= 10'x6.243 
518.7 + 8.305 = 6.243 x 10' 
(b) Let x =0.007 515+ 0.000 028 54 
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log x =log 0.007 515—log 0.000 028 54 
=log (10° 7.515) —log (10°°x 2.854) 
= (—3+.8759) —(—5 +.4554) 
~2+4.4205 

1028208 
= 10x 2.633 
0.007 515 = 0.000 028 54 = 2.633 x 10? 


35.75 x 2.865 


EXAMPLE 2. Evaluate 14.63 


using logarithms. 


35.75 x 2.865 
14.63 
log x =log 35.75+log 2.865—log 14.63 


=log (10' x 3.575) + log (10° x 2.865) — log (10' x 1.463) 
=(1+.5533)+(0+.4572)—(1+.1653) 
=0+.8452 
x = 1 OGeecae 
= 10° 7.001 © 


35.75. 2.865 . 
ai AG seadae TO”. 


Solution Let x= 


EXERCISE 8-7 


1. Express as differences of logarithms: 
(a) log (26+ 40) (b) log (7+ 13) (c) log (0.72+2.9) 
2 Express as sums and differences of logarithms: 








35x18 30 x 61 156 

acme 12 08 7319 US Ea 
3. Subtract the following logarithms: 
(a) 5+.7124 (b) 4+.6135 (c) —32-.5216 (d) —2+.5248 

Zgeso Wa Se AZ 4+.3114 —1+.6848 
4. Divide using logarithms: 
(a) 32.5+6.25 (b) 5.86+3.14 (c) 318+ 4.65 
(d) 37 500+0.179 (e) 415+31.6 (f) 28.53.14 


(i) 0.042 75+0.005 166 
(I) 45.85= 0.3175 


(g)..51.85= 2.125 (h) 3.375+ 5.866 
(j) 3856+21.47 (k) 0.7315=6.275 


5. Evaluate using logarithms: 
(a) 5.26 x8.34+5.92 
(c)80:375< ONS 3.25 

(e) 66.2 x84.3+114 


6. Evaluate using logarithms: 
(a) 3.85+(2.14 x 8.27) 

(c) 0.375+ (5.16 x 0.214) 

(e) 41.7+(21.3 x 4.17) 


(b) 518 x 804+917 
(d) 3.14x6.25+4.25 


(b) 324+ (211 x 418) 
(d) 841+ (24.5 x 81.6) 
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Subtracting 


—3+.8759 
—5+.4554 
2+.4205 


1=3-5533 
0+.4572 


2+.0105 
(lar aioe 


0+.8452 


AB 
log Cc 


=logA+log B—logC 


A 
l09 Bc 


=log A—(log B+log C) 
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What is a GOOGOL? 


—2+.7214 

=-2 +.7214 
=—5+3.7214 

The characteristic must 


remain an integer after 
multiplying by é. 
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7. Evaluate using logarithms: 


(a) 4.265 x 47.45 (b) 1 (c) 0.625 
4.751 3.142 5.275 3.125 x 487.5 
(d) 47.21 x 5.866 (e) 81.25 x 47.25 (f) 0.3621 x 894.7 
29.6 x 345 86.41 x 18.27 0.052 75x 65.23 


8. Find the density, D, of 0.000 058 4 kg of a substance which occupies 


m 
0.000 000 361 m?, where D= y: 


8.8 POWERS AND 
LOGARITHMS 

A=10% a 

logi.A” 


ROOTS USING 


nd x=log.A 
= 1010 ( |0*)" 

= 10g. 10™ 
=nx 


=nlogwvA 


logi A° =n logiwA 


EXAMPLE 1. Evaluate (1.07)"° 


Solution Let x =(1.07)"* 


log x =log 1.07” 
= 18 log 1.07 
= 18 (0+.0294) 
=0+.5292 


x=1 


of -5292 


= 3.383 
(1,07) = arses: 


EXAMPLE 2. Evaluate (a) /73.85 


Solution (a) Let x =V73.85 


= (73.85)? 
log x =log 73.85: 

=}log 73.85 

~1(1+.8684) 

~1(1.8684) 

~=0+.9342 

x=10° 2 

= 8.594 

V73.85 = 8.594 
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(b) ¥0.052 65 


(b) Let x = 40.052 65 


= (0.052 65) 
log x =log 0.052 65° 
=1log 0.052 65- 
= 194.7214) 
=(-5+3.7214) 
~—1+.7443 
2 4Q- 79 
~10"x5.550 
0.052 65=5.550x 10" 

=0.555 


: senior 


EXAMPLE 3. Evaluate (38.75)? 


Solution Let x = 938.75)? = (38.75) 
log x =log 38.75: 
=31og 38.75 
=32(1+.5883) 
=1(2+1.1766) 
=1(3+.1766) 
+1+.0589 
x = 10°98 

ei Addition: _ HOCUS 

¥(38.75)? = 1.145 x 10 POCUS 
io PRESTO 


EXERCISE 8-8 


1. Apply the power law to the following. 


(a) log 3.7? (b) log 5.25° (c) log 3187 

(d) log V318 (e) log ¥37.8 (f) log ¥0.275 
2. Simplify: 

(a) 3(1+.5712) (b) 2(—3+.7214) (c) 3(—5+.4120) 
(d) (2+.5274) (e) 3(1+.5286) (ft) 2(—2 454784) 
(g) 3(—4+.2581) (hy) (= te97 285) (i) 2(—3 +.5612) 
3. Evaluate using logarithms. 

(a) 144° (b) 3.657 (c) 5.62° (d) 3.14? 
(e) 3.65’ (f) 03125 (g) 0.375% (h) 0.625° 
4. Evaluate using logarithms. 

(a) 275% (b) 1024? (c) 3.14 (d) 385.7? 
(e) ¥384 (f) ¥721 (g) ¥32.1 (h) 58.65 
5. Evaluate using logarithms. 

(a) 25.35° (b) 1.1257 (c) 4.375% (d) V688.4 


(e) 4125.7 (f) 0.052 74° (g) ¥0.7125 (h) 40.047 85 


6. Evaluate using logarithms. 


(a) 3.145.257 (b) 7.25 x 5.257 (c) 3.14 x 48.3? 

(d) 4.65 x 0.2167 (e) 3.142 x 0.28757 (f) 57.65? x 47.63 

7. Calculate the area of a circle with radius 1.78 cm to two decimal 

places. VR». 
8. Find the volume of a spherical ball bearing with radius 0.625 cm. Nts 

9. The period, T, of a pendulum is given by T=20/+ where T is in Y) 


seconds. Find T if 7=3.142, |=185.2 cm and g =974.2 cm/s’. 
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Place the numbers from 1 
to 23 in 3 groups so that 
no group contains a 
number which is the sum 
of two others in the same 
group. 
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REVIEW EXERCISE 




















1. Simplify: 
(a) 3V5x2V6 (b} 5/2xV6 (c) 6V3 x 2V6 
(d) /2(V3+-7) (e) 3V5(V2—2) (f) 2V2(v6+3V2) 
(g) 4V7 x3V21 (h) 2V3x3V2 (i) 4V3(V3—3) 
2. Simplify: 
(a) 3V6+2V6 (b) V8+4V2 (c) J27+5V3 
(d) ¥12+J75 (e) J20+V45 (f) V8+V18 
(g) 3¥12+2V27 (h) 7V8—V32 (i) 2V63—3V27 
(j) 2V18—V27+V32-V12 (k) ¥125—J/284+/20 
3. Simplify: bd 
(a) (V3+V2)(3V3 +4V2) (b) (5V2+1)(5V2—1) 
(c) (3V6+V2)(3V6 —V2) (d) (¥5+1)? 
(e) (3V2—4)? 
4. Simplify by first rationalizing the denominator. 

1 2 /3 36 
(a) ve (b) i (c) ve (d) we 
(e) 1 (f) V14+1 (g) 3V5+2 

V5+V2 V14-1 2V5-1 
5. Solve. 
(a) Vx+1=3 (b) Vx-1=2 (c) V2x +3 =V3x 
(d) Vx —1+2=0 (e) Vx -3+Vx=3 (f) V3x+1+Vx=3 
6. Simplify: 
(ay Exerexe (b) 24x’=+8x? (c) 3(a7)* (d) (3a)? 

2x \3 2(x°*)? 22) dines -2 
(e) (ao) ih ge (g) 32+3 (h) 3 
(i) 492 (j) 642 (k) 32x47" (I) (35xy)° 
7. Evaluate: 
(a) 1442 (b) 88 (c) 83 
(d) 64 (e) 256 (f) 256: 
(g) 256# (h) 162 (i) 273 
8. Evaluate using logarithms. 
(a) 6.28 5.36 (b) 68.5x 41.2 (c) 0.375x 4.16 
(d) 38.5+2.75 (e) 0.425+2.17 (f) 6.37+0.0425 
(g) V58.6 (h) ¥0.004 265 (i) 0.007 265 
: : 6.375 4.175 x 63.25 
RSA 7105 (k) 4925 x 5.875 (I) 115.2 
9. Evaluate using logarithms: 

V4.375 42.55 x 0.7125 

(a) 6442 x41.85 (b) 2288x0728 864.3 
(c) (4.275)? (d) 65.78 

/184.3 V45.75 x 127.3 
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FOUCAULT'S PENDULUM 


In 1851 the French physicist Leon 
Foucault demonstrated a method to 
illustrate the rotation of the earth. He 
suspended a pendulum on a thin wire 
from an 8m ceiling, so the pendulum 
could swing freely (with minimum 
friction) in any vertical plane through 
the suspension point. As the earth 
rotated, so the floor of the room 
appeared to move relative to the 
pendulum, which kept swinging in the 
same fixed plane in space. (The same 
experiment will work in a high-ceilinged 
classroom.) 

At the north pole, the only significant 
force acting on such a pendulum would 
be the vertical pull of gravity. The earth 
would rotate under the fixed plane of 
the pendulum so as to make one 
revolution in 24h in an anticlockwise 
direction (viewed from above). To an 
observer in the room the plane of the 
pendulum would appear to rotate in a 
clockwise direction relative to the floor 
at 360° in 24h or 15°/h. 

At the equator, on the other hand, 
the plane of motion of the pendulum 
would not change relative to the floor 
of the room, since the meridian of 
longitude passing through the room 
would maintain a fixed direction in 
space. 

At other latitudes we would expect a 
rate of change of the plane of swing 
somewhere between the polar value 
(15°/h) and the equatorial rate (0°/h). In 
fact, at a latitude of 0°, the plane of 
swing moves relative to the floor at a 
rate of 15sin @ degrees per hour. In 
Paris, where Foucault first used this 
method, the latitude is 44.23°N, so the 
pendulum plane changed relative to the 
floor at 15 sin 44.23°= 10.5°/h. 

It can be seen from the figure that 
the meridians of longitude are parallel 
to each other at the equator but not 
elsewhere. The movement of the plane 
of the swing of such a pendulum is 
thus a direct consequence of the earth’s 
rotation. 

If you performed this experiment in 
your classroom, how far would you 
expect the pendulum to appear to 
rotate during the school day? You can 
find the latitude of your school by 
looking in an atlas. 
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REVIEW AND PREVIEW TO CHAPTER 9 
EXERCISE 1 


Calculate the values of x and y. 





tn 2. 3. 4. 
/\ S 
a | 
5 6 8. 
2x 
EXERCISE 2 


Use the theorem of Pythagoras to find the values of the variables. 


1. 2. 3. 4. 
12 
: 15 
3 5 r r 
eS f 
4 24 
8 
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5. 
20 
34 
Ne 6 y 5 50 
r 14 
x 30 x 
EXERCISE 3 
State the value of the trigonometric ratios for 206 in each of the 
following. 
1. 4. 
Cc 
5 3 b 
gi g 
4 a 
5 6. 7 8. 
15 
& 
p 
10 
6 17 
o 
8 q 
173 
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EXERCISE 4 


Solve for x: 


x 9 Saati 
Lea 2. 54°18 
5. 6. 7. 
15 
, 17 
20 
xX 
25 
22 
|2 
36 


= Evaluate the following; 
1. (1.225)? 
-oo0 
ee 3. (62.35)° 
5. (6.275)?+(6.125)° 
(64.35)? 
* (4.125)° 
(3.875)9(4.125)? 
(6.345)4 


CS 


of PN 


° 


. (0.037 51)* 

. (2.375)*+ (3.125) 

. (3.125)9(0.875)? 

6.375 x (4.275)? 
(2.375) 

(8.625)7(0.6755)* 
(1.275)° 
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Trigonometry CAC ie 


The word trigonometry means “measurement of triangles” and is 
derived from Greek. Today, trigonometry continues to grow in impor- 
tance not only in the space program but also in the day-to-day work of 
skilled machinists, draftsmen, and other technologists. Trigonometry is 
also a valuable aid in the study of cycles such as those of the tides and 
of certain economic data. 


Addition: MOON 





9.1 SOLVING RIGHT TRIANGLES ran 
In Figure 9-1, @ is an acute angle of the right triangle. REACH 


opposite side 





adjacent side 


Figure 9-1 


For @ in the right triangle, we can define the six trigonometric 
functions: 
(i) The Primary Trigonometric Functions: 


opp 

“ee ° 
Hine ait). ine See Ave 
hypotenuse a 
cosine of 6...cos 6= adiagent sic as 
TEIN ne 
tangent of @...tan 9 — opposite side ay 


adjacent side 


The values of these functions are determined by the indicated angle @ 
so that if we had another right triangle with the same acute angle 86, the 
triangles would be similar and the sides would be in the same 
proportion. 
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b 


hyp 
opp 


hyp 
adj 


adj 
opp 


-Figure 9-3 
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5 3 
Ld i] 
4 8 
sin 6 =2 sin@=4=2 
cos 6=4 cos 0=%=2 
tan 6 =3 tan @ ==? 


Figure 9-2 


In Figure 9-2 we have two similar triangles demonstrating that the 
values of the primary functions are completely determined by the 
angles and are independent of the lengths of the sides. 

By inverting the primary functions we get the remaining three 
trigonometric functions: 

(ii) The Reciprocal Trigonometric Functions: 
hypotenuse 


cosecant of @...csc d=—_—_—___— 
opposite side 


hypotenuse 


Lore = aera 
secant of @...sec@ adjacent side 


adjacent side 


cotangent of 6... cot@= opposite side 


In Figure 9-3, AABC is a right triangle with 
ZC =90°. Notice that the side CB, whose length is a, 
is opposite the vertex A. Similarly, b is opposite the 
vertex B. A can represent the angle at vertex A if the 
meaning is clear. 

Thus, in AABC: 





where c=Va’+b7 
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We say that a triangle is solved when we can state the lengths of the 
three sides and the measures of the three angles. 


EXAMPLE 1. /In AABC, 2C=90°, b=2.5cm and ZA=42°. Solve the 
triangle by finding ZB, a and c. 


A b= 2. 55em G 


Solution 
(i) 2B =90°—42° = 48° 


a Aa 6 
(ii) ze tan 42 


a =2.5xtan 42° 


=2.5x 0.9004 (from tables) 
=2.3 
(iii) c?=a?+b? 5e=sec 42° 
= (2.3)? + (2.5)? 
=5.29+6.25 OR c =2.5x sec 42° 
= 11.54 =2.5x 1.3456 
c=3.4 =3.4 


ab 195d 725) Cin anarG— 4 Chie 


EXAMPLE 2. In AABC, ZB =90°, c=3.2 cm and b =5.3 cm. Solve the 
triangle. 





A c=3.2 cm B 
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The birth certificates of 
John and Sally are correct 
and show that John was 
born earlier than Sally. 
Nevertheless, Sally is 
older. Explain. 


1% 


Solution 


Sige _ 3.2 
(i) sin C =55 
= 0.6038 sin 37° Secres 
f | 
sin 38° 0.6157) (rom tables 
AC 3/2 
ZA =90°—37° (to the nearest degree) 
=e) 
oe Rdg [o} 2 pay! 
(ii) 537 COs 37 a?=b’*-c 
a =5.3 x cos 37° OR = (5.3)? — (3.2)? 
=5.3 x0.7986 ='28.09— 10.24 
=42 = 17.85 


a 42 
4G — Sige — b> anced 427m 


EXERCISE 9-1 


A 1. State the six trigonometric ratios for the angle labelled @ in the 
following triangles. 


(a) (b) 
10 
poe ae 
5 
* |_| 
8 12 


Cc 


(c) 
&, 
sete: 
22 





(f) 


(d) (e) : 
m 7 i 
5 c b 
a ZS a 
S) a a 
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B_ 2. Find the length of the side labelled x in each of the following. 


(a) (b) (c) 





« 
G 
no 
x 
Td | 
x 2.35 cm 
(d) (e) (f) 
x 20 m 
= x 
= 
fa i Continue the Table 
500 m x 





3. Find 26 to the nearest degree in each of the following. 





(a) (b) (c) 
60 m 
rr] 
ry 
E E 709 
° § 
ro) 
pe < 
125 cm 150 cm 
(d) (e) (f) 
60 cm 
5 = 120 cm 
oO oO 
10 ro} 
oO 
| 
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4. Solve the following triangles: 





A 
G 30 cm B 
GB 
= 
oO 
° 
oO 
A B 75 cm CG 
(e) (f) 
135m o 
GC 
& 
9 
A A my: 
B 375 cm 


5. Make reasonably accurate diagrams, then solve the following 
triangles. 

(a) AABC, 2B =90°, c=35cm, a=42cm 

(b) ADEF, ZE =90°, f=48cm, e=61cm 

(c) APOR, ZP=90°, r=58cm, p =67 cm 

(d) AABC, ZA =90°, c=675cm, a=857 cm 

(e) ASTU, ZS =90°, t=487 cm, u=518cm 

(fi AXYZex= 70cm, y= 240. cm, 2=250icm 


6. In AABC, sinB=73 and ZC=90°. Find the 
trigonometric ratios of ZA and ZB. 


7. In APQR, tanQ=0.75 and the hypotenuse 
r=125cm. Find the lengths of the other two sides. 
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8. Solve the following triangles. 


(a) (b) (c) 
A 
173 cm 
fea fe: 
‘ Pp 
J 
25 m ~di 
a yews 
B 120 cm C R 
(d) (e) (f) 
x 
A 
G A 
E 
° 
= oO 
av 
of @ 
¥. Zz B (he 255 cm B 


9. Find x in each of the following. 


(a) (b) (c) 





£ E 
S =) 
i] 
B 8 D 


|aoaayy Eh 
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9.2 PROBLEMS INVOLVING RIGHT 
TRIANGLES 


EXAMPLE 1. A guy line is attached to a radio tower at a point 75.5 m 
above the ground and makes an angle of 62° with the ground. Calculate 
the length of cable required to the nearest 0.5m, and include an extra 
1.5 m for each end connection. 


Solution Let the length of the guy line be d m. 


# 755 CSC 62 


75.5 m 
d =75.5 x csc 62° 
+=75.5x 1.1326 
rz = 85.5 


.. the length of cable required is 85.5 m plus 3.0 m for connections for a 
total of 88.5 m 


EXAMPLE 2. From the top of a 120m cliff, two 
boats are observed in the same direction so that 
the angles of depression are 21° and 32° as shown 
in the diagram. Find the distance between the two 





boats. 
Solution 
BC =BD-—CD 
BD 5 CD _ ° 
In AABD, 720> cot 21 In AACD, 120° cot 32 

BD =120xcot 21° CD = 120 xcot 32° 
= 120 x 2.6051 = 120 1.6003 
= 313 = 192 


“. BC=313-—192=121 
The two boats are 121m apart. 
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EXAMPLE 3. A bridge 320 m long spans a valley. From the ends of the 
bridge, the angles of depression of an object on the ground below are 
46° and 68°. Find the height of the bridge above the object. 


Solution We begin with a reasonably accurate diagram. 








If a clock strikes 6 times in 
5s, how many times will it 
Let the height of the bridge be hm and let us divide the bridge strike in 10s? 
into sections x and y as in the diagram. 


In AADC, = cot 46° In ABDC, ¢ = cot 68° 
x =h xcot 46° y =h X<cot 68° 
=h x0.9657 =h x 0.4040 
=0.9657h =0.4040h 
Adding: 
x+y =0.9657h+0.4040h 
= 1.3697h 
But x +y =320 
1.3697h = 320 
rma20 
a 1.3697 — ao 


.. the height of the bridge is 234m. 


Example 3 suggests the following derivation for a formula for the 
altitude of a triangle. 
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Figure 9-4 


Addition: BEAVER 
TIGER 


RABBIT 
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Referring to figure 9-4 in AABD, 


x 
—=cotB —x=hcotB 


=r 


In AACD, 
=cot C > y=hcotC 


a\< 


Adding: 


Cc 
pe Tih gy ae 
Be D x+y=hcotB+hcotC 
=h(cot B+cot C) 


h(cot B+cot C)=x+y=a 
The altitude from vertex 
cot.B +cotC A to the base BC 


In some of the problems in the exercise the following terms will be 
used: 


SS . 
horizontal 


angle of 
depression 












angle of 
elevation 


ee 
ah horizontal 





The angle of elevation of an object which is above the observer is the 
angle which the line of sight makes with the horizontal. If the object is 
below the observer, then the angle which the line of sight makes with 
the horizontal is called the angle of depression. 
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EXERCISE 9-2 


1. The angle of elevation of the top of a building is 70° from a point 
120 m from the foot of the building. Find the height of the building to 
the nearest metre: 


2. From the top of a fire tower, the angle of depression of a cabin is 
observed to be 25°. Find the distance from the cabin to the foot of the 
tower if the tower is 200 m high. 


3. A building casts a 57 m shadow when the elevation of the sun is 34°. 
Calculate to the nearest 0.5m: 

(a) the height of the building 

(b) the length of the shadow when the elevation of the sun is 60°. 


4. A 320m guy wire makes an angle of 37° at the top of a communica- 
tions tower. Calculate the height of the tower. 


5. Find the length of cable required to secure a television tower 175m 
high if the cable must make an angle of 28° at the top of the tower and 
4m are required for fastening. 


6. From a point 120 m from the foot of a building, 
the angles of elevation of the top and bottom of the 
building’s flagpole are 40° and 38° respectively. 
Calculate the height of 


(a) the building 120 m 


(b) the flagpole. 


7. From the top of a cliff 110 m high the angles of 
depression of two small boats on the water are 9° 
and 15°. Calculate the distance 





a 
110 m 


(a) from the foot of the cliff to the closer boat 
(b) between the boats if they are sighted in the ee oe [| 


same direction. 


8. Aladder 15 m long is placed on level ground to reach a window 10 m 
above the ground. 

(a) What angle does it make with the ground? 

(b) How far is the foot of the ladder from the base of the building? 


9. Aladder 15 m long is placed between two buildings in a driveway so 
that it reaches 12 m up on one building. If it is turned over, its foot being 
held in position, it will reach 8 m up on the other building. How wide is 
the driveway from building to building? 

10. From an office window 30 m above level ground, a building 100 m 
tall at a distance of 200 m is observed across a courtyard. Find 

(a) the angle of elevation of the top of the building. 

(b) the angle of depression of its base. 
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TECHNICAL PROBLEMS 


11. Calculate the depth of a sharp V-thread if the 
pitch of the thread is 5.00 mm. 


12. Calculate the distance between centres of two 
adjacent holes on a 300mm bolt circle containing 
9 holes. 





13. Three holes are to be located in a rectangular 
plate as shown. Find the dimensions a and b. 





14. Find the indicated angle in the steel wedge as 
| shown. Use a right triangle. 


* 
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15. Calculations for tapers are similar to those for 
wedges. Calculate the angles marked A and B to oe sas) 


the nearest degree for the conical taper to be ra ren |e 


£ 

1S) 

turned on a lathe. ° 
= ses ee (e) 


16. Calculate the length of the slot to be milled in 
the given plate. 





17. Calculate the chordal distance between centres 
of two adjacent holes on a five-hole bolt circle with 


diameter 340 mm. 





18. If the length of the hole MN is 50 mm and the A 
hole is at an angle of 62°, calculate the thickness of 
the material AC. 
5 cm 
i \ 
GC B N 
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19. The diagram is a partial view of the Acme 
thread (or Worm). The diameter of the circle is 
40.0 mm. If a=45.0 mm, find the dimension x. 





20. Calculate the dimension x in the given 
diagram. 


C 21. From two points A and B on the opposite 
sides of a bay, the distances to a point C 
were measured and found to be 1500m and 
2000 m respectively. If ZA =35° and 2B = 25°, find 
the distance AB across the bay. 
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22. A surveyor wishes to find the height BC of an 
inaccessible cliff. To do this, he sets up his transit at 
A, and measures ZCAB =32°. He then lays off a 
base line AD so that 2BAD = 90° and AD = 50 m. He 
measures ZADB = 58°. Calculate the height of the 
cliff. 


23. A cylindrical tank with a diameter of 3m is 
rolled up a 15° incline. When the point of contact of 
the tank is 4m from the start of the incline, what is 
the height of the centre of the tank from the base of 
the incline. 


24. Find the height of a mountain if the angle of 
elevation of the summit from opposite ends of a 
2.7 km tunnel are 48° and 62° (assume the tunnel is 
straight). 
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25. From the ends of a bridge the angles of depres- 
sion of a marker buoy on the water are 45° and 37°. 
Find the length of the bridge if it is known that the 
bridge is 100 m above the water. 


26. To determine the height of an inaccessible 
tower, readings as shown in the diagram were 
taken. AABC is in the vertical plane and ZA =32°. 
AABD is in the horizontal plane, with the baseline 
AD =50 m, ZADB = 52° and ZDAB = 90°. Calculate 
the height of the tower BC. 





27. From two points A and B, in the samé vertical 


- plane as a tower, the angles of elevation are 21° 
and 30° respectively. Calculate CD, the height of the 
h tower, if A and B are 25m apart. 
A 25m B Cc 


190 applied mathematics for today: senior 


28. Two guy wires AC and BC secure a tower CD, 
making angles of 58° and 62° with the level ground. 
lf A and B are 47m apart, calculate the height of 
the tower. 


29. From a 100m baseline AB, the angles of sight 
to a point C on the opposite shore of a river are 71° 
and 43° as shown in the diagram. Calculate the 
width of the river. 


30. From the top of a lighthouse CD, the angles of 
depression of two small boats A and B in the same 
vertical plane are 15° and 21°. How far apart are the 
boats if the observer is 30m above water level. 
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4 9.3 THE LAW OF SINES 


Triangles that do not contain a right angle are called oblique 
triangles. In solving right triangles, three of the six parts (3 
angles, 3 sides) of the triangle were given and the remaining 
three parts could be found using trigonometric ratios. In this 
section, we will solve oblique triangles using a general 











B E 
formula—the law of sines. 
A 
(i) Acute Triangle (ii) Obtuse Triangle 
B G 
A 
Cc 
b 
B D C 
eS 8 
hie ieee 
In AACD, | =sin€ In AACD, + = sin (180°— C) 
sin (180° —C) h=brsiniG =sinC 
=sinC h 
In AABD, ~=sinB h=bsinC 
. hes 
h=csinB In AABD, —=sinB 
h=csinB 
For both the acute and obtuse triangles: 
bsinC=csinB 
— Ke 
sinB sinC 
By drawing the altitude from C, we have 
28 eee 
sinA  sinB 
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The results are the same for both the acute and obtuse triangles: 


a b c sinA_sinB_sinC 








sinA sinB sinC : a b Cc 





EXAMPLE 1. In AABC, ZA =78°, 7B =68°, and a=5.9 cm. Find c. 


Solution 
ZC = 180° — (78° +68°) 

1342 

ee ee 

sinC sinA rq 
=a sinc e 

sinA 
56.9 x 0.5592 
0.9782 


Use P 
q 





= 3.4 68° 
The length of c is 3.4cm. B 5 SECin G 


EXAMPLE 2. In AABC, c =3.3 cm, ZC = 36°, and a =5.4 cm. Find ZA, 
given that AABC is acute. 
Solution 


sinA_ sinC 
a c 








asinC 
G 


sinA= 
5.4 x 0.5878 
35S 
=0.9619 
[7 





B 5.4 cm G 


If example 2 had stated that the triangle was obtuse, then we would 
have used the sin (180°— @)=sin @ relationship, and 


A = 180°—74° 
= 106° 
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EXAMPLE 3. In AABC, 2B =28°, ZC =116°, and a=31.2 cm. Find c. 


Solution 
Cpaecmsipce( A 
SsinG =sinA 
sin 116° asinC 
C= Cc 

= sin (180°-116°) “sinA 
= sin 64° .. 31.2 x 0.8988 

~ 0.5878 

— Ca 

B SileZacm C 


The length of c is 47.7 cm. 


EXERCISE 9-3 


B 1. Find the indicated side in each of the following: 





(a) (b) (c) 
a ZA 
6.4 cm B BY 37 7cmEG 
Starting with the word 
“hall” and changing 1 let- 
ter at a time, can you 2. In each of the following, make a reasonably accurate diagram and 
reach the word “feet” in 4 use the law of sines to find the required side. 
changes? (a) In AABC, ZA =25°, ZC =85°, a=15cm. Find b. 
hall (b) In AABC, 2B =40°, ZC =72°, b =9.7 cm. Find a. 


(c) In AABC, 2B =70°, 2C =75°, a=53cm. Find b. 


i (d) In AABC, ZA = 105°, 2B =25°, a =9.2 cm. Find c. 
3. (e) In AABC, ZA =25°, 2B =20°, a=25cm. Find b. 
4. feet 3. Solve the following triangles. 

a b 

(a) (b) (c) : 

& 
0 
B mits cm Ose B C 
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(d) AABC, c=40cm, 2B = 48°, ZC =63° 
(e) AABC, a=7.5cm, 2B =32°, ZC = 104° 


9.4 THE LAW OF COSINES 


When an oblique triangle with two sides and the contained angle 
(SAS), or three sides (SSS), is given, we use the law of cosines. 
(i) Acute Triangle (ii) Obtuse Triangle 


cos (180° — c) 
= i COSIG 


A 





B D G B a G x D 


Eee x ane wag 


bas Sey i 


In AACD, X =cos(180° —C) 


In AABD, : =cos B 


x=cicos B 


and c*=h?+x? 


In AACD, b?=h?+(a—x)? 


b 
x = b cos (180°—C) 
=—bcosC 
and b?=h?+ x? 


In AABD, c?=h?+(a+x)? 


=h*+a’?—2ax+x? 
=h?+a?+2ax+x?’ 


=a’?+(h?+x’)—2ax 
= a7+(h?+x’)+2ax 


= a?+ b?+2a(—b cos C) 


b?=a’?+c’*—2ac cos B 
c?=a*+b’—2ab cos C 
Similarly |c? = a?+ b?—2abcosC Similarly|a?= b?+c?—2bce cos A 
a?=b’?+c’—2bc cosA b?=a?+c’?—2ac cosB 
EXAMPLE1. In AABC, a =61.6 cm, 2B =36°, and c =55.5 cm. Find b. 


Solution A 
b?=a’+c*—2ac cos B 
b* = (61.6) + (55.5)° — 2(61.6)(55.5)(0.809) 
= 3795+ 3080— 5532 
= 1343 
b =V1343 
= 36.6 





B 61.6 cm G 
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c*=a*+b*—2ab cosC 

2ab cos C= a*+b?—c? 

a+b —c 
2ab 


cos C= 


A 3cmxX3cmx3cm cube 
is painted red on all of its 
faces. It is then cut into 
1cmxX1cmxX1cm cubes. 
How many of these cubes 
will be red on 

(i) 3 faces? 

(ii) 2 faces? 
(iii) 1 face? 


196 


.. the length of b is 36.6cm. 


EXAMPLE 2. In AABC, a=49.8cm, b=36.3cm, and c=72.4cm. 
Finde2G: 


Solution 


a’?+b’?—c? 
2ab 


(49.8)? + (36.3)? — (72.4)? 
2(49.8)(36.3) 


. 2480+ 1318-5242 
2(49.8)(36.3) 


= 0.3994 
cos 66 = 0.4067 and cos 67° = 0.3907 8 
ZC = 180°—66° 
=114° 


cos C= 


cos C= 





EXERCISE 9-4 


1. Find the indicated side in the following: 


(a) (b) (c) 





Cc ‘Bas 2ecmnee 


2. Find the indicated angle in the following: 
(a) (b) (c) : 
A 25scmiceC 


Me 55 cm 





B V7acm G B 44 cm G B 
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3. For each of the following, make a reasonably accurate diagram and 
use the law of cosines to find the required value. 

(a) In AABC, a=55.5cm, c=50.5cm, and 2B = 43°. Find b. 

(b) In AABC, a=90cm, c=100cm, and 2B = 125°. Find b. 

(c) In AABC, a=65cm, b=45cm, c=55cm. Find ZA. 

(d) In AABC, a=500cm, b =460cm, c=810cm. Find ZC. 


9.55 PROBLEMS INVOLVING OBLIQUE 
TRIANGLES. 


The six trigonometric ratios cannot be applied directly to oblique 
triangles because there is no right angle. Formulas that have been 
developed in previous sections, and the suggested approaches are 
summarized in the table below. 


You can 
calculate 
i a b c A 
=> = Se ide 
sinA sinB” sinC 


Cosine a*=b’*+c*—2bc cosA 

law 
b?=a?+c?—2accosB| Side 
c*=a*+b*—2ab cosC 


Cosine 
law 








sinA_sinB_ sin C Angle 
a b ‘e i 


* in the SSA case, additional information such as “the 
angle is acute” is often given where required to avoid 
having two solutions because sin(180°— 4) =sin 6. See 
example 2 in section 9.3. 


EXERCISE 9-5 


For each of the following problems complete a reasonably accurate 
diagram in your notebook marking on all given data, then find the 
required dimensions. 
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1. A hockey net is 2 m wide. A player shoots from a 
point where the puck is 13m from one goal post 
and 12m from the other. Within what angle must 
he make his shot to hit the net? 


2. Football goal posts are measured and found to 
be 5.5m apart. A player is to attempt a field goal 
from a point where the ball is 44 and 43 m from the 
ends of the goal posts. Within what angle must he 
kick the ball? 





A 3. A greenhouse is 10 m wide and the rafters make 
angles of 25° and 60° with the joists. Make a 
diagram in your notebook and find the length of 
each type of rafter. 





4. The vertical angle of a cone is 20°. Find the 
diameter of the cone at a point on the face 25cm 
from the vertex. 


(= 

) 
To) 
N 


po Ge 


B 


MEDS 
ee 
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5. Find the width of a small lake if from point B an 
angle of 61° is contained by the lengths 610 m and 
560 m. 


GC 
6. Town A is 8C km west of town B. The inclination 
of town C is 45° from A and 120° from B. Find the 
distances from A to C and B to C. 


A 80 km 8B 






















































































7. Along one bank of a river with parallel banks, a 


surveyor lays off a base line AB, 200 m long. From C 
each end of the base line, he sights on an object C 
across the river. The lines of sight make angles of 
60° and 80° with the base line. Find the width of the 
river. 
Oo ial 


A 200 m B 


8. Two highways diverge at 35° from point C. A 
third road, AB, is approximately 3.8km long and 
joins the two highways as in the diagram, making 
an angle of 55° with one of the roads. How far are 


the A and B intersections from C? 
3.8 km 






JE 


G B 
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7 
es 
; | 
s 8 


Remove 2 matches to 
leave 3 squares. 


200 


9. The perimeter of a triangle is 100cm and the 
angles are in the ratio of 1:3:5. Find the length of 
each side. 


10. In order to determine the distance between two 
inaccessible points A and B, a base line CD = 200 m 
was laid off. Angle measurements at C and D were 
made as_ follows: ZACB=60°, ZACD=105°, 
ZADB=70° and ZBDC=110°. Find the distance 
from A to B. 


9.6 AREA OF A TRIANGLE 


The area of a triangle has been calculated using the base and altitude 
(height) of the figure as 


b 


We can now develop formulas for the area of a triangle where the 
altitude h is not known. 
(i) SAS (when two sides and the included angle are known) 

In Figure 9-5, AD drawn perpendicular to BC or BC produced 
represents an altitude of AABC. 


(a) Acute (b) Obtuse 





B D C 
ge] 


Figure 9-5 
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In AACD, 


"apr h sin (180° —C) 
(a) p sine (b) 5 sin(180°—C) =sinC 
- h=bsinCc h = b sin(180°—C) 
=bsinC 
A=; (base) x (height) 
AABC =3ah 
=3ab sinC 


Thus the area of AABC can be calculated using 


A=iab sinC 





A =iac sinB 






or A=ibcsinA 


depending on which pair of sides contain the given angle. Since 
sin(180°—C)=sinC, this formula holds for either acute or obtuse 
triangles. 


EXAMPLE 1. Find the area of AABC, given that 2B = 32°, AB=26.3m 
and BC =31.5m. 


Solution 
A=iac sinB 


AABC =3x 31.5 26.3 0.5299 
=219 





B 31.5 m G 
Therefore the area is 219m’. 
(ii) AAS (when one side and any two angles are known) 
(a) Acute (b) Obtuse 
A 


> 


TEL SOE Ss, fa 





dL 


Figure 9-6 
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In Figure 9-6, AD represents an altitude of AABC. 


In AADC 
(a) (b) 
hv < isa is : 
pb sine 5 sin(180 —C)=sinC, 
- h=bsinC -. h=bsinC 
In AABD, 
ey LEE 
c c 
- h=csinB *- h=csinB 


bsinC=csinB 
Starting with the words 








“four” and changing 1 let- =f a2 
ter at a time, can you ea 
reach “past” in 4 changes? Using one of the SAS formulas, 
four A=3be sinA 
a csinB 
2: AABC =3;x— xcesinA 
3 sinc 
4. past — c*sinAsinB 
2sinC 


Similarly, 
b?sinAsinC 


ape Ay: 


a’sinB sinc 
2sinA 


i 





This formula can be used when you are given one side and any two 
angles, since the third angle can be found immediately. 


EXAMPLE 2. Find the area of AABC, given that 2A =28°, 2B =48°, 
and c=125.7 m. 


Solution 
ZC =180°—(ZA+Z2ZB) 


180° —(28° + 48°) 

= 104° 

c*sinAsinB 
2sinC 


. _ (125.7)? x sin 28° x sin 48° 
5 2xsin 104° 


. (125.7)? x 0.4695 x 0.7431 
i? 2 x 0.9703 


= 2841 
Therefore the area of AABC is 2841 m7’. 


pS 
A= 
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(iii) SSS (when three sides are known) 
The area of a triangle whose three sides are known can be found 
using Heron’s formula: 











e b 
A=vs(s—a\is—b\is—c) 
where WS bd D 8 2 
2 
B + & 
EXAMPLE 3. Find the area of 2 triangle with sides 7.0m, 8.0m, and 
9.0 m. 
Solution 
a=7.0,5=8.0,c=9.0 A=Vvs(s—a)(s—b)(s—c) 
a+b-+c = 
= eee A=v 12(12—7)(12—8)(12—9) 
7.0+8.0+3.0 a 
= San =V12xK5x4x3 
=*5°=12.0 =J/720 =27 


Therefore the area of the triangle is 27 m’. 


HERON’S FORMULA 





Heron (or Hero) of Alexandria, a Greek mathematician and natural 
philosopher, lived approximately 2000 years ago. He is credited 
with the invention of several machines, among which are “Hero’s 
fountain” and a steam engine on 2 principle similar to that of a 
rotary lawn sprinkler. It is said that he was once presented with the 
problem of calculating the area of a triangular piece of land without 
entering the plot to make measurements—the only measurements 
he could make were the length of the three sides. 


PROOF OF HERON’S FORMULA 
i 





In AABD and AADC, 
b*=h*+(a—xY (1) 
c*=h7+x? (2) 


a 
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Subtracting, 
b?—c?=(a—x)?—x? 
a*—2ax 
2ax =a*—b’+c? 
a?—b?+c? (3) 
xX =———_— 
2a 
From (2), we have 
h?=c?2—x? 
=[c—x]l[c+x]. (4) 
Substituting (3) in (4), we have 
oe a eea|| up te| 
h =|¢ cpp aaa C+ aa ee 
~ | 282.2 iat) fans Pe 
+ 2a 2a 
-[Paener ye =F 
Li 2a 2a 
= [eterebea spray On eten ese) 
ri 2a 2a 








Multiplying both sides by ja”, we have 








1.3.2 tl ha Oat De) tal DC) (aa Done) 

sae 2a ll 2a 
la+btclo(eat be) lanbrcialagbsc) 
iy 2 2 2 2 


a+b+c 

2 , 

ragh Det Cry winiey At Dew aches Cee 

2 ie OGRE) 2 il 
ja*h?=s(s—a)(s—b)(s—c) 


If we let a+b+c=2s, then s= 


and s—b, s—cC 





tah =V/s(s—a)(s—b)(s—c) 


But A =3ah, therefore 


a+b+c 
2 


A=vVs(s—a)(s—b)(s—c), where s = 
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sy 


The results of this section are summarized below. 


Area of a Triangle: 


Diagram Formula 








base-height 





A=3be sinA 


_aésin BsinC 
2sinA 


A 





A=Vs(s—a)(s—b)(s—c) 


Satb+c 
"eh? 





EXERCISE 9-6 


Find the area of each of the following triangles. 
1. (a) (b) 


A A 
5 m 
B 
13 m 
B 40 m G Cc 
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B 2. (a) (b) 


se 





B 126.3 m C B 525.7 m G 


(Cc) PA NABG = DE-sZ2_ SOM 1G — 147-9 lnne aA oe 
(a) BNABG sai 3e12 mee Be — 27 ia: 
(ec) MAABG 2 2Al— 382 bi— 12-25 nae — 140m: 


3. (a) 7 
4125 cm 4100 m 


(c) AABC, ZA =33°, ZC = 76°, a =5.530 m. 
(d) AABC, ZA = 68°, b = 4500 m, ZC = 45°. 
(e) AABC, a=2000 m, 2B =119°, ZC = 48°. 






4. (a) (b) 
Find the distance from A a 
to G: 
< 
oe 444 cm 
a) 
a) 
B SSGucmmaG B 12.45 m G 
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(ce) SFAABCG a—325.m, b=12:75 m, ¢=1825m! 
(d) AABC, a=128.5cm, b=202.0cm, c=240.5m. 
(e) AABC, a=32.75m, b=46.25m, c=64.50 m. 


REVIEW EXERCISE 


1. Find the length of the side labeled X in each of the following: 


(a) (b) (c) 


14.5 cm 





550 cm 


2. Find 2@ to the nearest degree in each of the following: 


(a) (b) - (c) 


250 cm 


wo OOL 





3. Make reasonably accurate diagrams, then solve the following 
triangles. 

(a) AABC, ZA =90°, c=45cm, a=55cm. 

(b) ADEF, 2D =90°, d=65cm, e =48 cm. 

(c) AGHI, Z1=90°, 2G =52°, i=55cm. 

(d) AJKL, 2K =90°, ZL = 60°, j =200cm. 


4. Find the area of each of the following triangles. 
(a) AABC, ZA =32°, b=175cm, c=145cm. 
(b) AABC, ZA =55°, 2B =75°, c=100cm. 


trigonometry 


207 


5. Solve the following triangles: 


(a) (b) (c) 





(d) (e) (f) yy 


180 cm 
30 cm 


ao cm =A 


6. In order to find the distance across a river, two 
students measured a 250 m base line, AB, and the 
angles at A and B were found to be 80° and 60° 
respectively. Find the distance across the river. 
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7. A triangular plate has one side 45 cm and 
angles of 42° and 55° as in the diagram. 

(a) Find the perimeter of the plate. 

(b) Find the cost of grinding the edges at 8 cents 
for 3cm. 


8. From two hilltops A and B, 5.7 km apart, a third 
hill C is sighted making angles of 63° and 78° at A 
and B as in the diagram. Find the distances from A 
fOnOuandebatouc: 


45 cm 
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REVIEW AND PREVIEW TO CHAPTER 10 


DEFINITIONS OF THE TRIGONOMETRIC 
FUNCTIONS 






: y 
g@=- 
sin . icy) 
cos @ —— 
= 
tang=~%, x0 = 
: g 
: a” 
cscOé=—, y#0O ° 
y 
r 
sec @=—, x-20 y, 
“a adjacent 
x x 
cot@=—_, #0 
y y 
EXERCISE 1 


Each point in the table below lies on the terminal arm of an angle 6 
in standard position. Make a diagram for each case, using r=Vx?+y" 
to find r to three figures, and complete the table in your notebooks. 


yet et i as 
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SPECIAL ANGLES 





EXERCISE 2 


1. Find the six trigonometric ratios for each of the following. 


(a) (b) (c) (d) 





{e) 120° (f) 30° (g) 135° (h) 315° (i) 240° 
Make your own diagrams for (e) to (i). 


2. Find the six trigonometric ratios for each of the following. 
(a) (b) (c) (d) 


o 180° 
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. tanéd= 


. COS 0= 


Solve for the indicated variables: 


Xie = 
: 55.75 91N 47.5 


x ° 
- 107.5 tan 53.5 


x : m 
- 5478 sin 81 
5.372 
PAI \P2 


0.024 45 
0.087 54 


shite S| 
[0'5735 


, Sho= 
. COS 0= 


. tané 


oo tan B20E 


28.35 
= cos 8.5° 
1.271 


2.784 


54.95 
78.35 


_ 38.57 
50.25 
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Trigonometric CHAPTER 10 
Functions 


10.1 RADIAN MEASURE 


We have measured angles in degrees, where 


1 revolution = 360° 


The measure of an angle can also be expressed in terms of the length 
of arc that subtends the angle at the centre of a circle as in Figure length of arc 
10-1. 
Figure 10-1 
An angle subtended at the centre of a circle 
by an arc equal in length to the radius has 
a measure of one radian. 





ee SS OS 


6,=1 radian 6.=2 radians 63;=3 radians 


Figure 10-2 


The diagrams in Figure 10-2 suggest: 

r 2r Sh 
(a) Ley al (b) Q2=—=2 (c) ed eS 
This leads to the following generalization: 


arc length 


a : 
@=— or Number of radians= : 
r radius 
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Use the operations x, +, 
+, — to form the following 
numbers: 

(i) 24 using 3 identical di- 
gits. 

(ii) 25 using 2 identical di- 
gits. 
(iii) 100 using 5 identical 
digits. 
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SS = 


Since 6 =<, it follows that 


a=ro, 6>0 


where a, r, and @ are the measures of arc length, radius, and angle in 
radians respectively. Since the above expression for arc length holds 
for @>0, this result can be generalized to 


a=r|6|, GER 


where |6| is the absolute value or magnitude of 6. 

It is often necessary to convert from degree measure to radian 
measure and vice versa. In order to do this we must establish the 
relation between degrees and radians. We have agreed that one 
revolution is 360° in degree measure. We now find the same angle in 
radian measure. 

In Figure 10-3, the measure of @ is one revolution (360°), and the arc 
length a is the circumference of the circle: 2mr. Hence the radian 
measure of @ is given by 





Figure 10-3 


The relation between radian and degree measure is given by 


27 radians = 360°, 


ar radians = 180° 


which simplifies to 
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EXAMPLE 1. Calculate degree measures of the angles whose radian Rule of Three: 


measures are: 5 apples cost 60¢ 
5 1 apple costs 12¢ 
(a) 4 (b) Za 7 apples cost 84¢ 


Solution We use the Rule of Three. 




















(a) am radians = 180° (b) a radians = 180° 
1 radian = LEE 1 radian = ag 
Tee Bo ie 2a. 227-180" 
g radians = — x a 3 radians = 3 x E 
= 30° = 120° 
EXAMPLE 2. Calculate the radian measures of the following angles: 
(a) 210° (b) 315° 
Solution 
(a) 180°= 7 radians (b) 180°= 7m radians 
9 = eT Og eee 
1 180 radians 1 780 radians 
210°=210°x — 315°=315°x —— 
7 180° x 180° 
hia ie 
"5 radians SoA radians 
EXAMPLE 3. Calculate the number of degrees in 1 radian. Twelve coins are identical 
. . in appearance, but 1 differs 
Solution a radians = 180° from the others in weight. 
Pradisie 180)\° How can you determine 
EL Rae aaa the odd coin using only a 
1SOi\° pan balance and 3 weigh- 
: lateral pes 
= 57.2958° 


EXERCISE 10-1 


1. Convert the following radian measures to degree measure. 


3 


37) SO Sw 


2. Convert the following degree measures to radian measure. 
(a) 120° (b) 330° (c) 90° (d) 225° (e) 30° 
3. Calculate the radian measure of an angle whose measure is 1°. 


4. Convert the following radian measures to degree measure. 

(a) 3 (b) 2.45 (c)95.2 

(d}et435 (e) 0.147 (f) 457 

5. Convert the following degree measures to radian measure. 

(a) 40° (b) 70° (c) 160° (d) 200° (e) 410° = (f) 325° 
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sin @ 


cos 6= 


tan 6= 


csc 0 = 


sec 6= 


cot 6= 
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‘ 


’ 


, 
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y~0 


x40 


y~0 


10.2 GRAPHING THE TRIGONOMETRIC 
FUNCTIONS 
In this section we will draw the graphs of the functions defined by 


y=sin 0 y =csc 0 
y =cos 6 y=sec 0 
y =tan 06 y=cot 6 


INVESTIGATION 10.2 
1. THE UNIT CIRCLE 


The circle in Figure 10-4 has a radius 1.0 unit, and centre at the origin 
of a pair of coordinate axes. 
(a) Find the missing coordinates for points E to P. 








D (0.5,0.87) 4 


C (0.71,0.71) 


B (0.87,0.5) 





Figure 10-4 
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(b) Tabulate your results from part (a) and complete Table 10-5 in 
your notebook. A dash indicates that a value is undefined. 

















Function values 


a 
pom = [> elo me 
a fowl [ol om 
> |-|- 
-l- a 
Baoe of 
BEGG Ce o 
a: ae - s - 
3 si 

2 eee - 
x o£. 
= _Ge & 


5a 
° It - 


Table 10-5 
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2. THE GRAPH OF y=sin0 


(a) Using 6- and y-axes, plot the values of (6, y) where y =sin 6, taking 
values from Table 10-5. Draw the curve of best fit. Draw your own 
axes like those in Figure 10-6. 
(b) What is the maximum value of y? 
(c) What is the minimum value of y? 

Since every value of 6 determines a unique value for y=sin 6, the 
graph of the ordered pairs (6, y) is the graph of a function—the SINE 
FUNCTION. 


3. THE GRAPH OF y= cos@ 


(a) Using 6- and y-axes, plot the values of (6, y) where y=cos 6, 
taking values from Table 10-5. Draw the curve of best fit. Draw your 
own axes like those in Figure 10-6. 
(b) What is the maximum value of y? 
(c) What is the minimum value of y? 

Since every value of 6 determines a unique value for y=cos 6, the 
graph of the ordered pairs (6, y) is a graph of a function—the COSINE 
FUNCTION. 


4. THE GRAPH OF y=tan0 


(a) On @- and y-axes, as in Figure 10-7, draw dotted lines parallel to 
the y-axis at the values of @ for which y =tan @ is not defined. Since 
y =tan @ is not defined for these values of 8, no point on the graph of 
y =tan @ can lie on these dotted lines. 

(b) Plot the ordered pairs (6, y) where y=tan @, taking values from 
Table 10-5 and draw the curve of best fit. 

Since every value of 6 for which y=tan @ is defined, determines a 
unique value for y=tan @, the graph of the ordered pairs (6, y) is the 
graph of a function—the TANGENT FUNCTION. 

In questions 4, 5, and 6, draw dotted lines to serve as guides where 
undefined values occur. 


5. THE GRAPH OF y=csc0 


Using values from Table 10-1 and axes as in Figure 10-6, plot the 
ordered pairs (6, y) where y=csc @ and draw the curve of best fit. 


6. THE GRAPH OF y=sec0 


Using values from Table 10-1 and axes as in Figure 10-6, plot the 
ordered pairs (0, y) where y=sec 6, and draw the curve of best fit. 


7. THE GRAPH OF y=coté 


Using values from Table 10-1 and axes as in Figure 10-6, plot the 
ordered pairs (6, y) where y=cot 0, and draw the curve of best fit. 
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Figure 10-6 





: S SEAT ean PEE een 








ie 
Pre 


ine Es ee 
eiee 
[| 307 | 607} 90" 

| | | 

f v, 

v ene oe 

. 

ceae 


| 








: 
























































vaka ran 
meat el La 
ie ele 
= Gt 2SERANaLD 
nares Satine 
PO ee 
Fe : 
PAET Seem ra an 9 On oe 
ee ee 
Slit iplt lets | 
i oe ee 
Tie cl 
pa tala | del 
piueiebledd | 
Pit eile lo 
Peak eile 
AE OUEUCEON OD” | ha 05 Ma i 
 dddlbddaaeealas tt 
ieateaieelen TT 
Tale 
It Sear eee a 
Weenet recor a0? ka i 
Reale tl 
Pieces | la 
eveues  apeee ra Fo I eB 


Figure 10-7 


trigonometric functions 


219 

























































oo. im ul EXERCISE 10-2 
{ oO fi Fi 
rae to Sketch the following for the indicated domains. 
eens =) ‘ian 1. y=sin 6, —180°=06=540° 
| | at 2. y=cos 6, —360°S 6 =900° 
Baa Sariaia 4 eee 
Paes Ope Se 3. y=tan 6, —360°= 6 =360 
O- 
ne ih ih cM 4. y=cos 6, -540°= 6 =720° 
| a no 5. y=tan6, —90°<0=270° 
oo ing 6. y=sin6, 180°=6=900° 
oe meth 7. y=cos 6, —90°=0=90° 
¢ 8. y=csc 6, —180°= 0 =180° 
oO) 
9. y=sec 6, —90°=60=90° 
10. y=cot 6, —270°=6@=270° 














10.3 THE CAST RULE AND USING 
TRIGONOMETRIC TABLES 








90° 180° 270° 
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360° 





















































































































Figure 10-8 
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Trigonometric tables in the appendix are provided for angles from 0° 
to 90° only. In Figure 10-8 we have the graphs of 


y=sin0 


y=cos 0 
y=tan@ for 0°=0=360°. 


If we designate the four quadrants as in the diagram below, 


Q2 Q1 
Second First 
Quadrant | Quadrant 





Third Fourth Insert plus and minus 
Quadrant | Quadrant signs to make 
Q3 Q4 


IS2N3N4NSNEN7NaNo = 


: é , Fe 7 100 a true statement. 
we see that in the first quadrant, all ratios are positive; in the second 


quadrant, the sine function has positive values; in the third quadrant, 
the tangent is positive; in the fourth quadrant, the cosine is positive. 
These results can be summarized in Figure 10-9. 


Sine All This memory aid is called the 
CAST RULE. 


Positive Positive 





Tangent Cosine 
Positive Positive Figure 10-9 


The trigonometric ratios of angles greater than 90° or less than 0° 
are related to the ratios of acute angles as follows: 


b b 
—=sin@ 4_ 0s 6 —=tan 0 
Cc Cc a 


sin (180°— @) =2- +sin 0 
—a 
cos (180°— 6) = aan —cos 6 


tan (180° 9) =-2-=—tan 0 
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sin (180° — 140°) 
= sin 40° 

S A 

ly Cc 


cot (360° — 330°) 
= cot 30° 
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sin (360°— 6) ==. —sin 6 
cos (360°— @) === +cos 6 


tan (360°— 6) === —tan 6 


sin (180° + 9) ==? = —sin 7) 


cos (180°+ 6)=—"=—cos (7) 


tan (180°+ 0) ==2= +tan 6 


These diagrams are also used to derive the following relationships: 


csc (180°—@)=csc @ csc(180°+6)=—csc @ csc (360°—6)=—csc 6 
sec (180°— 6)=—sec@ sec(180°+6@)=—sec@ sec (360°—6)=+sec 0 
cot (180°—6@)=—cot@ cot(180°+0)=+coté@ cot (360°—6)=—cot @ 


EXAMPLE 1. Find (a) sin 140° (b) sec 215° (c) cot 330° 


Solution 


(a) sin 140°=sin (180°— 40°) 
=sin 40° 
= 0.6428 (from tables) 
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(b) sec 215° = sec (180° + 35°) 
=—sec 35° 
=—1.2208 


{ey Ct 330" cot sG0r= G0] Eighteen years ago Bob 


=—cot 30° was 3 times as old as 
= —1.7321 Sally. Today he is twice as 
old. How old is Sally? 


EXAMPLE 2. Find 2 values for ZA, given cos A =—0.8746. 
Solution 


Z A lies in the second or third quadrant. 


From tables: 
0.8746 = cos 29° 


(i) Second Quadrant (ii) Third Quadrant 





LA = 180° — 29° 
=151° 





LA =180° + 29° 
= 209° 





EXERCISE 10-3 


1. State the quadrant in which each angle lies: 
(a) sin 6 and tan @ are both positive. 

(b) cos 6 and tan 6 are both negative. 

(c) sin 6 is positive and cos @ is negative. 

(d) tan @ is positive and sin 6 is negative. u C 
(e) cos @ is positive and tan @ is negative. 


2. State whether the following are positive or negative. 





(a) sin 220° (b) cos 315° (c) tan 275° (d) cos 350° 

(e) sin 75° (f) sin 135° (g) tan 175° (h) cos 118° 

3. Insert + or — signs in the [blanks|to make the following statements 
true. 

(a) cos 220° =Wcos 40° (b) sin 137°=WNsin 43° 

(c) sin 301°=WNsin 59° (d) tan 260° = Stan 80° 

(e) cos 100° =NWcos 80° (f) sin 350° =WNsin 10° 

(g) tan 200°= Stan 20° (h) tan 150° = Stan 30° 

(i) sin 270°=S (j) cos 180°= Neos 0° 
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4. Insert + or — signs in the |blanks|to make the following statements 


true. 

(a) sec 140° =Nsec 40° (b) csc 325° = Necsc 35° 

(c) cot 220° =Ncot 40° (d) csc 315° =Nesc 45° 

(e) csc 240° = Ncsc 60° (f) sec 330° = WNsec 30° 
B 5. Using the tables, find: 

(a) sin 225° (b) cos 135° (c) tan 125° 

(d) sin 290° (e) tan 205° (f) cos 300° 

(g) cos 325° (h) sin 200° (i) tan 215° 

(j) tan 305° (k) cos 160° (I) sin 260° 

6. Using the tables, find: 

(a) csc 150° (b) sec 300° (c) csc 170° 

(d) cot 220° (e) csc 225° (f) cot 150° 

(g) cot 290° (h) csc 320° (i) sec 120° 


7. Find two values (0° to 360°) for each of the indicated angles: 

(a) sin A =+0.3746 (b) cos B= +0.6293 (c) tan C=+2.9042 
(d) cos D=+0.3420 (e) sin E=+0.6820 (f) cos F=—0.7071 
(g) cos G=—0.8910 (h) tan H =—0.3057 (i) sin J =—0.9569 


10.4 THE PERIODIC NATURE OF THE 
TRIGONOMETRIC FUNCTIONS 


a radians = 180° Figure 10-10 represents a partial graph of y=tan @. From the graph, 


we see that as @ increases from 0° to 180°, tan @ takes on all possible 
values. Hence we say that the period of y=tan@ is 180°, and the 
tangent function is called a periodic function. 






[= NW f 


ato° 360° 





a1 
=D) 
ae 
=4 


The smallest length measured along the 6-axis in which the 
function takes on all possible values is called the period of the 


function. 
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INVESTIGATION 10.4 


1. State the period of the function defined by y=sin 6, by examining 
the partial graph of the function in Figure 10-11. 





Figure 10-11 


2. Sketch the graph of y=cos 6, —360°= 6 =720°, then determine the 
period of the function. ; 


3. Sketch graphs for each of the following and determine the period: 
(a) y=csc 0, —720°=0=360° 
(b) y=sec 6, —360°=0=180° 
(c) y=cot 6, —180°=6=540° 


4. Complete the following Table 10-12 in your notebook as a sum- 
mary of this investigation. 


Table 10-12 





How many minutes is it 
until 18: 00 if 50 min ago it 
was four times as many 
minutes past 15:00? 


10.5 AMPLITUDE 


INVESTIGATION 10.5 


1. (a) Complete the following table in your notebook. 
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y=zsin0 | 
(b) On the same set of axes, sketch the graphs of 
(i) y=sin 6 (ii) y=2sin 6 
(iii) y=3sin @ (iv) y=2sin 6 
These are the graphs defined by 


(c) The a in y=asin6@ is the amplitude of the function. Complete the 
following table in your notebook. 


-Bxinosenns [Maxima [ Mimumte [Anais 
y=sin0 | 

a 

[iene | 

[seme | 





EXERCISE 10-5 


1. State the amplitude of the following curves: 


(b) (c) 





applied mathematics for today: senior 


2. State the amplitude of the graph defined by each of the following: 


(a) y=3sin@ (b) y=7sin@ 

(c) y=24sin 0 (d) y=msin6é, m>0 
(e) y=-3 sin 6 (f) y=3sine 

3. Sketch the graphs defined by each of the following. 
(a) y=2sin 9, OF 0720 


(b) y=3sin 6, —180°<@<540° 
(c) y=zsin6, -—360°<6=180° 
(d) y=10sin @, 0°=6=90° 


(e) y=asin 8, 0°=6 =540° 
4. Sketch the graphs defined by: 
(a) y=3cos @, 0°=6=360° 


(b) y=2cos 6, —180°<@<360° 
(c) y=3cos 6, —360°<6@=180° 


10.6 PERIOD 


INVESTIGATION 10.6 


1. (a) Complete the following table in your notebook. 








(b) On the same set of axes for each pair of equations, sketch the 


graphs of: 
(i) y=sin@ (ii) y=sin 6 (iii) y=sin 6 
y=sin206 y=sin30 y =sin20 


These are the graphs defined by 


for ke {, 1, 2, 3} 


(c) The k in y=sin k@ determines the period 260 , Of the function. 





Complete the following table in your notebook. 
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3 


ee 


y=sinké, k>0 ot 


EXERCISE 10.6 


A 1, State the period for each of the following: 
(a) (b) (c) 








2. State the period for each of the following: 


(a) y=sin 0 (b) y=2 sin 30 
(c) y=3sin20 (d) y=5sin 20 
(e) y=3sin 406 (f) y=sin 20 


B 3. Complete the following table in your notebook: 


Defining sentence 
y=asink@ 





4. Sketch the graphs defined by each of the following: 
(a) y=sin 20, 0°= 0 =540° 
(b) y=sin 46, 0°s 6 =540° 
(c) y=sin20, —360°S65720° 
(d) y=sin40, —360°S¢@5720° 
(e) y=sin30, —360°= 6 =360° 
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C5. Sketch the graphs defined by each of the following: 
(a) y=3sin26, —180°=6@=180° 
(b) y=2sin20, —360°=6=180° 
(c) y=2sin20, —720°=6=360° 
(d) y=2sin30, —360°S6=360° 
(e) y=zsin30, —720°<6=720° 
6. Sketch the graphs defined by: 
(a) y=2cos20, —180°S6=180° 
(b) y=3cos36, —360°=6=360° 
(c) y=cos36,  —180°=6=360° 


10.7 PHASE SHIFT 


In sections 10-5 and 10-6 we saw that we were able to “stretch” and 
“compress” the graph of y=a sin ké in both the vertical and horizon- 
tal directions using appropriate values of a and k. In this section we 
will investigate the effect of adding to (or subtracting from) the angle 
0. 


INVESTIGATION 10.7 


1. Complete the following tables in your notebook, and using the 
same axes for each pair of equations, graph: 
(a) y=sin @ and y=sin(@+30°), for —180°S 6 $360°. 


y =sin(@+45°) 
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Separate the dots using 5 


straight lines. 





2e9 


(c) y=sin 6 and y=sin(@+90°), for —180°= 6 =360° 


ee [i a [ae [ee 
ame | 


Deer | 


y =sin (6+90°) 





(d) y=sin @ and y=sin (@—30°), for —180°S @ $360°. 


Ya ina [ar a 


2. From observation of your graphs in question 1, you should have 
noticed that we were able to cause a shift to the left or right by adding 
to or subtracting from the variable. This is called a phase shift. 
Complete the following table in your notes, given that 





y=sin(@+¢) 


<0 





ra 


EXERCISE 10-7 


A 1. State the phase shift of each of the following: 


(a) y=sin @ (b) y=sin (8+30°) 

(c) y=sin (@—90°) (d) y=sin (@+360°) 
B 2. Sketch the graph of each of the following: 

(a) y=sin (0+30°), 0°= 6 =540° 


(b) y=sin(@+45°), —180°=@=180° 
(c)ey=sin(O=90°) po) 270° 6 = 2705 
(d) y=sin(@+180°), —720°=6=360° 
(e) y=sin(@—180°), —360°=6=360° 


C 3. Sketch the graph defined by: 
(a) y=cos (@—45°), 0°= 0 $360° 
(b) y=cos(@+45°), —90°S@=270° 
(c) y=cos(@—90°), —180°S6@=540° 
(d) y=tan (@+90°), 0°= 6 =360° 
(e) y=tan (@—90°), 0°= 6 =360° 
(f) y=tan(@+30°), -—360°S6=360° 
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10.8 THE GRAPH OF y=asin k(0+¢) 


In the three preceding sections, we investigated the amplitude, a, 


360° 


(a>0), period ae (k>0), and phase shift, of sinusoids of the type 


y=asing 
y=sin ké 
y=sin(@+¢) 


The results of this section can be summarized as follows. 


y=asink(6+¢); a,k>0 


amplitude period phase shift 


360° > 0 (left) 


a k <0 (right) 





EXAMPLE 1. Sketch the graph of y=3sin 206, —180°=0=180°. 


Solution From the given equation, we have 


amplitude: 3, period: as 180°, phase shift: O°. 


The graph is sketched as follows 





EXAMPLE 2. Sketch the graph of y=2 sin 26, —180°=0 =360°. 
Solution From the equation, we have 
, : 360° A ‘ft. (9° 
amplitude: 2, period: —~—-=720°, phase shift: 0°. 
2 


The graph is sketched as follows 
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Find the missing numbers 
in this multiplication. 
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EXAMPLE 3. Sketch the graph of y =sin (26+60°), —180°S 6 $360°. 


Solution We first rewrite the defining sentence: 


y =sin (20+60°) 


= sin 2(@+30°) 
We now have: 


te) 


amplitude:1, period: = 180°, phase shift: 30° to the left. 


The graph is sketched as follows: 





EXERCISE 10-8 


B 1, Complete the following table in your notebook. 
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y=2sin0 












y=3sin20 


a 


y =2cos (6+ 45°) 


y =sin (20+90°) 


ee 
cilia ees |r 


y=3sin30 


2. Sketch the graph for the domains indicated in the following. 








Towns A and B are 60 km 
apart. Two motorcyclists 
leave at noon, one from A 
at 40 km/h, and the other 
from B at 50 km/h. Where 
will the cyclists meet? 









(a) y=3sin 6, 0°= 6 =360° 

(b) y=2sin8, 0° = 6 =360° 

(Chev =2 sin (0-45), —90°=6= 180° 

(d) y=2sin(@—45°), —90°=6@=180° 

(e) y=sin 26, 0°=6=180° 

(f) y=sin 36, —360° = 6 =360° 

(g) y=3sin 30, —180° = 6 =360° 

(h) y=7sin 26, —360° = 6 =720° 

(i) y=sin 2(6+45°), 0° = 0 =360° 

(j) y=2 sin (6+60°), 0°= 6 =360° 

3. On the same set of axes, sketch the graphs of: 
(a) y=sin 6, (b) y=2sin9@, (c) y=sin 20, 


for —360° = 6 =360°. 

4. Sketch the graph for each of the following. 
(a) y=3 sin 2(6—45°), —180°=0=180° 

(b) y=2sin3(@+90°), —720°=0=360° 

(c) y=3 sin (26+90°), —360°S0=360° 

(d) y=2sin2@—180°), —180°=6=360° 


10.9 TRIGONOMETRIC EQUATIONS 


Equations such as sin 6 =3, 0°= 6 $360" are called trigonometric equa- 
tions. To solve this equation we must find all measures of the angle 6 
within the stated domain for which sin 6 =2. 


EXAMPLE 1. Find all values of @ from 0° to 360° for sin 6 =2. 
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Solution We take the graph of y=sin 0, 0°=6@=360°, and draw a 
horizontal line at y =2, as in the diagram. 


y y=sin 0 





A 1€-container has all di- 
mensions doubled. What is 
the new volume? 


From the graph, we see that the horizontal line cuts the graph of 
y=sin 6 at 6=30° and again at 6=150°. 

We say that the solution of sin 6 =2, 0°=6@ 360°, is 30° and 150°. 

Example 1 suggests a graphical method of solving trigonometric 
equations. Some equations, however, require solving algebraically 
before the graphical method can be used. 


EXAMPLE 2. Solve (cos 6—0.5)(cos 6+0.866) =0, for 0°=6@=360°. 


Solution (cos @—0.5)(cos 6+0.866) =0 


cos @—0.5=0 or cos é+0.866=0 
cos 6=0.5 cos 6 = —0.866 


We take the graph of y=cos @, 0°=6@ 360°, and draw two horizon- 
tal lines, one at y=0.5 and another at y = —0.866, as in the diagram. 





From the graph, the solution of the equation in the given range is 
60°, 150°, 210°, 300°. 
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EXERCISE 10-9 

Solve for 0°=6@ 360°. 

1. sin 6 =0.866 2. cos 0=0.5 
4, tan@=1 5. tan@=—1 
7. (cos 6+0.5)(cos 6—0.5)=0 

8. (sin 6—0.5)(sin 6+0.5) =0 

9. sin 6 (sin @+1)=0 


10.10 BASIC IDENTITIES 


3. sin @é=—0.5 
6. sing=0 


What relation is my 
father’s sister’s husband’s 
daughter to me? 


Algebraic sentences such as x+3=8, xe R, are true for only certain 
values of the variable (in this case x =5). A sentence like 2x =x +x is 
true for all values of the variable. It is not always obvious that both 
sides of such an equation are equal, so proof is required. Since proof 
involves showing that the left side is identical to the right side, these 


sentences are called identities. 


EXERCISE 10-10 


The following examples and questions relate to a right triangle where 
r is the hypotenuse, y the opposite side, and x the adjacent side. [This 
can be extended to any angle @ in standard position.] 


























EXAMPLE 1. Establish that =sin 0. 
csc 6 
Solution | AU sin 0, and csc @ eerls., 
csc 8 Us Re sin 6 
y 
1. Establish that 
(a) : =cos 6, and sec ies ela 
sec 6 ‘ cos 6° 
1 1 
(b) ot @ tan 0, and CO anh a: 
é sin 6 
EXAMPLE 2. Establish that =tan 6. 
cos @ 
y 
Solution aug Ses tan 0. 
cos 6 Xae 
r 
2. Establish that ues oa cot 0. 
sin @ 





The results of questions 1 and 2 can be summarized by the follow- 


ing table. 
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P=x2+y? 


Reciprocal identities Quotient identities 


sin 6 


=1 
1 
sec 0= cos 6-sec@=1 
cos 6 
1 
cot 6= tan @- cot 6=1 
tan 0 


EXAMPLE 3. Establish that sin? 6+cos* 6 =1. [Note that sin? @ means 
(sin @)?.] 





3. Establish that 
(a) 1+tan? 6 =sec? 0. 
(b) 1+ cot? 6 =csc’ 6. 


Because these involve the Pythagorean relation x*+y’=Pr in their 
proofs, they are called the Pythagorean identities. They are sum- 
marized in the following table. 


The relationships presented in the above tables are called basic 
identities because their proofs involve the basic definitions in terms of 
x, y, and r. The basic identities are now used as formulas to prove 
more difficult identities. (Although the identities in the following 
examples can also be proved using the definitions in terms of x, y, 
and r, we prefer to use the basic identities because the ‘’x, y, and r’”’ 
method is limited and will not work for all formulas.) 













EXAMPLE 4. Prove that sin 6(1+cot @)=sin 6+cos @. 
Solution 


L.S.=sin 6(1+ cot 6) R.S.=sin 6+cos 6 


cos @ 
sin 0 


‘ (= 6+cos “) 
= sin 6| —————_ 
sin 6 





=sin a(1 + 
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sing+0 
LS =RS. 


=sin @+cos @, 


EXAMPLE 5. Express each of the trigonometric ratios in terms of 
sin 6. 


Solution (i) It is obvious that sin 6 =sin 86. 
(ii) cos @: sin? @+cos? @=1 
cos’ @=1-sin’ 6 
cos 6 =+J/1-—sin’ 6 
- sin 6 
cos 0 





(iii) tan 6: tan 0 


sin 6 


+V/1—sin’ 6 





csc 6= al 


(iv) csc 6: ints 





(v) sec @: sec §= Rae 


1 
+/1—sin’ 6 

cos @ 

sin @ 

pe —sin’ 6 


sin 6 


(vi) cot 6: cot 6= 


EXAMPLE 6. Prove that sin’ ¢—cos* @=1—2cos’ 0. 
Solution 


L.S.=sin* @—cos* 6 R.S.=1—2 cos’ 6. 
= (sin? @+cos’ @)(sin’ 6—cos’ 6) 
=1(sin’ @—cos’ 6) 
= sin’? @—cos’ 6 
= 1—cos’ @—cos’ 0 
=1—2cos’ 6. 
Sr Rio: 


Prove the following identities by the methods of Examples 4, 5, and 6. 
4. sin @ cot @=cos 6 
tan @_ 1,—cos’ @ 


2 cot 0 cos’ 6 
1 
20 = 
ORR sec aa 


trigonometric functions 


Find a value of the variable 
that makes each of the fol- 
lowing statements true. 
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sec 6 
csc 6 


8. sin? 6—cos* @=2 sin’ @—1 
9. (sin @+cos 6)’=1+2cos @ sin 8 
tan@_1-—cos’ @ 





=tan 6 


10. 








cot@  cos’é 
11 — + a : 
‘sin? @ cos’@ sin’ @cos’ 6 


12. sin? 6+2 cos’ @=1+cos’ 6 


tan 6 
cot 6 


14. Express each of the trigonometric ratios in terms of cos 6, using 
the method in Example 5. 


13. tan? 6 





Determine which of the following are identities. 


cos 6(1+sin @) 


15. cot 6+cos 6= - 
sin @ 





2 cos 6 


16. cot 6+cos @6=— 
sin @ 


17. cot 6+cos 6=tan 6+sin 6 


REVIEW EXERCISE 


B 1. Convert to radians. 


(a) 225° (b) 330° (c) 540° (dje— 2270; (e) —495° 
2. Convert the following radian measures to degrees. 

57 57 37 37 117 
(a) Ts (b) > (c) A (d) se (e) sk Ga 
3. Sketch the graphs of each of the following on separate axes. 
(a) y=2sin 26, —180°S 6 =360° 
(b) y=sin (@—30°), 0°= 6 =540° 
(c) y=3sin 26, —720°S0=0° 


(d) y=sin2(6+45°), —90°=6@=360° 
(e) y=2sin(@—90°), —90°Se@=450° 
4. Solve the following equations for 0°=6@ =360°. 
(a) sin @=0.5 
(b) sin @=—0.71 
(c) sin 6(sin @—1)=0 
(d) sin 6(sin @+1)=0 
5. Prove the following identities. 
.. 1—cos’ @ 
(a) tan é@sin Sarre ye 


(b) (sin @+cos 6)? =1+2sin 6 cos 6 
(c) sin @ cos 6 tan 6 =1—cos’ 6 
(d) tan 6+sin 6 =tan 6(1+cos 6) 
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REVIEW AND PREVIEW TO CHAPTER 11 
EXERCISE 1 0 


Find the value of the variables in each of the following. 


2: 3. 3 
a=mcosé 
b=m siné 

& 
2) 
Y : 55 
b m 
a | 55° 
a a 








EXERCISE 2 


. How far will you travel in 3.5h at 65 km/h? 

. How long will it take to travel 175 km at 70 km/h? 

What was your average speed if you travel 200 km in 3.25 h? 

. How long will it take to run 10 km at 11 km/h? 

. What is the average speed of a car that travels 210 km in 2.15 h? 
. How far will you travel in 4.75h at 71.5 km/h? 


Ou PWN = 


Solve for the variables: = 
1. a?=(31.25)*+ (84.63)? — 2(31.25)(84.63) cos 40° tl 
. b?=(3.425)* + (4.835)? — 2(3.425) (4.835) cos 68° et 


2 
3. c?=(0.275)?+ (0.894)? — 2(0.275) (0.894) cos 57° 
4 (54.25)? + (21.65)? — (38.39)? 
2(54.25)(21.65) 
(0.2575)? + (0.5265)? — (0.4552)” 
2(0.2575)(0.5265) 





scosA= 


5. cos B= 
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CHAPTER 11 





A car travels 20 km/h for the 
first half of a trip. How fast 
must it travel in the second 
half in order to average 

40 km/h for the whole trip? 
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Vectors in 
Space 


A quantity that has magnitude and direction is called a vector quan- 
tity. For example, a 300 km course N30°E or a move “‘two units to the 
right and up one” are both vector quantities since both have mag- 
nitude and direction. 


11.1 VECTORS IN TWO DIMENSIONS 


A vector representing a move “five units to the right and up two 
units” can be represented geometrically by a directed line segment, 
or algebraically using notation [5, 2] as in Figure 11-1. Note that while 
(a,b) represents a point and is an ordered pair, [a, b] represents a 
vector. 


Figure 11-1 





It is convenient to be able to take a vector in algebraic form 
[a,b] and determine the magnitude m, and the direction angle @ 
(measured counter-clockwise from the horizontal). We do this, using 
trigonometry, as follows: 


Given [a, b] 


m=vVa+b 





Given the magnitude m and the direction angle 9, it is also possible 
to express the vector in the form [a, b]. 
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cos 9=—2 and an eee 
m m 


a=mcosé@ and b=msin@ 


Hence the geometric vector with magnitude m and direction angle 6 
can be expressed algebraically as 


[m cos 6, m sin 6] 


Basic operations for vectors are required to plot courses in naviga- 
tion, to calculate strengths and directions of electric fields, and also to 
solve problems involving forces. 


EXAMPLE 1. Find the missing terminal points of the vectors in the 
diagram if all the vectors are equal vectors. 








































: : zy 
me hal : H+ terminal point 
= 
5 i 
ve s 
iad nn é 
mA 
DER eaoa 





initial point 




















FPP 
maseauepee 









































aE 
|_| 
pees 
Prt 
t 








Solution The terminal points are A(0, 3), B(3, 2), C(6, 4), 
DY, 4), E(3, sal); Fi=—2, —4). 


Note: When vectors are related to a coordinate system, they need not 
have the initial point at the origin. 


EXAMPLE 2. State the magnitude and direction of the vector rep- 
resented by [—5, 12]. 
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Solution 

































eal a ai il: 
+——+- jhe + i 
4 oe m=vV(-5)? +12? 
| tal =/169 
=13 
12 
tan 6= 7=5 








=—2.40 (and @ is in the 2nd quadrant) 
6 = 180° —67° 
@ = 113° (to the nearest degree). 



























































Note that the direction angle @ is measured counter-clockwise from 


the horizontal. 
The magnitude and direction angle of [—5, 12] are 13 units and 113°. 


EXAMPLE 3. A vector has magnitude 10 units and direction angle 
DASYsy, 
Express the vector in the form [a, b] to three-figure accuracy. 











nama L. 
BERYERE 
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Solution Since [a,b]=[mcos 6,msin 6], and m=10 units and 6= 


255°, 
a=10cos 255° and b=10sin255° 
= 10(—cos 75°) = 10(—sin 75°) 
= 10(—0.259) = 10(—0.966) 
=—2.59 = —9.66 


[—2.59, —9.66] is the vector with magnitude 10 units and direction 
angle 255°. 


EXERCISE 11-1 


1. Complete the following table in your notebook. 


Addition: STOP 


G5) POPS 


2. Equal vectors have the same mag- 
nitude and the same direction. Select 
equal vectors from the given diagrams. 





(a) (b) A 


3. Given three points A(—2, —2), B(0, 3), C(8, 5): 

(a) find the coordinates of point D so that AB= DC. 
(b) express AB, BC, AD, and DC in the form [a, b]. 
(c) identify figure ABCD. 
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4. Express the following vector quantities in the form [a, b]. 
(a) Magnitude 50m, direction angle 90°. 

(b) A course 40 m east. 

(c) Magnitude 1.414 units with direction angle 45°. 

(d) Magnitude 1.414 m with direction angle 225°. 

(e) Magnitude 1m with direction angle 49°. 

(f) Magnitude m units with direction angle 0. 


5. State the magnitude, to three figures, and the direction angle, to 
the nearest degree, of each of the following vectors. 

(a) [3, 4] (b), [—5, 12] (Cc) Orem 2) 

(a) 177-111) (e) [-2, 2] (f) La, 5] 








11.2 ADDITION AND SUBTRACTION OF VECTOR} 


ADDITION 
Algebraic Geometric 
G; 
[a, b]+[c, d)=[at+c, b+d] 
A\WaEPeceac ° 
SUBTRACTION 
Algebraic Geometric C 


[a, b]—[c, d]=la—c, b—d] A 
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SCALAR MULTIPLICATION 


Any real number not associated with direction is called a scalar 
quantity. If V=[a, b] and m is a scalar, then 


mv =ml[a, b]=[ma, mb] 


EXAMPLE 1. Simplify (i) [3, 2]+[—5, 6] 
(ii) [5,3]—[4, 4] 
(iii) 4[2, —3] 
Livi2i=-o, 71+ 3l2n,-4) 


Solution 
(1) (3, 21+ [—5, 6} (ii) [5, 3]—[4, 4] 
=(3-—5,2+6] = (5-4, 3-4] 
= [-2, 8] =[1,—-1] 
(iii) 4[2, —3] (iv) 2[—5, 7]+3[2, —4] 
= [4(2), 4(—3)] = [-10, 14]+[6, —12] 
= (8, —12] = [-4, 2] 


EXAMPLE 2. An aircraft flying north with an air speed of 200 kn 
encounters a 50 kn east wind. Calculate the ground speed (to the 
nearest knot) and true direction of the flight (to the nearest degree). 


Solution Let m represent the ground speed in knots, and let @ repre- 
sent the angle west of north. From the diagram, 


m = 7507+ 2007 
=+72500+ 40 000 
= 42500 
= 206 


50 _ 
tan 0 = 5007 2:29 


0=14° 





.. the aircraft is travelling at 206 kn in a direction 14° west of north. 


EXERCISE 11-2 


1. Simplify: 

(a) [3, 5]+[2, 7]—[8, —2] 
(b) 3[2, —5]+[4, 8]—2[2, 4] 
(c) [5, 2]—[5, 2]—[2, 0] 

(d) [5, 3]+[0, 0] 
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2. The symbol |x| is read “the magnitude of x.” If x=[4,3] and 


magnitude of [a, b] is y =[-5, 12], 
Va'+b° (a) Find (i) |x| (ii) |y| (iii) |X +y| 


(b) Insert the correct sign (<, =, >) in 
Ix|+|y|S|x+y| 


3. If ¢=[3, 2] and t =[2, —4], find: 


(a) $+t (b) 38 (c) 28+3t 
idgcae fe) t—8 (f) |s+¢| 
(g) |s| (h) |t| (i) |f—g| 


4. The navigator of an aircraft receives the wind 
speed and direction by radio from the control 
tower and draws the given diagram. Calculate the 
ground speed and direction of travel. 





500 kn West 5. A pilot sets his course at 500 kn west relative to 
45 kn the ground. Find the true ground velocity and 
North direction if the flight is affected by a 45kn north 
wind wind. 





50 kn 
6. In what direction should a pilot set his course if 
he wants to fly south at 340 kn and there is a 50 kn 
west wind? : 
340 kn 
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7. A pilot wishes to fly west at 425 kn while there 
is a 40 kn south wind. Find the course he must set, 
and the air speed. 425 kni 40 kn 


11.3. POINTS IN SPACE 


In the preceding section, we studied vectors in the plane, which 
limited our study to only two dimensions, so that we could only 
describe what takes place on a flat surface. Although there are many 
applications of vectors in two dimensions, we must eventually study 
vectors in three dimensions. 


Figure 11-2 shows the vector diagram of the forces acting on a i 
football in flight with a wind blowing across the path of the ball. 


A represents the force due to air 


resistance. 

W represents the force due to the 
wind blowing perpendicular to on 
the page. Ke 

G represents the gravitational ve 
force. ; A 


Figure 11-2 





We can get a clearer picture of the position of the ball if we relate 
the situation to a set of three-dimensional axes. In Figure 11-3 we 
show the ball and its path related to a set of axes, so that the ball 
leaves the player’s foot at the origin and continues in the yz-plane until 
acted upon by the wind. The position of the ball can be determined by 
an ordered triple (x, y, Zz). 


Figure 11-3 
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Note that in three dimensions, the y-axis is horizontal and the z-axis 
is vertical, with the x-axis perpendicular to the yz-plane. 


EXAMPLE 1. Locate the point P(2, 4,7) on a set of three-dimensional 
axes. 


Solution 


1. From the origin move +2 units along the positive x-axis. 

2. Then move +4 units (4 units in a positive direction) parallel to the 
y-axis. 

3. Then move +7 units parallel to the z-axis to the point P. 





Note that the point P determines a rectangular box when the planes 
through P are combined with the planes determined by the axes. 


EXAMPLE 2. Plot the points Q(2,—5,3), R(0,4,0) and S(0,4, —4). 


Solution 
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EXAMPLE 3. Find the distance between A(3,—5,7) and B(—2, 4, 4) 
given the distance formula d =¥V(x2— x)’ +(y2— y1)° + (z2—z:)*, where d 
is the distance from P,(X;, y1, 21) to P2(X2, Y2, Z2) as shown below. 





The boys outnumber the girls 
by 16. Seven times the 
number of boys exceeds 8 
times the number of girls by 
72. How many boys and girls 
are there? 








Solution The formula d=<V(x2—x:)°+(y2—yi)°+(z—2z1)? is used when 
dealing with distances in space in the same manner as the formula 


d =V(x2— 1)? + (y2— ys)’ is used in two dimensions. 


d= (2-3) + (44-5)'+ (4-7) 








= V(-5)?+(9)?+(-3) 
= /25+814+9 
=Vii6 

=10.7 


The distance from A to B is approximately 10.7 units. 


EXERCISE 11-3 


Indicate the following points in space on a set of three-dimensional 
axes, using line segments to illustrate the coordinates. 


e432) 2a2,3,,0} 3. (4,3, 5) 

4. (—2,1,4) 5 (—2,-3,5) 62137 -o,/) 

7 AO 2; 9) 3.(=4;—3, —2) 9. (4,7, —2) 
10:5. (47—3, —5) Diener Of =.) 12. (0,0, 0) 
13. (1,0, 0) 14, (0, 1, 0) 15. (0,0, 1) 


Find the distance between the following pairs of points. 
16. A(3, 5,7) to B(4,8, 10) 
17. C(0,0, 5) to D(0, 12,0) 
182 E(=37--5,4) tom, F(5,—7,.8) 
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19. G(0,9,12) to H(8,9, 12) 
20. /(5, 5, 5) to J(6,7,8) 

21. K(3,—5,—4) to L(4,—5, 4) 
22. M(5,0,—3) to WN(6,—5,4) 


MODELS IN SPACE 


EXAMPLE: Calculate the /engths 
of the straws in this photograph, 
given the coordinates A(4, 2, 4), 
Bi8s3 4), C79, 1),D(2,6.-2)- 


Solution: 








d =V(x2— x1)? + (yo— v1)? + (Z2— 21)" 











AB = V(8—4)'+(3—2)'+ (4—4) CD = V(2—7)'+ (6-9) + (2-1) 
= (4) +(1)?+ (0? =V(-5)+ (-37+ (17 
=/164+1=V17=4.12. =J/25+94+1=V35=5.92. 

BC = V(7—8)'+ (9—3)°+(1—4)7 AC =V(7—4)°+ (9—2)?+ (1-4) 
= V(—1)+ (6)?+ (-3) =/(3) + (7) + (-3) 
=/1+36+9=V46=6.78. =J/9+49+9=V67=8.18. 
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INVESTIGATION 11.3 


1. Construct a model in space as shown in one of the previous photo- 
graphs. 


2. Locate the points given in Table 11-4 on your model as accurately as 
possible. 


3. Test the distance formula 





d =V(x2— x1)? + (yo— yi)" + (za— 21) 


by (a) calculation using the formula. 
(b) direct measurement of the model, where d is the distance from the first 
point to the second point; then complete the following table in your notebook. 


Second Distance by calculation Distance by 





d=V(x,—x,)?+(y2— y.)*+(z.—z,)*|measurement 
(4, 2, 4) 
(8, 4, 1) 


(4, 0, 3) (0, 0, 0) : aan 
How many cubic centimetres 
(2,3, 5) (10, 7, 6) of dirt are there in a 
hole that is 1m deep, 2m 
(0, 1, —5) (4,3, —1) wide and 6m long? 
(eh 5, —2) (2, 7, —4) 
(3, Vr, =), (2, (sy, 8) 





Table 11-4 
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4, State whether the x-, y-, or z-coordinate is zero for each of the 
following. 

(a) A point in the xy-plane. 

(b) A point in the xz-plane. 

(c) A point in the yz-plane. 

(d) A point in the xy- and yz-planes. 

(e) A point in the yz- and xz-planes. 


11.4 VECTORS IN THREE DIMENSIONS 


While a vector can be represented by an ordered pair with square 
brackets, [a, b], when dealing with two dimensions, we introduce a 
third component to represent a vector in three dimensions. Hence the 
vector [2,4,7] represents a vector two units in the direction of the 
positive x-axis, four units in the direction of the positive y-axis and 
seven units in the direction of the positive z-axis. The ordered triple 
[a, b, c] represents a vector in three dimensions. 


EXAMPLE 1. /f A(—2,3,7) and B(4, 4,3) are two points in space, find 
AB and illustrate with a diagram. 


Solution 
AB =[4—(-2), 4-3, 3-7] 
= [6, 1, —4] 





EXAMPLE 2. Draw the given vectors with initial point at the origin: 
(a) V=[5,7,2] © (b) w=[3, —4, 5] 


applied mathematics for today: senior 


Solution 





EXERCISE 11-4 


1. Plot the points A(2, 4, 6), B(7, 2,5), C(—3, —6, —5), D(2, 4, 7) and find 
the algebraic vectors represented by AB, CD, BA, BC, DC, DA, AD, BD, 
DB. 

2. Given the points P(—1,3, 4), O(3, -—5,5), R(8, 1, 5), S(10, 9, 4), 

(a) find PG, OR, SR, PS. 

(b) plot the points and identify figures PORS. 

3. Complete the following table in your notes. 


Initial point Terminal point Vector 






















(=21-3,7) (7,4, 11) 
(3, 2, —6) 







Pio) | 


@ @ @ 
[4, 1, —3] 
® @ ® 
(82253) [-3, —2, 8] 
@ ®@ @ 


Draw four connected lines, 
without retracing your path, 
that pass through all the 
points. 


Ed) 
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Find a quantity such that one 
quarter of its square is 36. 
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EXAMPLE 3. Find the length of the vector [4, 2, 4] 
Solution The magnitude of a vector expressed in the form [a, b, c] can 
be found using m=Va?+b?+c? 


m=V84Pe 
=Ji6+4+16 
= /36 
=6 


The magnitude of [4, 2, 4] is 6 units. 


4. Use m=Va’+b’+c’ to calculate the lengths of the following vec- 
tors. 


11.5 EQUAL VECTORS 


Vectors with the same magnitude and direction can be represented by 
the same ordered triple and are called equal vectors. 


EXERCISE 11-5 


1. (a) Complete the following table in your notes. 


‘a 
—) H(5, 2,1) 
J(3, 5, 12) = 
— 


(b) Name the vectors in (a) which are equal vectors. 



















2. If A(—2,5, 4), B(3,2,4), and C(1,6,4) are three points in space, 
make a diagram and find the coordinates of point D so that AB= CD. 
3. Given points A(2, 7, 4), B(3, 1,6), and C(-2, 0, 2) find the following. 
(a) The coordinates of point D so that AB= CD. 

(b) The coordinates of point E so that AC= BE. 

4. (a) Given points A(—5, 5, 5), B(9, 2,5), and C(4, —7, 5), find the coor- 
dinates of point D so that ABCD is a parallelogram. 
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(b) Verify that ABCD is a parallelogram by showing that AB= DC, and 
also AD= BC. 


5. (a) If [3, —2, 5], [3, —2, c], and [a, —2,5] are equal vectors, state the 
numerical values of a and c. 

(b) If [a, b, c]=[d, e, f], how are the numbers a, b, c and d, e, f 
related? 

(c) If a=d, b=e and c=f, how are [a, b, c] and [d, e, f] related? 

In general: 


Two vectors [a, b, c] and [d, e, f] are equal if 


and only if a=d, b=e, and c=f. 





11.6 ADDITION OF VECTORS 


We can compare addition of vectors in three dimensions to addition of 
vectors in two dimensions. 
Two Dimensions 
(2, 4]+[—5, 7] =[2—5, 4+7] =[-3, 11] 
[a, b]+[d, e]=[a+d, b+e] 


Three Dimensions 
[3, 1, 7]+[2, —5, —-2] =[3+2, 1—5, 7-2] = [5, —4, 5] 


Take a piece of paper 0.1 mm 
in thickness. Fold it in half. 





[a, b, c]+[d, e, f]=[a+d, b+e,c+f] Fold it a second time at right 

angles to the first fold. If you 

EXERCISE 11-6 continued folding until you 
had folded it 50 times, how 

1. Add the following vectors. thick would the paper be? 

(a) [3,5, —2]+[4, 6, 0] (b) [—2, 7,5]+1[6, 1, —7] 

(ce) *{=37—5, 217(4, 625] (Opie, e-O, 1 lod. 5) 

(e) [2,3, 1]+[—3, —4, —5] (f) . (2,6, 5]+[—2, —6, —5] 

(g) [—4, —7, 5]+[—4, —7, 5] Cry) Lied, O]-(—1,= 11, 0] 


2. Find x, y,z for each of the following. 
(a) [x, y, 2]+[3, —7, 2] =[0, 0, 0] 
(b) (27-6, —3] + [x, y, 2] =[0,.0, 0] 
(c) [3, 5, 7] => [—2, 6, —5] = [x, y, Zz] 
(d) [x, y, z]+[x, y, 2]=[6, 10, 8] 
In questions 3 and 4, simplify first the left side, then the right side, 
and insert the proper sign, = or #. 
3. (a) SF Ti 2] ate [2, =), 7) eo} =15), 7) si i=; vi 2] 
(b) [a, b, c]+I[d, e, f] S [d, e, f]+[a, b, c] 
(c) Name the property which has been demonstrated in (a) and (b). 
(b) (La, b, c]+[d, e, f])+[g, h, i] S [a, b, c]+([d, e, f1+[g, h, i]) 
(c) Name the property which has been demonstrated in (a) and (b). 
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The cost of 3 is 27¢. 


The cost of 35 is 54¢. 


The cost of 356 is 81¢. 


What am | buying? 
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5. Find the sums indicated. 
(i) [4, 3, 2]+[0, 0, 0] (ii) [0, 0, 0]+[—7, —2, 3] 
(iii) [—4, —2, 5]+[0, 0, 0} 
(b) Find the values of x, y, and z, so that 
[a, b, c] +[x, y, 2]=[a, b, c] 
and also [x, y, z]+[a, b, c] =[a, b, c] 
(c) What is the identity or zero vector in three dimensions? 
6. Find [x, y, z] for parts (a) to (d). 
(a) [2,3, 4]+I[x, y, z]=[0, 0, 0] 
(b) [x, y, Zz] as [4, 1 WV = 7] = [0, 0, 0] 
(c) [—4, Th, —3] ets [x, Yy, z] = [0, 0, 0] 
(d) [a, b, c]+[x, y, z]=[0, 0, 0] 
(e) What is the additive inverse, or negative, of [a, b, c]? 

Note that in all examples of vector addition in Exercise 11-6, the 
result of adding two vectors in space was always another three- 
dimensional vector. Hence we say that the set of vectors of the form 
[a, b, c] is closed under addition. 


11.7 MULTIPLICATION OF A THREE-DIMEN- 
SIONAL VECTOR BY A SCALAR 


We have represented vectors as directed line segments or as ordered 
triples [a, b,c]. When working with vectors, we can also use real 
numbers, which we call scalars, as we did when dealing with 
two-dimensional vectors. What is the effect of multiplying a vector in 
three dimensions by a scalar? 


EXAMPLE 1. (a) Simplify 2[—4, 2, —4] 

(b) Find the magnitudes of (i) [—4, 2, —4], (ii) [—-8, 4, —8] 
(c) Compare 2[—4, 2, —4] to [—8, 4, —8] 

Solution (a) 2[—4, 2, —4] =[2(—4), 2(2), 2(—4)] 


= Lo; 4, —8] 
(b) m=Va?+b?+e? 
(i) The magnitude of [—4, 2, —4] is 


(-4)?+ (2+ (4 =V16 +4416 


(ii) The magnitude of [—8, 4, —8] is 
V(-8)°+ (4)? + (-8) = V644+ 16464 


=/144 
=12 
(c) Hence, 2[—4, 2, —4] =[-8, 4, —8] 
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EXAMPLE 2. (a) Simplify 4[1,—4,8] 
(b) Compare the magnitudes of (i) [1,—4,8] and (ii) [§, -4, 3] 


(b) m=Va?+b?+c? 
(i) The magnitude of [1, —4, 8] is 





V(1)?+(-4)?+ (8 = 71+ 16+ 64 
=V81 
=9 
(ii) The magnitude of [3, —3, §] is 
6) +(3/+ EP =Vo+e+9 
=J¥—/9=3 
Hence, 4[1, —4, 8] = [3, —3, 8 
Examples 1 and 2 suggest that multiplying a three-dimensional 


vector by a scalar causes a “’stretching” or “compression” in the same 
direction as the vector. This result may be generalized to 


mia, b, c]=[ma, mb, mc] 


EXERCISE 11-7 


1. Express each of the following in the form [a, b, c] 


(a) 2[4, 2, 7] (b) 3[6, —1, 5] 

(c) 2[4, 2, -8] (O)elo) la 2p ores | 

(e) 3[—-3, 0, 9] (f) 2[0, 0, 0] 

(g) 4[0, —2, 1] (h) —2[4, —16, 12] 

2. Express each of the following in the form [a, b, c] 

(a) 3[4, 1, 2]+2[3, 1, 5] (b) 2[—1, 5, 2] +[3, —2, 1] 
(c) 20, 4, -2]+4[1, 0, 1] (d) 3[1, 1, 1]+(—2)[2, 2, 2] 
(e) (—5)(2, 7, -1]+(—3)[7, —2, 1]+ 4[2, —3, 1] 

(f) 3([4, 2, -—1]+[4, —7, 3]) (ay 43, 5,2) + 21=1, 2,1) 


(h)*5([472,—1] + (—2)[2, 1, 3]) 


3. If V=[x, y,z] and W=[2x, —3y, 3z], find: 
(a) 4V+2W: (b) 4(V+ WwW) (c) —2(v+ Ww) 
(d) 2V+4wW (e) 0(V+W) (f) 3(2V+3W) 
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11.8 SUBTRACTION OF VECTORS 


Subtraction of vectors has been defined as the addition of the nega- 
tive (or additive inverse) of the given vector. To subtract [3, —5, 2], 
simply add [—3, 5, —2]. 


EXAMPLE 1. Simplify [7,5,2]—[3, —5, 2] 


Solution 
(7, By 2] a [3 hy, 2) = (7, o; 2] an [=3; 5, = 4 


= [4, 10, 0] 


This result may be generalized to 


[a, b, c]—Ip, q; rl=[a—p, b-—q, c—r] 


EXERCISE 11-8 


1. Simplify and express your answer in the form [a, b, c]. 


(a) [3,2, —2]—[2, 1,5] (b) [6, —5, 7]—[2, 4, —6] 

(c) [—3, —2, 2]—[—7, —11, 5] (d) [5, —7, 2]—[8, —5, 3] 
(e)giS, 2,25) 13, 2,25] (f) [5,12, 13]—[—5, —12, —13] 
(g) [8, 15, 17] —[0, 0, 0] (h) [2a, 5b, c]—[a, —b, —2c] 
2. Simplify and express your answer in the form [a, b, c]. 

(a) 3[5, —2, 1]—2[1, —1, 1] (b) 4[6, —3, 2]—2[5, 4, —1] 

(c) 21-6, 4, —2]—4[—4, 8, 12] (d) 5[&, s, 0]—4[6, —1, 0] 

(e) —2[4, —1, 3]—3[1, —2, 7] (f) —5([6, —3, 2]—[—2, 5, 1]) 


(g),3(=2[1, 5, 2]—4[=1, 0, —2]) 


REVIEW EXERCISE 


1. Find the terminal point determined by the vector [4, —3,5] if the 
initial point is: 


(a) (4,0, 2) (b) (—4, 3, —1) (c) (0, 0, 0) 
(d) (4, -3, 7) (e) (5, 1, —2) (f) (x, y, Z) 
2. If V=[4, 2, -4] and w=[-1, 4, —8], find: 
(a) 3V (b) v+w (c) 2V+3Ww 


(d) |v|, (the magnitude of Vv) 

(e) |W, (the magnitude of Ww). 

3. Given the points A(4, 2, —3), B(7, $3. -3), C(—3, 0, —3) and D(0, 1, —3), 
determine which of AB, CD, BA, and DC are equal vectors. 

4. Express the following in the form [a, b, c]: 

(a) [2, Sh =5] Tr iW =), 7A 77 [3, OF dl 

(b) S[=2,,5) 2) 21—4) 67a} 
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(c) -=2(3, 2270)'22[-71;0, 2] (d).3([1; —2; 4]—[2, —1; 5]) 


N 
The following problems should be solved using vectors in the plane. 
5. A ship sails 300 km north and 125 km east. Find 300 kn 
the magnitude and direction of an alternative 
course equal to the resultant representing the 
ship’s course. 
6. What course must a pilot set to fly north if his W 

Ei 


air speed is 300 kn and there is a 40 kn west wind? 


40 kn 
7. A pleasure craft is speeding across a river at — 
30 kn. Find the actual speed and direction if the Sie Usen- | a aa SS 
current is 5kn. 
Bee ot® 
a0 
(ey 
% Se 
® oo 
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REVIEW AND PREVIEW TO CHAPTER 12 
EXERCISE 1 UNITS OF FORCE 


— — x 2 
one newton=1N F=ma F=1kgx1m/s 
= 1kg:m/s? 
=1N 
1. Find the force required to give a 10kg mass an acceleration of 
5 m/s’. 


2. Find the force exerted on a 90 kg man if acceleration due to gravity 
is 9.8 m/s’. 


3. What acceleration can a 100N force impart to a 15kg mass? 
4, What acceleration can a 300 N force impart to a 20 kg mass? 


5. Find the mass of an object that is given an acceleration of 18 m/s? 
by a 12N force. 


EXERCISE 2 COPLANAR FORCES— 
RESULTANT 


State the magnitude and direction of the resultant, where 


R?= P?+ Q?4+2PQ cos 6 








cos (180°— 4) 
=—cos 6 
inne sin 6 
“ R 
1 2 3 
= = 
9 = 
rs) (2) 
¢ & 
65° 82° 715° 
60 N 65 N 60 N 
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4. 5. 6. 


50 N 
55 N Si 
110° 125° 
60 N 


40 N 40 N 


EXERCISE 3 RESOLUTION OF FORCES 


Fcos @ 


46) 


Fcos 0 


Resolve the following forces into horizontal and vertical components. 


3. 


1. 745 
v 
9 O 
9 <i 
30° 55° 42 


4. 5. 6. 


38° 45° 
10 N 
20 N 40 N 
35° 
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faa Solve for x: 
x _ 42.83 x me aa7Z 


























agg 1. 35.65 24.45 2. 58.24 16.42 
AOS EES Pee 
3.875 2.645 631.9 208.9 
5, 58.75 _ 72.65 g, 2:194 _ 5.785 
x 84.34 °94.31.. =x 
D Hex wasenl2 g, 0.02751 _ 34.47 
"3.712 5.635 : x 53.85 
5 3288 dae 40, 0:4216 _ 0.2455 
4.363 0.5452 0.6974, ax 
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Statics 


Statics is a branch of the physical sciences which deals with forces 
acting upon a body in a state of rest or equilibrium. For most practical 
purposes, we shall consider a force to be a push or pull that tends to 
produce or change the motion of a body. 


12.1 ROTATIONAL EFFECT OF FORCES: 
MOMENTS 


When a force is applied to a box sitting on the floor, as in Figure 12-1, 
any motion applied would be in a straight line. When a force is 
applied along the rim of a steering wheel, as in Figure 12-2, the effect 
is to turn the wheel. This turning effect of a force about a point is 
called the moment of the force (measured in newton metres), and is 
found by multiplying the magnitude of the force by the perpendicular 
distance from the point of rotation to the line of action of the force. 


ee box 


Figure 12-1 Figure 12-2 


M=F xd (newton metres) 





CHAPTER 12 





Find the radius of the circle. 





of rotation 


EXAMPLE 1. What is the moment produced by a 10N force applied 


2cm from the point of rotation? 
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Solution 


A ee 


2cm=0.02 m 
M=Fxd 
M=10NxX0.02 m 
=0.2N-m 10N 


The moment is 0.2 N-m. 


EXAMPLE 2. What is the sum of the moments produced by forces of 
30N and 50N applied 0.8m and 1.2 m respectively from the point of 


rotation? 
Peco serena |S) Shel asian 
gee eens (8 m———_____-| 


Solution 


M=Fxd 

M=30Nx0.8m 
=24N-m 

M=50NxX1.2m 
=60N-m 


50 N 


The sum of the moments is 24 N-m+60 N-m=84N-m. 


When two children sit on opposite ends of a seesaw, each produces 
a moment which tends to turn the system either clockwise or coun- 
terclockwise. How would you arrange the children in Figure 12-3 so 
that they just balance if child A is heavier than child B? 


i 


Figure 12-3 
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The mass of a body is the measure of the amount of matter present Gravity is the force of 


in the body and remains constant. The force of attraction between a attraction that exists 
mass and the earth (or any large mass such as the moon) is called the between any two masses. 
weight. 


The weight of the mass on the surface of the earth can be found 
using the formula F=ma. 
The force of gravity 


weight in newtons = mass in kilograms x9. 2 : 
g g eae between an object and the 


Because 9.8 gives awkward values, in this book we shall use 10 earth is commonly called 
instead to simplify calculations so that a mass of 1 kg has an approxi- the weight of the object on 
mate weight of 10 N. earth. 


INVESTIGATION 12.1 
LAW OF MOMENTS 


1. (a) Suspend a metre stick so that it balances (near the centre) and 
is free to rotate about the point from which it is suspended. 





A mass of 100g has an 
approximate weight of 1N. 


(b) Suspend masses of 200 g and 150 g on opposite sides of the point 
of rotation, adjusting the positions of the masses until equilibrium 
occurs. 

(c) Record the distance from each mass to the point of rotation. 

(d) Repeat the procedure four times, changing the positions of the 
masses and complete the following table in your notebook. 





200 g mass 


ra [mara | a war 
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General Mack lived { of his 


life as a boy, ¢ of his life as a 


young man, 3 as a man with 
responsibilities, and 13a in 
retirement. How long did he 
live? 
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(e) The 200g mass produces a counterclockwise moment, while the 
150g mass produces a clockwise moment. Compare the clockwise 
moments to the counterclockwise moments when the system is in 
equilibrium. 

2. (a) With the metre stick balanced near the centre, and using mas- 
ses of 100g, 50g, and 200g, set up five systems in equilibrium as in 
the diagram and complete the following table. 





200 g mass 





(b) The 200g mass produces a counterclockwise moment about the 
point of rotation while the 100g and 50g masses produce clockwise 
moments. Compare the clockwise moments and counterclockwise 
moments. 

3. (a) Arrange four or five masses at various positions on a balanced 
metre stick to form a system in equilibrium. 

(b) Complete the following table in your notebook. 


Counter-clockwise moments | Clockwise moments : 
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(c) Compare the sum of the clockwise moments to the sum of the 
counterclockwise moments for a system in equilibrium. 


LAW OF MOMENTS 
When a system is in equilibrium, the sum of the clockwise 


moments about any point is equal to the sum of the counterclock- 
wise moments about the same point. 





EXAMPLE 3. The system in the following diagram is in equilibrium. 


Iculate th i f x. 
Calculate the value of x A 300g mass has an 


approximate weight of 3N. 


|._—— 80 cm——+|-__— x m—_—————— 


200 g 
2N 


300 g 


Solution 
Counterclockwise moment: 3Nx0.8m=2.4N-m 


Clockwise moment: 2NxXxm=2x N-m 
Since the system is in equilibrium, 


2x X N-m=2.4N-m 
x=1.2m The diagonal of a square is 


10cm. Find the length of a 
Therefore x =1.2m. side. 


EXAMPLE 4. The system shown below is in equilibrium. Calculate the 
value of x. 


10 cm—_- + 10 cm—+|-— 10 cem—+|+5 cme|-5 crme| 
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An object that weighs 
3.5N has a mass of 
approximately 350 g. 


268 


Solution 


Counterclockwise moments: 1.5Nx0.2m=0.3 N-m 
x Nx0.1 m=0.1x N-m 


Total (0.3+0.1x) N-m 
Clockwise moments: 1Nx0.10 m=0.10 N-m 


1Nx0.15 m=0.15 N-m 
2Nx0.20 m=0.40 N-m 


Total =0.65 N-m 
Since the system is in equilibrium, 


0.30+0.10x =0.65 
0.10x = 0.65—0.30 
0.10x =0.35 
xX =3.5 


Therefore x is 3.5N. 

When the point of rotation is not at the centre of gravity of the 
metre stick, we must take into account the weight of the metre stick. 
The total weight of the metre stick is considered as a single force 
acting through the centre of gravity of the stick. 


EXAMPLE 5. A uniform 5m plank has a mass of 20 kg. It is placed 
over a narrow bar 2 m from one end and two people sit on either end. 
If an 80 kg person sits on the short end, what is the mass of the other 
person if the system is in equilibrium? 


Solution We consider the 5 m plank to be a uniform rod with its entire 
mass acting through the centre as in the diagram. 





frarranesos 8 m 08 San iisnee nae 


x kg 
10x N 20 kg 
200 N 


80 kg 
800 N 


Since the system is in equilibrium, we equate the counterclockwise 
and clockwise moments. 


(10x xX 3) + (200 x 0.5) = (800 x 2) 
30x + 100 = 1600 
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30x = 1500 A mass of 1kg has an 
x =50 approximate weight of 10 N 


The other person has a mass of 50 kg. 


EXERCISE 12-1 


A 1. Calculate the moment of each of the following: 


(a) (b) (c) 
4,22 ce ZOOM 
10N 
100 N e/a 
1m 
(a) 20 N | ) 7 
On 
0.4m 
0.5m 
0.6 m 
0.5m 
7 
On 





-B Assume each system to be in equilibrium and calculate the value of x 
in each diagram for questions 2 to 11. 


2: 3. 
+150 cm———+—100 cm— [1 m ~~--_+-__— x m ———____| 
vn A 
10N | 
x N 15 N 
20 N 
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5m 
+1 m——im—— xm ~— 


50 N 


100 N 


5. 
to cm——+—10 em —-+—x cm— 
A 
10 N 
150 N 
200 N 
7. 


0.3m 40.3 m+40.3m+0.3 m+0.3 mf0.3 m4 


5N 
10 N 10 N 
xN 
15N 
100 N 
Pl m1) mom 
1N 
5N 
x N 
10N 
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10. iF 


m——_t—0.1 m—+—0.1 m— |—20 cm—{—20 cm —+——-30 cm 


)26e 


12. (a) Find the force of gravity in newtons exerted by the uniform 
rod in the following diagram if the system is in equilibrium. 


ho SOE oe eg a ee a 


80 N 


(b) Find the mass of the rod if an object that exerts a force of 10 N has 
a mass of approximately 1 kg. 

13. A uniform rod 6m long with a mass of 50 kg is placed on a pivot 
2m from one end. If a 100 kg mass is placed at the short end, what 
mass must be placed at the long end to keep the system in equilib- 
rium? 

14. A 10m concrete utility pole has its centre of gravity 4m from the 
larger end. The pole has a mass of 150 kg and is placed on a trailer so 
that it pivots about its midpoint. If a 300kg mass is placed on the 
small end, what mass must be placed on the other end to form a 
system in equilibrium? 
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If 5 men pack 5 boxes of bat- 
teries in 5min, how many 
men are required to pack 50 
boxes in 50 min? 


2A P| 


15. Find the force in the cable supporting the 10 m boom if the line of 
action in the cable is 4m from the point of rotation and a force of 
800 N is concentrated through the centre of the boom. 





C 16. A circular disc 1m in diameter is pivoted about a horizontal axis 
through its centre and has a cord wrapped around its rim. A light rod 
4m long is fastened to the disc and an 85 N force is applied as in the 
diagram. 

(a) Find the force that must be applied to the cord to form a system in 
equilibrium. 

(b) What mass would you attach to the cord if a 1kg mass weighs 
approximately 10 N? 


85 N 


Find a quantity such that the 
product of it and one eighth 
of it equals 10. 


= 


3 


[-~— 


x N 


272 applied mathematics for today: senior 


17. Find the tension in a cable if it makes an angle of 35° with a light 
rod at a position 5 m from the pivot and a force of 400 N is applied 6m 
from the pivot as in the diagram. 





12.2 SIMPLE MACHINES: 
MECHANICAL ADVANTAGE 


A machine is a device that can multiply a force. The purpose of a 
machine is not to convert one form of energy into another, but to 
exert a force on an object which is different from (usually greater 
than) the force which was applied to the machine. Simple machines 
such as the lever, the inclined plane, the jackscrew, the wheel and 
axle, and the pulley are studied in this section. 

The force multiplication factor of a machine is called the mechanical 
advantage and is calculated by taking the ratio of the load (resistance 
to be overcome) to the effort (force applied to the machine to over- 
come the resistance). 

Mechanical Advantage: 


Load Effort 





statics 


A crate is moved by rolling it 
over 3 cylindrical wooden rol- 
lers each having a diameter 
of 10cm. How far will the 
crate advance when the rol- 
lers have made 1 revolution? 










simple 
machine 


bo 


The applied force, E, acts 
through a distance, D, 
while the force, L, is 
exerted through a distance 
d. 
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Equilibrium 
GM=M2 


EXAMPLE 1. Find the mechanical advantage of the system shown 
below: 


1 ee 


effort 
10N 
load 
30 N 
Solution 
mL 
M.A. = E 
_30_ 
M.A. =19=3 


In this case every newton of force applied as effort results in 3 N being 
delivered to the load. 


THE LEVER 


There are three classes of levers, identified by the location of the 
fulcrum (F), effort (E), and load (L). See illustration opposite. 


The mechanical advantage of the lever in Example 1 could also be 
calculated as follows: 


_ length of effort arm_ d 


Moage length of load arm D 


In Example 1, the length of the effort arm is 3m while the length of 
the load arm is 1m. 


This is the same result as was found using =. Note that this “‘length 


method” is used only for a single effort and a single load. 
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First class lever 














Crowbar 








Wheelbarrow 


Forearm Y 








THE INCLINED PLANE 


When we wish to raise an object without exerting the required force 
vertically, we use an inclined plane. An inclined plane is often used to 
load trucks, and also in parking ramps to get from one level to 
another. If we neglect friction, the mechanical advantage is 


_ length of plane_ / 
Lie height tall 
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load 


‘—-heig ho 
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Le 


Seed 


1000 N 


EXAMPLE 2. An inclined plane is 4m long and 1 m high. Neglecting 
friction, find the effort required to slide a load exerting a force of 
1000 N up the plane. 


Solution 
/ L 
£ T M.A. = + and M.A. = — 
= 4 1000 
ae i M.A=7 and MA=—— 
4_ 1000 
1 Ss 
4E=1000 


es 


pitch 


jackscrew 
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E=250 
.. an effort of 250 N is required to slide the load up the plane. 


height 





The wedge is considered to be an inclined plane. The applied force 
must overcome friction as well as raise the load up the slope. 


THE JACKSCREW 


If we cut a piece of paper in the shape of a right triangle and wrap it 
around a pencil, we see that a screw is really an inclined plane wound 
around a cyclinder. 

When great mechanical advantage is required to raise heavy ob- 


Noise a jackscrew is used. One complete revolution of the lever arm 


causes one complete revolution of the screw, which moves the load a 
distance equal to the pitch of the screw. The mechanical advantage is 


2a l 
M.A.=—2 


where / is the length of the lever arm and P is the pitch of the screw. 
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EXAMPLE 3. The lever of a jackscrew is 1.5m long. tonne 
(a) If the screw has a pitch of 4 mm, find the mechanical advantage 





ae 3 
of this machine. etorks 
(b) If friction is neglected, find the force necessary to raise a mass 
Of ot 
Solution 
(a) P=4mm=0.004m 
emi 
M.A.=—5- 
MA esa x 5 
0.004 
= 2355 
.. the mechanical advantage of the screw is 2355 
(b) M.A. == and the load L=5t=5000 kg. 
From part (a), M.A. = 2355 A mass of 5000 kg has an 
approximate weight of 
2355= 20 g00 50 000 N. 
_ 50 000 
be 92355 
=21.2 
.. an effort of 21.2N is required to raise a 5t mass using the given 
jackscrew. 
THE PULLEY 


A pulley is either fixed or movable. A pulley can be used to change the 
direction of a force or to gain mechanical advantage. 


The mechanical advantage of a A iets A rn test sen 
system of pulleys is found by E E 
counting the number of ropes pul- 

ling in a direction opposite to the 

load. 
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EXAMPLE 4. Find the mechanical advantage and the effort required 
in each case to lift a mass of 250 kg. 


(a) (b) 


Make this statement true by 
moving only 1 match. 





Solution 
(a) MA. =4 (b) M.A. =3 
B 
M.A. = E 
_ 2500 _ 2500 
4= r= 3=—E- 
4E = 2500 3E = 2500 
E=625 E =8333 
“an effort of 625.N .. an effort of 8333 N 
is required. is required. 
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THE WHEEL AND AXLE 


This machine consists of a wheel which is rigidly 
attached to an axle so that they turn as a unit. 
Doorknobs, faucet handles, and the steering wheel 
of a car are examples of the wheel and axle. 

If R is the radius of the wheel, and r is the radius 
of the axle, then 


L 


End view 


p= WS 


L 
£ 
V 


| 





Side view 


EXAMPLE 5. A wheel having a diameter of 0.40 m is attached to an 
axle with a radius of 2cm. If a load of 3000N is applied to the axle, 
find the effort that must be applied to the wheel to balance the load. 


Solution 
0.40 m diameter is equivalent to 0.20 m radius. 


2cm=0.02 m 
Wie 
F What 8 letter word contains 
_ 0.20 _ only 1 vowel? 
M.A: = 9 o9~ 10 
M.A.== and M.A.=10 
_ 3000 
aac a 
10E = 3000 
E=300 


‘. an effort of 300 N must be applied to the wheel. 


statics 279 


EXERCISE 12-2 


B 1. Identify the class of lever in the following systems and find the 


unknown quantity. 


(a) 


10N 
2cm 2cm 
x N 
(c) 
15.N 
2cm 
x cm 
5N 
(e) 
80 N 
15cm 20 cm 
x N 


(b) 
| 10cm | 15 cm | 
A 
x N 
80 N 
(d) 
x cm 30 cm 
A 
60 N 
80 N 
(f) 
x N 





10 N 
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2. What effort must a person apply to lift the wheelbarrow? What is _ Amass of 100 kg exerts an 


the mechanical advantage of the system? approximate force of 
1000 N. 
6 
ove 1.0m 
100 kg 
1000 N 


3. A fishing rod is 1.75 m long. If a person holds the rod 0.5m from 
the end, what effort must be applied to raise a 1kg fish? 


4. A 5.0m uniform lever having a mass of 50 kg rests on a fulcrum 
1m from one end. What is the least distance at 75 kg person can sit 
from the fulcrum to raise a mass of 300 kg on the short end? What is 
the mechanical advantage of this system? 


5. A uniform rod used as a second class lever is pivoted at one end. 

The rod is 3m long and has a mass of 5kg. Masses of 2kg and 10kg How can you plant 10 trees in 
are placed 1m and 2m from the pivot respectively. What effort must 10 straight rows, with 3 trees 
be applied to the end of the rod to balance it horizontally? What is the in a row? 

mechanical advantage of the system? 


6. Calculate the load an effort of 30 N will balance in the given system. 
What is the mechanical advantage of the system? 





7. A uniform rod acting as a third class lever is 3m long and has a 
mass of 5 kg. The force applied is 200 N, 1m from the fulcrum. What is 
the load that the lever can lift? What is the mechanical advantage of 
the system? 


8. A burglar uses a crowbar to pry open a window. When he places 
the crowbar under the window, the fulcrum is 10cm from the end. If 
the crowbar is 70 cm long, and the window offers a resistance of 1 kN, 
find the force the burgular must exert on the end of the bar to open 
the window. What is the mechanical advantage of the system? 
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Figure 12-5 


9. An inclined plane has a length of 8m and a height of 2 m. Neglect- 
ing friction, what will be the effort required to move a piano having a 
mass of 600 kg up the plane? 


10. The load on an axle exerts a force of 200N. If the radius of the 
wheel is 40 cm and the radius of the axle is 6cm, what effort must be 
applied to the wheel to balance the load? 


11. A jackscrew has a lever 1m long. If the screw has a pitch of 
10mm, what is the effort required to balance a load of 500 N? 

12. What is the mechanical advantage of the system in Figure 12-4? 
What effort is required to balance a load of 800 N? 





Figure 12-4 


13. What is the mechanical advantage of the system in Figure 12-5? 
What effort is required to balance a load exerting a force of 800 N? 


14. The diameters of a wheel and axle are 24cm and 8cm respec- 
tively. If a load of 700N is attached to the axle, what effort must be 
applied to the wheel to balance the load? ‘ 


15. An effort of 500N is required to slide an object with a mass of 
300 kg up an inclined plane. If the height of the plane is 2m, what is 
the length of the plane? 


16. The lever of a jackscrew is 1.2m long and the pitch of the screw is 
6mm. What is the effort required to balance a load of 8 t? 


17. Arrange the cable in each of the following systems to provide the 
required mechanical advantage. 
(a) M.A.=5 (b) M.A. =4 (c) M.A. =4 
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M.A. =4 M.A. = 4 


eye 


18. An inclined plane has the dimensions given in Figure 12-6. What is 
the effort required to slide an 800 kg mass up the plane? 


1 


3m 


I 


19. When an effort of 800N is applied to a wheel, a load of 2000 N 
attached to the axle is balanced. Find the diameter of the wheel if the 
diameter of the axle is 3cm. 

20. When an effort of 150N is applied to the lever of a jackscrew, a 
load exerting a force of 50 OOON is raised. If the pitch of the screw is 
6mm, what is the length of the lever arm? 
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Figure 12-6 
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These photographs show a fork, spoon, and toothpick balancing on 
the edge of a glass. The bottom photo was taken after both ends of 
the toothpick had been lit with a match; one end of the toothpick has 
burned away to the fork, the other to the edge of the glass, but the 
system has remained in equilibrium. 

Can you explain it? 
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12.3 CENTRE OF GRAVITY 


Although a body is made up of many small particles, each having its 
own mass, there is one point about which the body can be perfectly 
balanced. This ‘balance point’ is called the centre of gravity. 


Find the square root of the 
INVESTIGATION 12.3 nearest perfect square less 
than 6863. 
1. (a) Cut out various irregular shapes from a piece of heavy card- 
board. Hang each cardboard shape and a weighted string from a pin, 
as shown below. 


(i) (ii) (ili) (iv) 





(b) Draw a line on each shape beside the string. 


2. Suspend each shape from three other points, and draw a line 
beside the string each time. 


3. Mark the point on each shape where the lines intersect. Test that 
this point is the centre of gravity by balancing the shape on your 
finger. 

4, Find the centre of gravity for the following shapes: 

(a) triangle (b) rectangle (c) square 


EXAMPLE 1. A uniform rod is 3m long and has a mass of 10 kg. 
Masses of 5kg, and 7.5kg are suspended from the rod at 1m and 
2m from one end. Find the centre of gravity of the system. 


Solution The mass of the rod acts through its midpoint. The total 
mass of the system may be considered to be concentrated at the 
centre of gravity. 

The total force of gravity acting on the system is 225N. We can A ticg masa hacen 
suspend the system without rotation by applying a 225 N force at the Beororiiate wound 
centre of gravity. 10N. 


Let the distance of the centre of gravity be x m from A. 
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225 N 





7.5 kg 
50 N 10 kg 75 N 
100 N 


Taking moments about A: 
225x = (50 x 1)+ (100 x 1.5) + (75 x 2) 
225x = 50+ 150+ 150 
225x = 350 


= 350 
225 


=1.6 


Therefore the centre of gravity is 1.6m from A. 


Find a quantity such that the 
sum of it and one quarter of 
it equals 23. 


EXAMPLE 2. Two people carry a tapering pole, one at each end. One 
person exerts a force of 250 N and the other 350N. If the length of the 
pole is 6m, find the centre of gravity. 


Solution Let the distance of the centre of gravity from the smaller 
end, A, be x m. 


600 N 


xm 


250 N 
50 N 
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Taking moments about A, Note that the moment due 


600x =350x6 to the 250 N force is 0. 
Why? 
600x = 2100 
x =3.5 


Therefore the centre of gravity is 3.5m from the small end. 


An object will not tip if the vertical line through its centre of gravity 
passes through its supporting base. When the vertical line does not 
pass through the supporting base the object will tip as in Figure 12-7. 


Centre of 





Figure 12-7 


The angle between the base and the horizontal just before tipping 
occurs is called the critical angle. We can calculate the critical angle of 
an object using trigonometry if the dimensions of the object are 
known. 


EXAMPLE 3. A block has a base 10cm by 10 cm and is 25 cm high. 
Calculate the critical angle of the block. 


Solution 


Tilt the object to form the 
critical angle, 0, as in the 
diagram. 
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tan yee 


Bem sem ym 


adj. 


In AABC, ZBAC=86 
AB =12.5cm 
BE—5icm 
BC 


and tan 0=7B 


ewes) 
tan 6 “725 


=0.4 
“0 =22° 


Therefore the critical angle is 22°. 


EXERCISE 12-3 


1. Determine the centre of gravity for each of the following systems of 
masses suspended from light uniform. rods. 


(b) 
Bis mcd alte Sis ||| ev TAM ices oan a cm 70 cm 


| a eee . = 


(c) 


1 cm pe Oe areca 


150 N 150 N 


(d) 
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120 N 120 N 
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2. A light uniform rod has masses of 4kg and 6kg attached to each 
end. Locate the centre of gravity if the rod is 7m long. 


3. A uniform rod is 10m long and has a mass of 15 kg. A 25kg mass 
is hung 1 m from one end while a 20 kg mass is hung 1.5 m from the 
other end. Find the centre of gravity of the system. 


4. Atruck is 7 m long and has a mass of 2000 kg. Its centre of gravity is 
3 m from the front. A 600 kg mass is placed on the truck with its centre 
of gravity 2.5 m from the rear. Make a diagram and find the centre of 
gravity of the loaded truck. 


5. Two uniform rods both 3m long are joined end to end. If one bar 
has a mass of 20 kg and the other a mass of 30 kg, find the centre of 
gravity of the 6m rod. 


6. Calculate the critical angle for each of the following objects: 


(a) (b) 


ap 7 
< 
4 : 
3 cm 


8 cm 


rod 


(c) (d) 


a 4cm7y Bilt 48 
Ste ole 
12cm 


What is the maximum 
number of pieces that a block 


Via ee of cheese can be cut into 
Se, using 5 cuts? 


(e) (f) 


10cm 
4cm 
AS 
A, ° 
6 cm 
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Name five advantages of 
friction. 

Name five disadvantages 
of friction. 


jw iS pronounced mu 
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12.4 FRICTION 


The force that resists a body when it slides or rolls over another body 
is called the force of friction. Because the surfaces in contact are so 
uneven, the simple laws of friction hold only approximately in an 
actual case. 

The forces of friction provide advantages and disadvantages. Fric- 
tion between brake pads and discs, tires and road surface is important 
when trying to stop an automobile (the greater the friction, the better 
the ability to stop). Friction between many parts in the same au- 
tomobile is not desirable, and hence is reduced by using lubricants. 





When a book rests on a table, the table exerts a force, N, on the 
book, equal in magnitude to the weight, W, of the book. This equal and 
opposite force is called the normal force, N. If you try to pull the book 
with a force, P, the force of friction, F, will oppose. the motion caused 
by P. (P is just large enough to overcome friction). 


The ratio p= p is called the coefficient 


of starting friction 





The coefficient of friction, 4, remains constant for two surfaces in 
contact. It does not change as the pressure between the two surfaces 
changes. 


EXAMPLE 1. A block has a mass of 1.5 kg (weight of 15 N) and rests 
on a table. A force of 6N is sufficient to start the block moving. Find 
the coefficient of friction between the block and the table. 


applied mathematics for today: senior 


Solution N 


W=N 
. N=15N 
P=F 
wake a ee ee Oe 
Saal 
_ 6N 
ni6.N 
=15N 
= 0.40 be : 
Therefore the coefficient of friction is 0.4 
EXAMPLE 2. A block of material rests on a table and just starts to 
move when a force of 30 N is applied. What is the weight of the block 
if the coefficient of friction is 0.35? 
N 
Solution 
F=P=30N 
pe =0.35 
F 
mM =r F P=30N 
_30N 
0.35 = N 
N=86N 
W=N Ww 
W=8s6N 
Therefore the weight of the block is 86 N (The mass is approximately 
8.6 kg). 
> 
F 


When a block rests on an inclined plane, the 
force of gravity W, on the block will still act verti- 
cally, while the normal force, N, is perpendicular 
to the plane. The force of friction, F, opposes the 
block’s motion down the plane so it is directed up 
the plane. If 6 is the angle of inclination at which 
the block just starts to slide, then 


0 
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If @ is such that the block does not slide down 
the plane, then we apply a force, P, parallel to the 
plane so that the block just begins to slide down 
the plane; then 





N=Wcos 0 EXAMPLE 3. A block weighing 10N just starts to slide down a plane 
F=Wsin@ when a force of 3N is applied parallel to the plane. If the angle of 
inclination is 15°, find the coefficient of friction, u, between the block 
ae and the plane. 


Solution 


w= 
_P+Wsin 6 
co N 
_3* 10sin1S° 
10cos 15° 


. 3+10(0.2588) 
10(0.9659) 


= 0.58 


10 cos 15° 





The coefficient of friction between the block and the plane is 0.58. 


EXAMPLE 4. A force of 20N, parallel to the plane, is necessary to 
prevent a block with a mass of 6 kg (experiencing a gravitational force 
of approximately 60 N) from sliding down the plane. Determine the 
coefficient of friction between the block and the plane if the angle of 
inclination of the plane is 30°. 
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Solution From the diagram, 


N=W cos 30°= 60 cos 30° 
F+P=Wsin 30°=60 sin 30° 
F=60 sin 30°— 20 
F 
nal | 
_ 60 sin 30°—20 
60 cos 30° 


Pni0 
51.96 


=0.19 





Therefore the coefficient of friction between the block and the plane is 
0.19. 


EXERCISE 12-4 


1. An object weighing 20N rests on a table. A force of 7 N is enough 
to start the object moving. What is the coefficient of friction between 
the object and the table? ~ 


2. The coefficient of friction between a block and a table is 0.37. If a 
horizontal force of 15 N is necessary to start the block moving, what is 
the force of gravity on the block? 


3. A man having a mass of 90kg exerts a horizontal force of 600 N 
when he walks. What is the smallest value of the coefficient of friction 
between his shoes and the pavement that will allow him to do this? 


4. A force of 30N is necessary to slide a wooden box along the floor. 
The box weighs 100N. What force would be necessary to slide the 
box if a 5kg mass was placed inside the box? 

5. A steel block experiencing a gravitational force of 2000 N rests on 
the floor. If the coefficient of friction between the block and the floor is 
0.4, what horizontal force is necessary to start the block sliding along 
the floor? What force is necessary to slide the block if a 50 kg mass is 
placed on top of the block? 

6. A block weighing 20 N starts to slide down a plane after a force of 
5N is applied parallel to the plane. If the angle of inclination is 10°, 
find uw between the block and the plane. 

7. A force of 10N is necessary to prevent an 8kg block from sliding 
down a plane. If the angle of inclination of the plane is 25°, determine 
the coefficient of friction between the block and the plane. 


8. The coefficient of friction between a block and a board is 0.75. Will 
the block slide down the board if the board is inclined at an angle of 
44°? 
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W=60N 


A frog is 30 m down a slip- 
pery incline. It can jump 3m 
at a time but then slides back 
2m. How many jumps does it 
take the frog to reach the top 
of the incline? 
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9. A block begins to slide down a board when the board is inclined at 
an angle of 30°. What force is necessary to prevent the block sliding 
down the board when the board is inclined at an angle of 40°? The 
block weighs 20N. 


10. A box begins to slide down a ramp when the ramp is inclined at 
an angle of 25°. If the box weighs 300 N, what force parallel to the 
ramp is necessary to start the box sliding down the ramp when the 
ramp is inclined at an angle of 15°? 


REVIEW EXERCISE 


1. Find the value of x in each of the following: 


(a) (b) (c) 
0.5m 0.5m 1.0m 200 cm 100 cm 2m xm 
So Kee IS ee HEaaL a De Gan neces, 
10 N 10 N 
xX N x N 
20 N 20 N 
30 N 
(d) (e) (f) 
1000 N 
500 N 
GIN 
1m 1m 0.3m 0.7 m 0.5m 0.3m 
x N 
x N 
500 N 


2. Find the mechanical advantage in each of the following: 
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(b) 


(a) 





(d) 





1.75 m 


m 


: 


3m 


x N 


250 N 


(g) 


(f) 


(e) 
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(h) An inclined plane 1.3m high and 4m long. 

(i) A jackscrew with lever arm 2m and pitch 5mm. 

(j) A wheel and axle with wheel diameter 0.80m and axle diameter 
0.03 m. 


3. Find the centre of gravity in each of the following systems. 


(a) 


im 2m im 1m l 


A 


200 N 200 N 
300 N 


(b) A tapered utility pole carried by two men, one at each end. One 
man exerts a force of 400 N and the other 500 N. The pole is 9 m long. 


4. Calculate the critical angle for tipping. 
(a) (b) 


5. Find the coefficient of friction: 

(a) A block with a weight of 40N just slides on a horizontal plane 
when a force of 15N is applied. 

(b) A block just begins to slide down an inclined plane when the angle 
of inclination is 25°. 

(c) A force of 10N, parallel to the plane, is necessary to prevent a 
block weighing 100N from sliding down the plane. Determine the 
coefficient of friction between the block and the plane if the angle of 
inclination of the plane is 25°. 
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REVIEW AND PREVIEW TO CHAPTER 13 


EXERCISE 1 THE PYTHAGOREAN THEOREM 


1. Calculate the value of x in each of the figures below correct to two 


decimal places. 


(a) 


& 
Zh i 
7 cm 


(c) 
x ; Z2em 
1.4 cm 
(e) 
5m xm 





(b) 
7m 
xm 
9m 
(d) 
12m xm 
<— Sneha EEE EERE 
7m 6m 
(f) 
1 cm 
1 cm 
xcm 
1 cm 
1 cm 


conic sections 


b 
a? =b2+4+c2 
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EXERCISE 2. THE CIRCLE 


1. Calculate the perimeter and area of each of the following correct to 
two decimal places. (Use 7 =3.14.) 


(a) (b) 


ot 


3cm 2.5 cm 























(f) 
5.2 cm 
[es Evaluate the following: 
oe 1. V(31.65) + (48.27)? 2. V(3.675)? + (2.163)? 
ooo 
ooo 3. V(0.0275)* + (0.0865)? 4. /(54.75)?— (29.61)? 
(32.75)(55.63) 
5. V(3.025)?— (1.964) (284.5) 
, (39.65)? 8 (5.675)? — (2.635)? 
" V (5.645)(21.85) } (4.285) 
(3.875)? + (2.643)? 
9. V(54.65)? .35)? — (42.65)? 
(54.65)? + (21.35)? — (42.65) 10. (8.275) 
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CONES AND CONIC 


A right circular cone, which we will 
call simply a cone, is a funnel- 
shaped solid whose base is a circle 
and whose surface tapers up to a 
point called its vertex. More 
correctly, the cone should be 
thought of as two portions or 
nappes on both sides of the 
vertex. 

When a plane intersects a cone, 
the boundary of the intersection 
forms curves which have been 
named conic sections. 

If the plane has the same 
inclination as the edge of the cone, 
the boundary will form a parabola. 


PARABOLA 


a 


If both nappes of the cone are 
intersected, the boundary will form 
a hyperbola. 


HYPERBOLA 





SECTIONS 


If the plane cuts the cone parallel 
to its base and does not pass 
through the vertex, the resulting 
curve is a circle. 


CIRCLE 


When the plane is not parallel to 
the base or a side and cuts only 
One nappe, the resulting curve is 
an ellipse. 


ELLIPSE 


Each of the conic sections can be 
represented as a locus on a 
coordinate plane, and each has an 
identifying equation. Chapter 13 
uses this algebraic approach to the 
study of conics. 

The remarkable fact is that the 
parabola, ellipse, and hyperbola, 
created by the simple technique of 
cutting a cone with a plane, should 
have such diverse applications. 
Many of these applications have 
been in the forefront of the 
development of civilization. 
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CHAPTER 13 


Conic 
Sections 


The conic sections are the intersections of planes with a cone, as 
shown in the diagrams. Methods of constructing the conics will be 
considered first, followed by a study of their defining equations and 
some of their applications. 


13.1 CONSTRUCTING THE PARABOLA 


INVESTIGATION 13.1A Using Ruler and 


Compasses 

1. On a piece of graph paper draw line segment CD. 

2. Select a point F not on CD. 

3. Draw FA perpendicular to CD. 

4. Select another point G on AF produced. 

5. With centre F and radius AG, cut the line through G parallel to CD 


at P; and P>. 

6. Repeat steps 4 and 5 with four other points on FA. 

7. Draw a smooth curve through the ten points so found. 
8. What line appears to be the axis of symmetry? 

The curve formed is called a parabola. 





Focus 


Parabola 


Directrix 


A parabola is a set of points such that each one is the same 


distance from a fixed point, the focus, as from a fixed line, the 
directrix. 
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INVESTIGATION 13.1B Using String c 


1. On a piece of paper draw line segment CD, point F (not in CD), and x 

FA perpendicular to CD. 

2. Fasten a piece of string of length YZ at Z on set square XYZ. 

3. Fasten the other end of the string at F and keep it taut along YZ by Y Pp vb 
using a pencil at P. Z _ 

4. Slide the side XY of set square XYZ along CD allowing pencil P to 

draw a parabola. 

INVESTIGATION 13.1C Drawing the En- 

velope 

1. Draw an acute angle on a piece of Bristol board or cardboard. D 


2. Make each arm of the angle 12cm long and mark them off in 
0.5cm units. 

3. Label the points along one arm 1, 2,3,...,24 from the vertex (but 
not including the vertex) and along the other arm X, W, V,...,A from 
the vertex (but not including the vertex). 

4. Using a ruler and pencil join A to 1, B to 2, C to 3,...,X to 24. 
5. Note that while a parabola appears to have been formed, we have 
actually drawn a number of straight lines. These lines are said to 
envelope the curve. 








6. Repeat by varying the size of the angle. reflecting line 


7. Try making a design by using the four angles of a square or the 
four angles formed by two intersecting straight lines. You might even 
try to make an original curve stitching design. (This process is called 
curve stitching because it is often done using coloured thread instead 
of drawn lines.) 


INVESTIGATION 13.1D By Reflection 


. Draw a line d. 

. Select point F not on the line. 

. Reflect point F onto the line and draw the reflecting line. 

. Repeat step 3 by reflecting F onto other points on the line. 


a PWN = 


. The reflecting lines will envelop a parabola. 


Some occurrences of the parabola: 


1. A ball thrown, hit, or kicked through the air approximates a 
parabolic path as do projectiles, bullets and short-range missiles. d 


2. The cable of a steel suspension bridge will hang in a parabolic form 
if the weight is evenly distributed. 


3. Supporting arches of bridges and of some modern buildings are 
often parabolic. 


conic sections 301 


302 


Axis 
Focus 





Courtesy Bell Canada 


4. The reflecting property of a parabola makes its shape ideal for 
reflecting surfaces such as automobile headlights. If the source of 
light is placed at the focus of a parabolic mirror, rays of light falling on 
the reflector will leave as rays parallel to the axis and hence greatly 
increase efficiency. This property works in reverse also. Energy enter- 
ing the parabola parallel to the axis will be reflected to the focus, as in 
reflecting telescopes, radio and television antennae, and solar fur- 
naces. 


5. Any geometric, physical, or electrical formula in which one quantity 
varies as the square of another will have a parabolic graph. 


13.2 CONSTRUCTING THE ELLIPSE 


INVESTIGATION 13.2A Using Ruler and 
Compasses 


1. Mark two different points F,; and F, on a sheet of paper. 

2. Draw a line segment AC through F, and F, so that AC>F,F). 
3. Choose any point B; on AC. 

4. With centre F,; and radius AB, draw arcs above and below F;,F5. 
5 


. With centre F, and radius B,C draw arcs to cut the former arcs at P, 
and P). 


6. Repeat steps 3, 4, and 5 with four other points (Bz, Bs, Bs, Bs) on AC. 
7. Draw a smooth curve through the ten points so found. 
The curve formed is called an ellipse. 
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An ellipse is a set of points such that the sum of the lengths of the 


line segments from each point to two fixed points, the foci, is a 
constant. 





The line segments are called focal radii. 


Focal radii 


‘“<Z— Ellipse 


INVESTIGATION 13.2B Using String 


1. Mark two different points F; and F, on a piece of paper and put a 
thumbtack at each of these points. 


2. Tie a piece of string in a loop and place it around the tacks. 


3. Place a pencil in the loop and move it about on the paper keeping 
the string taut, drawing an ellipse. 


4. Draw all axes of symmetry. 
5. What curve would be formed if F; and F, were the same point? 





INVESTIGATION 13.2C Drawing the En- 
velope 


1. Draw a circle and choose a point P (not the centre) inside the circle. 
2. Draw at least 24 chords through point P. 
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3. Draw perpendiculars at the points of intersection of the circle and 
the chords. 


4. These perpendiculars are lines which envelop an ellipse. 





INVESTIGATION 13.2D By Reflection 


. Draw a circle. 

. Select point F inside the circle but not at the centre. 

. Reflect point F onto the circle and draw the reflecting line. 

. Repeat step 3 by reflecting F onto other points on the circle. 


a b&WN = 


. The reflecting lines will envelop an ellipse. 





REFLECTING 
LINE 
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Some occurrences of the ellipse: 


1. All planets travel in elliptical orbits with the sun at one focus. 
Spaceships travelling around the earth or the moon have followed 
elliptical paths. 


2. Elliptical arches are sometimes used in bridges and in architecture, 
chiefly for beauty. The Coliseum in Rome is an elliptical structure. 
3. Elliptical mirrors reflect to one focus the light or sound waves 
emitted from the other. 


4. A spotlight on a stage gives an elliptical shadow on the floor. Can 
you explain why? 
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13.3 CONSTRUCTING THE HYPERBOLA 


INVESTIGATION 13.3A Using Ruler and 
Compasses 


1. Mark two different points F, and F, on graph paper. 

2. On another piece of paper draw a line segment AC so that 
AC < F,F,. 

3. Produce AC to a point B. 

4. With centre F, and radius AB draw arcs above and below F,F). 


5. With centre F, and radius BC draw arcs to cut the former arcs at P; 
and P». 


6. Repeat steps 4 and 5 by interchanging F; and F, in the instructions. 
7. Repeat steps 3, 4, 5 and 6 with four other points on AC produced. 
8. Draw a smooth curve through each of the sets of ten points. 
The curve formed is called a hyperbola. 
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A hyperbola is a set of points such that the difference of the 


lengths of the line segments from each point to two fixed foci is a 
constant. 





INVESTIGATION 13.3B Using String 


1. Choose two different points F, and F, on a piece of paper and put a 
thumbtack at each of these points. 


2. Tie the centre of a piece of string to a pencil and put the ends 
around F, and Fp. 


3. Hold the two ends of the string below F, together between your 
thumb and forefinger. 


4. Move the pencil about on the paper keeping the string taut and 
letting out equal amounts of both ends of the string. PENCIL 


5. Repeat with the string held below F;. 
The curve formed is called a hyperbola. 


6. Which line appears to be an axis of symmetry? 
7. Is there another axis of symmetry? 
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INVESTIGATION 13.3C By Reflection 


. Draw a circle. 

. Select point F outside the circle. 

. Reflect point F onto the circle and draw the reflecting line. 

. Repeat step 3 by reflecting F onto other points on the circle. 


. Place point F on the opposite side of the circle and repeat steps 3 
and 4. 


6. The reflecting lines will envelop a hyperbola. 


<z_—— REFLECTING LINE 


ao fF WN = 





Some occurrences of the hyperbola: 

1. Any physical or chemical formula in which one quantity varies as 
the reciprocal of another will have a hyperbolic graph. Example: 
“pressure varies inversely as volume.” 

2. The secondary mirror in a reflecting telescope is usually hyperbolic. 
The Cassegrain telescope contains a parabolic main mirror and a 
hyperbolic secondary mirror. 


Cassegrain Telescope 







Hyperbolic Secondary Mirror 






Parabolic Main Mirror 
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3. The hyperbolic paraboloid roof is an attractive architectural feature 
of some modern buildings. 


4. Sound ranging, used to locate enemy guns on land and sub- 
marines at sea, makes use of the properties of the hyperbola. 

5. A hyperbola with transmitting stations at the foci can be used in 
navigation to locate ships on the hyperbola. If two hyperbolas are 
used, their point of intersection gives the exact location of the ship. 
This system is called LORAN (Long-Range Navigation). 


13.4 EQUATION OF THE CIRCLE 


A circle is a set of points such that each one is a constant 
distance, the radius, from a fixed point, the centre. 





We saw that a circle could be obtained by cutting a right circular 
cone with a plane parallel to the base. A circle can also be constructed 
in the same way as the ellipse in Investigation 13.2B if F, and F, are the 
same point. 

While a point is named by an ordered pair of numbers, a set of 
points is named by an equation. The straight line is named by the 
linear equation y=mx-+b. To derive the equation of a circle with its 
centre at the origin, we use the distance formula. 


y 
P(x,y) 
ae acct ncaa 
= (x—0) +(y—0),=f 
circa r+y=r 





The same method is used to derive the equation of a circle with 
centre (h, k) and radius r. P(x, y) is any point on the circle with centre 
(h, k) and radius r. 
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By definition |PC|=r 


V(x—h¥+H(y-kY’=r 


(x—h¥+(y—kP=r 





EXAMPLE 1. State the radius and centre of each of the following 


circles. 

(a) x’?+y?=25 (b) (x—3)?+(y+4)?=36 

Solution 

(a) *+y=r ~ (b) (x-h)?+(y—kP=r’ 
x+y?=25 (x —3)? +(y +4)? =36 

“. radius is 5 and .. radius is 6 and 

centre (0, 0) centre (3, —4) 


EXAMPLE 2. State the equation of each of the following circles. 
(a) Centre at the origin and radius 11. 
(b) Centre (7,—4) and radius 2. 


Solution 
(a) The equation of the circle is 


(x—0)+(y—0)=11° 
xi ey =121 
(b) The equation of the circle is 


(x—7)+(y+4)?=2° 
o(x-7/P+(y+4)=4 


EXERCISE 13-4 


1. State the radius and centre of each of the following circles. 


(a) x?+y?=25 (b) x?+y’=36 

(c) x?+y?=9 (d) x*+y*=1 

(e) x+y =7 (f) (x-1)?+(y—2)?= 16 
(g) (x+3)?+(y—4)?=100 (h) (x+7)?+(y +3)? =64 


2. State the equation of the circle with: 
(a) centre (0,0), radius 7 

(b) centre (0,0), radius 9 

(c) centre (0,0), radius 3V2 

(d) centre (0,0), radius 3 


How many axes of 
symmetry does a circle 
have? 
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(e) centre (3,5), radius 5 

(f) centre (2,—1), radius 4 

(g) centre (—1,—1), radius V3 

(h) centre (—2, 3), radius 2V7 

3. Sketch the graphs of the circles represented by each of the follow- 
ing equations. 


(a) x’?+y’?=16 (b) 4x?+4y?=25 
(c) (x—1)?+(y—3)°=9 (d) (x+3)’+(y—4)?=4 
(e) (x+1)?+(y+2)?=25 (f) 9(x—2)?+9(y+3)?=16 


C 4. Find the equation of the circle wiih its centre at the origin and 
passing through the point (—5, 12). 
5. Find the equation of the circle with its centre at (—3, 4) and passing 
through the point (1, 1). 


13.5 EQUATION OF THE PARABOLA 


A parabola is a set of points P, such that each one is the same 
D fe distance from a fixed point F, the focus, as from a fixed line, the 
directrix. 


EXAMPLE 1. Find the equation of the parabola with focus at (3, 0) 
and directrix x+3=0 


Solution 
P(x, y) is any point on the parabola. 


PD = PF 


x 





From the definition 


|PF|=|PD| 
(x—3)°+(y—0)*=x+3 
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(x —3)°+(y—0)?=(x+3)? 
x?-6x+9+y?=x?+6x+9 
VarJ2x 
.. the equation of the parabola is y*=12x 
By the method of Example 1, we now derive the general formula for 


the equation of a parabola with focus F(p,0) and directrix x+p=0. 
P(x, y) is any point on the parabola. From the definition 


|PF| =|PD| 
V(x—p)?+(y-0/=x+p 
(x—p)’+(y—0)=(x+p) 
x?-2px+p?+y?=x?+2px+ p’ 
y’=4px 





The equation of a parabola with focus F(p, 0) and directrix 


x+p=Ois y?=4px. 





EXAMPLE 2. Find the focus and directrix for the following parabolas. 


(a) y’=12x (b) y?=—16x (c) x?=—8y 
Solution . 
(a) y’=4px (b) y?=4px 

Y= 12x y?=—16x 
“4p =12 -.4p =—16 

p=3 p=-4 
The focus is at (3, 0). The focus is at (—4, 0). 
The directrix is x +3=0. The directrix is x -—4=0. 
(c) x?=—8y 
In this case 4p = —8 

p=-2 


But the focus must be on the y axis. 
The focus is at (0, —2). 
The directrix is y-—2=0 


EXAMPLE 3. For the parabola y’=16x, state the coordinates of the What year does MDCLXVI 
vertex and the equation of the axis of symmetry. Find the coordinates represent? 

of the points where the line through the focus and parallel to the 

directrix intersects the parabola. Use these two points together with 

the vertex to sketch the parabola. (This quick method of sketching 

parabolas is referred to as the “‘three-point method."’) 


Solution 
y’ =4px 
y’ = 16x 
4p = 16 
p=4 
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The focus is at (4, 0) and the directrix is x +4=0. By definition the vertex 
must be the same distance from the focus as it is from the directrix. 
Therefore the vertex is (0,0) and the axis of symmetry the x axis or 
y =0. The equation of the line through the focus and parallel to the 
directrix is x =4. 
By substitution in y?=16x we have 

y’ = 16(4) 

y’=64 

y=8 or -8 


The points of intersection are (4,8) and (4, —8). 





EXERCISE 13-5 


B_ 1. Find the focus and directrix for the following parabolas. 


(a) y’=8x (b) y?=20x 

(c) y°=4x (d) y?=—-12x 

(e) y>=—36x (f) By7=ex 

2. Use the ‘three-point method” to sketch the following parabolas. 
ta) vy =12x (b) y?=4x 

(c) y?=—4x (d) y?=20x 

(e) y?=—-24x (f) y?=28x 

(g) y°=3 (h) y?=x 


3. For each of the following parabolas, state (i) the coordinates of the 
focus, (ii) the equation of the directrix, (iii) the x-coordinate of a point 
on the parabola with y-coordinate 3, (iv) the y-coordinates of points 
on the parabola with x-coordinate 9. 

(a) y*=36x (b) y*=x 

(c) y?=20x (d) y?=—%x. 
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4. State the equation of a parabola with: 

(a) focus (7,0), directrix x =—7 

(b) vertex (0,0), focus (—10, 0) 

(c) vertex (0,0), directrix x +2=0 

(d) vertex the origin, directrix 2x+3=0. 

5. Find the equation of a parabola having vertex the origin, focus on 


Joe 3 i é How far does the tip of the 
the positive x-axis and passing through the point (4, —2). 


second hand of a clock travel 
6. What would the graph of y*= ax, a=0, be? This is referred to as a in 18s if the hand is 8cm 
degenerate parabola. long? 


7. Complete the following table 


Coordinates of vertex (0, 0) 


Coordinates of focus (-1,0) | 
Equation of directrix 
x-intercept(s) 


y-intercept(s) 


Equation of axis of symmetry 


Coordinates of ends of line segment 
through focus parallel to the Ay A) 
directrix. 





8. For the parabola y?=4x+4, 

(a) determine the intercepts 

(b) state the coordinates of the vertex and the equation of the axis of 
symmetry 

(c) sketch the graph. 

9. By analogy with the graph of y? = 4x, which can be written (y—0)°= 
4(x—0), sketch the graph of (y—1)*?=4(x—2). 


13.6 APPLICATION OF PARABOLAS 


EXAMPLE 1. (a) Find an equation of the parabolic arch used to 
support a horizontal bridge across a stream. The width of the base of 
the arch is 24 m and the height of the vertex is 9m. 

(b) What would be the length of a horizontal beam 4m below the 
vertex? 

(c) What is the height of the arch 4m from either end? 
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Solution (a) Let the equation of the arch be x*=—4py. Since A is on 
the arch, 


127=—4p(-9) 
144 =36p 
p=4 
“. the equation of the arch is x’ =—16y. 


(b) A point on the arch 4m below the vertex could be C(x, —4). Since 
C is on the arch, 


x1" = —16(—4) 
x, =64 
%=8 or x,=—8 
.. the length of the beam would be 16m. 


(c) A point 4m from either end could be D(8, y;). Since D is on the 
arch, 


87? = 16 4) 
Yi=ne 
9-—4=5 


.. The arch is 5m high, 4m from either end. 


EXERCISE 13-6 


1. Find the equation of a parabola which opens downward, has its 
vertex at the origin, and passes through the point A(6, —3). 


2. (a) Find the point on x?=—20y which has x-coordinate 4. 
(b) Find the points on x?=16y which have y-coordinates 9. 


3. (a) Find the equation of the parabolic arch used to support a hori- 
zontal bridge across a railway track. The width of the base of the arch 
is 60m and the height of the vertex is 18m. 

(b) Find the length of a horizontal steel girder stretching across the 
arch 8m below the vertex. 
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4. A ball is thrown horizontally from the top of a cliff 100m high. It 
falls in a parabolic path and strikes the ground 150 m away (measured 
horizontally). Find the equation of parabolic flight. 


5. The cross-section of a runway 40 m wide is a parabolic curve. The 
sides of the runway are 1m lower than the crown which is in the 
middle. 

(a) What is the equation of the parabolic cross-section? 

(b) How much lower than the crown is a place on the runway 10m 
from the middle? 


6. A bridge is built with a parabolic arch which opens downward. A 
horizontal girder 80m long is 20m below the vertex. Find the equa- 


tion of the parabola describing the shape of the bridge. Write 1492 in Roman 


7. The cable of a suspension bridge hangs in the form of a parabola. numerals. 


Two supporting towers 50m above the lowest point on the cable are 
600 m apart. 
(a) Find the equation of the parabola. 
(b) Find the length of a vertical supporting cable from the parabolic 
cable to the bridge, 

(i) 60 m trom the centre of the bridge, 

(ii) 60 m from the end of the bridge. 


13.7. EQUATION OF THE ELLIPSE 


INVESTIGATION 13.7 


Given the relation represented by 16x*+25y*=400: 


1. Solve the equation for y. (Note that there are two values for y for 
each value of x.) 


2. Complete the following table of values in your notes. 
[ef [a aes 


3. Make a full-page graph, plotting the points and joining them with a 
smooth curve. The resulting figure is an ellipse. 






4. What are the coordinates of the end points of the ellipse? These 
points are called vertices. 

5. Plot the points F,(3,0) and F,(—3,0). Select any four points P,, Po, 
P3, and P, on the curve. Set up a table of measures as follows: 


|F,P.|=S 
|FoP.| = 


Sum=N 





F, and F, are each a focus of the ellipse. Each of the segments 
P,F,, P;F2,... are focal radii (radius drawn from a focus). What do you 
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notice about the sum of the two focal radii that can be drawn from any 
point on the curve? 


6. The equation of this curve is: 
16x’+25y? = 400 


16x’ 25y* _ 400 
400 400 400 





x? Vag 
“oe tagal: ® 
x? y? 
Compare @ to Fas ae 1(a, b>0) 


From @, a?= b’=77 
a-Z b=Z77 
2a=G@F 2b=ZH 


If the foci are (+c, 0), then c=Z,. 


7. Find distances on your diagram which have length 2a, 2b, 2c. 
Compare these figures to those in 5 and draw a conclusion about the 
sums of the focal radii for any ellipse represented by 


x? 2 


BlbBha « 


8. What relationship exists among the values for a’, b*, and c*? 
9. What are the equations of the axes of symmetry of the ellipse? 


The relationships we have investigated for this particular ellipse 


hold for all ellipses and may be generalized as follows: 
2 2 


Equation of ellipse with centre at the origin, foci on x-axis: iz a= Ue 





Semi-major axis (3 major axis) =a 
Semi-minor axis = b 
Foci (+c, 0), vertices (+a, 0) 


applied mathematics for today: senior 


Sum of focal radii to any point on the ellipse = major axis =2a (where 
2 Ee 2 
a’=b*°+c’) 
If the foci are placed on the y-axis, their coordinates become (0, +c) 
2 2 


and the equation becomes pital 


Note that the equation of the ellipse may be written 


x? 2 
7 + 3 y = 4 
(x-intercept)” (y-intercept) 





EXAMPLE 1. State the equation of the ellipse with centre at the 
origin, foci on the x-axis, having a semi-major axis of length 5 and a 
semi-minor axis of length 4. 


2 2 
Solution The equation is of the form tre 1, where a=5, b=4 


LS) 
Ls) 


x< 
Ds 


1 


Il 


|x, oy 
I<. 2 


N 
ol 
—y 
oO 
ll 
_— 


EXAMPLE 2. Determine the values of a, b, and c and state the 
coordinates of the foci for: 


x? Van x? Vaan 
(a) 516 | (b) 75°36. | 
° x ig 2 2 
Solution (a) se taga a°=25 and b’=16 


“. a=5 (a>0) and b=4(b>0) 
But a?=b?+c? 

c’=25-16=9 

c=3(c>0) 
.. the foci are (3,0) and (—3, 0). 


2 2 


Solution (b) cet eee y a’ =36 and b*=25 


25 36 
c?=36-—25=11 
c=4V11 


“. the foci are (0, V11) and (0, —-V11) 


EXERCISE 13-7 


1. For each of the following ellipses, (i) determine the intercepts, (ii) 
state the lengths of the major and minor axes, (iii) state the coordi- 
nates of the vertices, (iv) state the equations of the axes of symmetry, 
(v) sketch the ellipse by plotting the two vertices and the ends of the 
minor axis. 
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If you see the face of a clock 
reflected in a mirror and the 
hands read 09: 15, what is the 
real time on the clock? 
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What is the largest number 
you can write using the 
Roman numerals I, C, X, V, 
and L once each? 
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(a) 16x?+25y?=400 (b) 9x?+5y’?=45 
(c),.x°+2y = 2 (d) 4x?+12y?=48 


2. Write the equation of the ellipse with centre at the origin, foci on 
the x-axis, a semi-major axis of length 10 and semi-minor axis of 
length 6. 


3. Write the equation of the ellipse centre O(0, 0), foci on the x-axis, 
for which a=3 and b=1. 


4. Write the equation of the ellipse with centre O(0, 0), focus F(4, 0) 
and vertex A(5, 0). 


5. Write the equation of the ellipse with centre O(0, 0), x-intercepts 3 
and —3, and y-intercepts 2 and —2. 
x? Ve 
6. For the ellipse with equation Suge th, 
(a) find the values of a and b 


(b) find the value of c and hence state the coordinates of the foci. 


7. State the values of a, b, and c for the ellipse represented by each of 
the following equations. 
2 2 


(a) 


2 2 

xern yous nr dag 

16925 | Digs chosen 

8. The foci of an ellipse with centre O(0,0) are 4 units apart and the 
sum of the focal radii is 8 units. Write the equation for the ellipse. 


9. Find the equation of the ellipse having centre O(0,0), passing 
through the point E(7,4) and having a y-intercept of 4/2. 


10. An arch is in the form of a semi-ellipse with the major axis on the 
span. 

(a) If the span is 100m and the height is 30m, find the equation for 
the ellipse. 

(b) How high is the arch at a point 40 m from the centre line? 

11. The earth’s orbit around the sun is an ellipse with the sun at one 
focus, the semi-major axis is 150000000km and the focus is 
2 400 000 km from the centre. If the points on an ellipse nearest to 
and farthest from one focus are the vertices, find the least and 
greatest distances between the earth and the sun. 


Earth 
aes 
150 000 000 k ere, 
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2 2 
12. An elliptical flower bed has equation meas 1. If the area of an 


ellipse is given by A= ab, find the area of the flower bed. 


13. Find the area of an ellipse with 
(a) major axis 4, c=V3 
(b) a=b=r 


13.8 EQUATION OF THE HYPERBOLA 


INVESTIGATION 13.8 


Given the relation represented by 9x*—16y?= 144: 


1. Solve the equation for y. (Note there are two values of y for each 
value of x.) 


2. Complete the following table of values in your notes. Find square 
roots to one decimal place. 


GET [os [sos [oo 


What is different about the values for y when x =0, +2? 






3. Make a full-page graph, plotting the points and joining them with a 
smooth curve. The resulting figure is a hyperbola. 


4. What are the coordinates of the vertex? 


5. Plot the points F,(5, 0), F.(—5, 0). Select any four points P;, P2, Ps, Ps 
on the curve. Set up a table of measures as foilows: 


|F,P,|=S |F; P| = | F, P| = | F, Pa] = 
|F.P,|=S | Fo P.| = | Fo P3| = | F.P,| = 


|Difference| = | |Difference|=S | |Difference|=N | |Difference| =N 





What are F, and F, called? 

What are F,P;, F2P2,...called? 

What do you notice about the absolute value of the difference of the 
two focal radii that can be drawn from any point on the curve? 


6. The equation of the curve is 9x*— 16y?= 144 
Sen 16y? 144 
144 144 144 


x? ya 
16. oar antl 





a 2 
ye 


Compare () to niga 


% | x< 
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At what time between 11:00 
and 12:00 will the two hands 
of a clock be in a straight 
line? 


320 


From @ a?=N b?=N 


a= b=" 
2a=N 2b=N 


If the foci are (+c, 0) then c=N 

7. Find distances on your diagram that have length 2a, 2c. Compare 
these figures to those in 5 and draw a conclusion concerning the 
differences of the focal radii for any hyperbola represented by 


KRY ons 
au De 


8. What relationship exists among a’, b’ and c’? 


9. What are the equations of the axis of symmetry of the hyperbola? 
x? y? 
ee 1. Compare 


the direction of the lines to the direction of the hyperbola as |x| gets 


large. These lines are called the asymptotes of the hyperbola. 
2 2 
By comparing the equations faa and y=+%x, determine the 


°3 2 
d x 
equations of the asymptotes to Spipie 13 


10. Construct the lines y=+3x on your diagram 


11. Recall that the vertices of the hyperbola in your diagram are 

(+4,0). On the same diagram sketch in with a broken line the hyper- 

bola with vertices (0, +3) and the same asymptotes. This hyperbola is 
2 


2 
called the conjugate hyperbola to a 5H! and its equation is 
x? y? 
1640 al 


(Each is the conjugate of the other) 


The line segment from (—4, 0) to (4, 0) is called the transverse axis of 
the hyperbola and the line from (0, —3) to (0, 3) is called the conjugate 
axis of the hyperbola (the transverse axis of the conjugate) even 
though it does not join points on the curve. 

The relationships we have investigated for this particular hyperbola 
hold for all hyperbolas and can be generalized as follows: 


Equation of hyperbola with centre at the 
2 2 


yD : ree eG i 
origin, foci on x-axis: ginger 1. 


Semi-transverse axis=a 

Semi-conjugate axis = b 

Foci (+c, 0), vertices (+a, 0) 

(|F;P|—|F2P|)=transverse axis=2a (where a?=c’—b’). If the foci are 


placed on the y-axis, their coordinates become (0, +c) and the equa- 
2 2 


; Xan; 
mes —+5=-1. 
tion become Bival 
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EXAMPLE 1. Determine the values of a, b, and c and state the 
coordinates of the foci for 
x? View x? y? 
CU icemedt sO aGERG aed 
Solution 
xe vane 2 2 
(a) 16.97! a°=16 and b°=9 
a=4(a>0) and b=3(b>0) 
But ¢*= a?+ b? 
c?=164+9=25 
c=5(c¢>0) 


.. the foci are (5,0) and (—5, 0) 
Solution 


2 es 
(b) jemauel: a?=9 and b?=16 


-.a=3(a>0) and b=4(b>0) 
But c?=a’+b’ 
c?=9+16=25 
c=5(c>0) 


..the foci are (0,5) and (0, —5). 


EXAMPLE 2. State the equation of the hyperbola with centre at the 
origin, foci on the y-axis, a=5, b=4. 


2 2 
Solution The equation of the hyperbola is of the form aaa 


EXERCISE 13-8 


1. For each of the following hyperbolas, (i) determine the intercepts, 
(ii) state the lengths of the transverse and conjugate axes, (iii) state 
the coordinates of the vertices, (iv) state the axes of symmetry, (v) 
sketch the hyperbola by first plotting the two vertices and sketching 
the asymptotes. 

(a) 16x*—25y? = 400 (b) x?-4y?=4 

(c) 9x?—36y’ = 324 (d) 4x?—49y? = 196 

2. State the equation of a hyperbola with the centre at the origin and: 
(a) foci on the x-axis, semi-transverse axis 5 and semi-conjugate 
axis 4. 
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Add the following without 
converting CXVIi+ XIII+ VI. 
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(b) focus F,(10, 0), vertex A,(8, 0). 

(c) foci on the y-axis, a=7, b=9. 

(d) vertex (0,3), semi-conjugate axis 2. 

3. Determine the values of a, b, and c for the hyperbolas represented 
by each of the following equations and hence state the coordinates of 


the foci. 
2 2 2 2 
0) ee tb) a 
x? Va x? Vann 
Ic) 64 36 om NT ome 


4. The foci of a hyperbola are 20 units apart and the difference of the 
focal radii is 16 units. Write an equation for the hyperbola. 


5. Find the equation of the hyperbola for which the length of the 
conjugate axis is 10 units and the foci are 26 units apart. 


13.9 LINEAR-LINEAR SYSTEMS 


Substitution is one algebraic method of solving a pair of linear 
equations. 


EXAMPLE 1. Solve 
y=3x-1 ® 
5x+3y=11 @ 
Solution 


From @, y=3x-1 
Substituting in @ we have 


5x +3(3x—1)=11 


removing brackets 5x+9x—-3=11 
simplifying 14x=> 14 
x=1 


Substitute in @ to find y 
y=3x-1 
=3(1)—1 
=2 
(x, y) = (1, 2) 
EXAMPLE 2. Solve 
2x-3y=-13 
4x+5y=7 


(SS) 
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Solution 
From @ 2x-3y=-13 
2x =3y-—13 
Tsy=13 


Keer 


Substituting in @ 


4(2%5 8) 5y=7 





2 
2(3y —13)+5y =7 
6y—26+5y=7 
11ly =33 
y=3 
Substituting to find x 
x=8 13 
_ 3(3)—13 
2 
=-2 
1, Y}=(—2, 3) 


The graphical representation of a linear equation is a straight line. The 
solution of a pair of linear equations (if it exists) is the coordinates of 
the point of intersection of the graphs of the two lines. 


EXAMPLE 3. Solve graphically 
y=2x+1 


® 
xty=-5 @ 
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simplifying 
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Solve 


2317x +5843y =0 
7684x —2543y =0 
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Solution y=2x+1 has slope 2 and y-intercept 1. We use these to plot 
the points (0,1) and (1,3) and hence draw y=2x+1. The equation 
x+y=-—5 can be written as y=—x-—5 with slope —1 and y-intercept 
—5. Plot (0, —5) and (—1, —4) to draw y=—x-—5. 

The point of intersection has coordinates (x, y) =(—2, —3) 


EXERCISE 13-9 


1. For each of the following equations, 
(i) state an expression for x (ii) an expression for y. 


(a) x+y=13 (b) 2x+y=6 (c) 2x+3y=7 
(d) 3x-y=4 (e) 2y—x=9 (f) 5x-—4y=8 
(g) 3y—2x =-2 (h) 2x+3y—6=0 (i) 2x=4y+5 
2. Solve the following linear systems by substitution. 
(a) y=3x+1 (b) y=2x-3 
5X SY — ll 3x+y=5 
(c) 3x+y=4 (d) 4x-y=8 
2x —3y =43 3x —2y=6 
3. Solve by substitution: 
(a) 4x-7y=18 (b) 6x+2y=34 
Xe Val BX Vaan 
(c) 5x+4y=0 (d) 4x+3y=5 
4x+5y=9 12x+6y=13 
4. Solve the following linear systems graphically. 
(a) 2x+y=8 (b) x+3y=1 
xt+y=5 SX Ve) 
(c) 5x-y=8 (d) x+y=11 
3x+2y=10 2x+3y=26 


13.10 LINEAR-QUADRATIC SYSTEMS 


EXAMPLE 1. Solve the linear-quadratic system 
xty=15 @ 
x?+y?=25 @ 


and illustrate with a graph. 


Solution From the linear equation @ y=15—x 
Substituting in the quadratic equation @ 


x?+(15—x)?=125 
x’+225-30x+x?=125 simplifying 
2x?—30x +100=0 
x’—15x+50=0 
(x —5)(x —10)=0 factoring 
x—5—0) on x= 10=0 


x=5 or x=10 
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Substituting in the linear equation: 


If x =5, If x=10 
. (x, y) = (5, 10) (x, y) =(10, 5) 


Note that here there are two solutions. 





The equation x+y=15 represents a straight line with slope —1 and 
y-intercept 15. The equation x*+y?=125 represents a circle with 
centre the origin and radius /125 or 5V5. The line intersects the circle 
at (5,10) and (10,5). 









Steps in Solving a Linear-Quadratic System: 
1. Express the linear equation in the form y=mx-+b. 

2. Substitute the expression mx+b for y in the quadratic equa- 
tion. 

3. Solve the resulting quadratic equation in x by factoring or 
using the general formula (see Chapter 4). 

4. Substitute both values of x in y=mx+b to find all solutions. 








EXAMPLE 2. Determine the points of intersection of the line 
x—y+4=0 and the parabola y? = 18x. 
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Solution From x—y+4=0, we get y=x+4 
Substituting in y? = 18x, 


(x +4)? = 18x 
x?+8x+16=18x simplifying 
x?—10x+16=0 
(x —8)(x—2)=0 factoring 
x—-8=0 or x-2=0 

“xX=8 or x=2 


If x=8 lf x=2, 
y=8+4=12. y=2+4=6 


..the two points of intersection are (8,12) and (2, 6) 


EXAMPLE 3. Solve the system 


y* =8x ® 
x—-y+2=0 @ 
and illustrate with a graph. 
Solution From@ we get y=x+2 
Substituting in @ 
(x +2)? =8x 
x?+4x+4=8x — simplifying 
x’-4x+4=0 
(x —2)(x—2)=0 factoring 


X= 2 Oh OG=i2 


If x=2, y=2+2=4 
The two solutions are identical, namely (2, 4) and (2, 4). 
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Graphically, x —y+2=0 represents a line with slope 1, y-intercept 2. 
y’=8x represents a parabola, with vertex at the origin and focus on 
the positive x-axis. They intersect at one point only, the point (2, 4). 

When a straight line cuts a conic at only one distinct point, we say 
the line is a tangent to the conic. This line shows us the direction of 
the curve at that point. 

The third possibility is that a line may not cut the curve at all. 
Algebraically this means there would be no real solution to such a 
linear quadratic system. 


EXERCISE 13-10 


1. Solve the following linear-quadratic systems and illustrate your 
solutions with a graph. 


(a) x-y=-2 (b) x-y=0 
V= Xa y’=6x 

(c) xty=5 (ayexXa y= 2 
2x?+3y?=35 3x’-y?=2 

(e) x+2y=2 (f) 3x+y=11 
9x’?+4y’=36 x-y=5 

2. (a) Solve each of the following systems. 

(i) 4x+3y=0 (ii) 4x +3y =25 (iii) 4x +3y =30 
?+y?=25 x+y? =25 x+y?=25 


(b) Graph the systems to illustrate the number of solutions. 


3. (a) Determine the points of intersection between each line and the 
corresponding conic in the following systems. 
(i) x-y+3=0 (ii) 9x -8y =25 

Vv al2x 9x?+4y?=25 
(b) What is the line x-—y+3=0 called with respect to the parabola 
Vaal 2x 
4. (a) Determine the points of intersection in the following systems. 
(i) x-—2y=0 (ii) 2x -3y=6 

x’-4y’=4 —x’?+y?=10 
(b) What is the line x—2y=0O called with respect to the hyperbola 
x’-4y?=4? 
5. The sum of two numbers is 9 and their product is 14. Find the 
numbers. 


6. The perimeter of a rectangle is 28m and its area is 45m’. Find its 
dimensions. 
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REVIEW EXERCISE 


1. Identify each of the following curves by stating the name of the 
curve and two of its properties. 


(a) wyarmsi2x (b) x?+y?=9 
2 2 

(c) +551 (d) x?-y?=9 
x? Vit = 1 

(e) 25 9! (f) y=12x+3 


2. State the values of a, b, and c for each conic defined by the 
following equations. 


x? Ve x? Vine 
(a) 76'957! (b) 64-36! 
x? y’ 
(c) per ke (d) 9x?+4y’ =36 


3. Find the equation of the parabola with vertex at the origin and: 
(a) focus (5, 0) 

(b) focus on the x-axis and passing through (2, —4) 

(c) directrix y=3 


4, Find the equation of the ellipse with centre at the origin and: 
(a) foci on the x-axis, where a=7 and b=5 
(b) vertices (0, —8) and (0,8) and minor axis 10 
(c) major axis 26 (along the x-axis) and c=5 
5. Find the equation of the hyperbola with centre at the origin and: 
(a) foci on the y-axis, where a=5 and b=6 
(b) vertex (12,0) and focus (15, 0) 
(c) transverse axis (along the x-axis) and conjugate axis both 16. 
6. Solve the following systems of equations. 
(a) 2x+3y=10 (b) y=x+3 
x?+y?=25 y= 12x 
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REVIEW AND PREVIEW TO CHAPTER 14 


APPROXIMATE NUMBERS—THE PRECISION 
OF A MEASURE 


The precision of a measure is determined by the implied unit of the 
measure. A measure of 57.36m implies a unit of 0.01 m. 


EXERCISE 1 


Implied | Maximum 


(a) 27cm 27.5cm 26.5cm 

(b) 47.3g — — 

(c) 147 km 147.5 km 146.5 km 

(d) 0.043 mm 

(e) 63.81 kg 

(f) 574m 0.01 x 10°=10 
(g) 7.83 x 10° kg oes 
(h) 4.8%10°m ay cf: +0.005 x 10°=+5 
(i) 2.56x10°g 

(j) 9.1x10-*km 

(k) 2.643 x 10° cm 


(I) 5.03 x 10°27 mm 





When adding or subtracting approximate numbers: 


1. Convert measures to the same unit. 
If scientific notation is used convert to the same power of 10. 


2. Round off measures to a precision of one more decimal place than 
the least precise measure. 


3. Add or subtract as required. 
4. Round off answer to the precision of the least precise measure. 
EXAMPLE 1. 
Add 4.6cm 46 mm Least precise measure 
32.64 mm 32.6 mm 
0.5397 mm 0.5mm 
178.48 mm 178.5 mm 
257.6 mm Total 258 mm 


A total can be no more precise than its least precise addend. 
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If the area of the large 
equilateral triangle is 

320 mm’ and each side is 
bisected, what is the area 
of the smallest triangle? 
What is the length of the 
side of the smallest 
triangle? 
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EXERCISE 2 


1. Find the sum of the following quantities to the precision warranted 
by the data. 


(a) 5.2g (b) 476mm 
27.959 86.39 cm 
0.7859 7482 mm 
57.0cm 
(c) 86.9km (d) 87.349 
568.0 km 531.7g 
0.97 km 50.357 kg 
46.812 km 1347 g 
(e) 148.96 mm (f) 784.3 ml 
36.513 9m 48.91 ml 
57.0cm 0.007 2¢ 
2.841 m 1834 ml 
(g) 4.786 x 10° cm (h) 5.17 x10g 
5.12 x10*cm 7:3- _<10%g 
8.043 x 10? cm 2.58 x10’g 
1.19 x10°cm 0.849 x 10° g 
(i) 2.15 x10 'm (j) 4.51 x10°N 
4.196 x 107m 2.6 x10°N 
8.31 <x10'm 5.82 x10°N 
6.1. x107%m 8.000 x 10° N 


2. Find the difference of the following measures to the precision 
warranted by the data. 


(a) 57.49cm (b) 184.20 km 
31.5cm 84 km 

(c) 734.01g (d) 76.43 mm 
14621 mg 1.849 7 cm 

(e) 0.00478m (f) 2.46x10?cm 
0.000 8159m 1.5210? cm 

(g) 5.861 x10°g (h) 1.247x10°mm 
7.1473x10’g 3.1. x10*mm 

(i) 2.51x10°mm (j) 1.755x10%g 
6.41 x 10° cm Ssecl0. Gg 


3. For each of the following sets of measures find: 
(i) the sum 
(ii) the sum of the upper limits 
(iii) the sum of the lower limits 
each to the precision warranted by the data. 
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(iv) Find the average of the sum of the upper and lower limits and 
compare it to the sum in (i). 


(a) 47.65cm (b) 9587.4 kg 
9:3iem 742.87 kg 
158.79 cm 4160 kg 


4. A group of students survey an orienteering trail. Find the total 
distance and the maximum and minimum distances. Give the final 
answer in the form: d+e, where d is the distance and e is the 
maximum error. 





Evaluate: = 
1. 14% of $185 212.80 2. 52% of $74 900.00 San 
3. 122% of $3709.40 4. 102% of $45 925.50 ere 
5. 163% of $7253.49 6. 23% of $202 493.18 

7. 52% of $93 900.00 8. 73% of $32 427.50 

9. 45% of $64 949.95 10. 17% of $4959.95 
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Courtesy The Toronto Stock Exchange 


TORONTO STOCK EXCHANGE—Showing trading posts where the 
buying and selling of shares takes place. 
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14.1 TYPES OF INVESTMENT 


“What am | bid for the use of my $1000?” 

The government of Canada might pay you $40 every 6 mo. (8%/a, 
compounded semi-annually). In return for your money you would 
receive a $1000 bond. 

Ourtown needs money to build a new pollution control centre. The 
town council, with the approval of the municipal board of the provin- 
cial government, has issued debentures at 82%/a and would be 
pleased to have the use of your money in return for one of these 
debentures. 

King Corn Cannery Co. Ltd. is expanding its factory and must 
borrow $1500000. They have issued mortgage bonds and will pay 
93%/a for the use of your money. 

South-Western Trust can lend mortgage money at 112%/a. They will 
pay you 10% on a term savings certificate so that they may reinvest 
the money. 

Perhaps you would like to buy part ownership in Speedy Cycle 
Corp. and share their profits. In that case you might buy stock in that 
company. 


INVESTMENT IN SECURITIES 


When we lend money to.the government or to a company, we are 
investing in a debt security. We can do this by buying bonds or 
debentures. These are usually classified according to the security 
behind them. 


Government bonds—secured by the ability of the government to raise 

money by taxation. 

Mortgage bonds—secured by the property of the company. (If the 
company defaults, holders of these bonds will have 
first claim to the revenue from the sale of assets.) 

Collateral trust bonds—secured by the money invested by the bor- 

rowing company in the bonds or securities of 
other companies. 

Income bonds—bonds on which interest is paid only if the company 

makes a profit. 

Debentures—secured by the general assets and earning power of the 

company or corporation. 


When we buy part ownership of a company we are purchasing 
equity securities. In this case we are buying stock which is sold as 
shares in the company. 


Common stock—A dividend will usually be declared at a rate per 
share if the company makes money. Also, holders of 
common stock have a voice in setting company pol- 
icy at the annual stockholders meeting (one vote per 
share). These shares usually have no initial or par 
value; their price is set by what people are willing to 
pay on the open market. 
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Canada PackersLimited 
Dividend Notice 


A quarterly dividend of 22¢ per 
share on the Class C convertible 
common shares and a quarterly 
dividend payable out of tax-paid 
undistributed surplus on hand of 
18.7¢ per share on the Class D 
convertible common shares have 
been declared. These dividends 
are payable on October 1,1976to 
Shareholders of record at the 
close of business on September 
10, 1976. 
A. M. MacKenzie 
Secretary 
August 13,.1976 





Canada Packers Limited 


CARLING O’KEEFE 


LIMITED 
DIVIDEND NOTICE 
NOTICE is hereby given that the 
Board of Directors has declared 
the following dividends payable 
October 1, 1976 to shareholders of 
record at the close of business on 

September 3,.1976. 

1.A quarterly dividend of 55 
cents per share on the out- 
standing $2.20 Cumulative 
Preference Shares Series A 
with' a par value of $50 each in 
the capital of the Company. 

.A quarterly dividend of 66% 
cents per share on the out- 
standing $2.65 Cumulative 
Preference Shares Series B 
with a:par value of $50 each in 
the capital of the’ Company. 

By Order of the board 

J W JAGO, 
Secretary. 


August 11, 1976 





Carling O'Keefe Limited 


Figure 14-1 
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Preferred stock—These shares have a par value and a fixed return set 
in dollars per share or as a percentage of the par 
value of the stock. The market value of the stock may 
vary considerably from the par value. (Figure 14-1.) 


It is also possible that we might invest our money in some other 
way such as putting it in bank savings, buying mutual funds, buying 
life insurance, or buying real estate. 


RATE OF RETURN ON AN INVESTMENT 


What determines the rate of return on an investment? 

One of the major factors is supply and demand. If money is readily 
avilable and many investors are looking for places to invest, then the 
rates will be lowered. If not many people have money to lend and 
there are many potential borrowers, the rates will go up. 

Another important factor is risk. The most obvious risk is that we 
may lose our investment. If we invest in a high-risk venture such as 
the search for a mine or an oil well, we will expect a high return on 
our investment if the search is successful. If we are investing in a 
company with a long record of success in the business world, then it 
appears there will be little risk and the rates will therefore be lower. 

A second risk which an investor takes is not so obvious. What will 
the value of my money be when it is returned? If | invest $1000 in a 
20-year bond, what will my $1000 buy when | get it back? If the cost of 
living doubles approximately every 10 a, what will my $1000 be worth 
in 20a? 

Before a company can issue stocks it must receive a charter from 
the provincial government. The government requires that the com- 
pany file a copy of its constitution and the names of the members of 
its board of directors, that it issue an audited annual financial state- 
ment and report to the stockholders, and that it hold an annual 
stockholders meeting for the election of the board of directors. 

Since a company which is not fulfilling these obligations can lose its 
charter, there is a measure of protection for the wary investor. 

To illustrate the relative risks in the securities named so far, it is 
worth noting the order of priority of the financial obligations the 
company incurs. 


First—bond and debenture interest must be paid. 
Second—if the company has made a profit, preferred shareholders 
will receive dividends. 
Third—dividends will be paid to common shareholders from remain- 
ing profits as declared by the board of directors. 


If the company finds that it is unable to meet its financial obligations 
and declares bankruptcy, the revenue from the sale of assets will be 
distributed in the same order with bond holders being paid off first, 
preferred shareholders next, and the residue, if any, being distributed 
among the common shareholders on the basis of the formula: 
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residual assets 


= eee 
total outstanding shares LITLE Pe Tes rae 


Since banks operate under strict government control, funds depo- 
sited with them are as secure as government bonds which are gener- 
ally considered the safest of all investments. 


EXERCISE 14-1 


1. Rank the following investments in order of relative security from 
most to least. 

Common stock, Company mortgage bonds, Debentures, Govern- 
ment bonds, Preferred stock. 

Remember that any form of investment is only as secure as the 
organization standing behind it. 


2. (a) Which securities involve purchasing part ownership of a com- 
pany? 

(b) Which securities involve lending money to a company? 

3. If a company has a net worth of $5 000 000 and you own 100 shares 
out of a total of 100 000 shares, what is the value of your shares if the 
company is dissolved? 


4. In winding up the affairs of a company which has gone out of 
business, there is $1 462700 left after settling all debts. If there are 
500000 shares of common stock outstanding, how much will the 
owner of 1500 shares receive? 


5. A company wishes to raise capital by selling a bond issue of 
$1500000 in 823% mortgage bonds. If the interest is paid semi- 
annually, how much money will the company pay in interest each half 
year? 

6. A company has 800 000 shares in the hands of shareholders. The 
company declares a dividend of $1.35 per share. 

(a) How much money will the company pay out in dividends? 

(b) How much money will a shareholder with 2000 shares receive? 
(c) If this is an annual dividend and the shares have a market value of 
$60, what rate of return is this on the investment? 


7. A company declares $617500 in dividends. There are 950000 
shares in the hands of shareholders. 

(a) What is the dividend per share? 

(b) What dividend will a shareholder with 500 shares receive? 

(c) What annual rate of return does this represent if it is a semi-annual 
dividend from a stock with a market value of $25 per share? 


8. Determine the name and location of stockbrokers’ offices (if any) in 
your community. A class representative should ask for a sample of 
investment literature and the print-out of a stock quotation. 


9. From the financial section of a newspaper, find the names of three 
preferred stocks and three bond issues. Compare the income from 
each. 
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CYG.A 4.10 4.30 





4.30 180 DN 0.20 
4.30 4.30 4.30 
Figure 14-2 


The Stock Exchanges have un- 
iformly ruled that the regular trad- 
ing units of “board lots’’ are as 
follows:— 





Selling under $0.10 1000 shares 
Selling at $0.10 and 

under $1.00 500 shares 
Selling under $0.10 

(only applicable to 

mining, oil and gas 

shares on V.S.E.) 500 shares 
Selling at $1.00 and 

under $100.00 100 shares 
Selling at $100.00 

and over 10 shares 

Figure 14-3 
CYG.A 
2s 4.30 
Figure 14-5 
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14.2 THE COST OF BUYING AND 
SELLING STOCK 


Barbara Wilson decided to invest money in stocks. She wished to 
speculate on the probability that the price would increase, so she 
purchased common shares. In order to decide on an investment, she 
consulted the market page of the newspaper, read the comments of a 
market analyst, and decided to invest in Cygnus A. 

Ms Wilson went to see her stockbroker, who obtained a quote on 
Cygnus from the teletype linking his office with the stock exchange 
where Cygnus was listed. (In Canada there are stock exchanges in 
Montreal, Toronto, Winnipeg, Calgary, and Vancouver.) The teletype 
was connected to a computer where all the latest information on the 
stock was stored. 


The first line (Figure 14-2) shows the abbreviated name for the 
stock: CYG. A, the bid price: $4.10, and the asked price: $4.30. The bid 
price is the highest price per share that a buyer is willing to pay, while 
the asked price is the lowest price per share that a shareholder is 
willing to sell for. 

The second line shows the last sale was at $4.30 for 180 shares. This 
price was down $0.20 from the last sale. The last line tells us that the 
stock opened at $4.30 and the high and low for the day were both 
$4.30. This would indicate little trading in Cygnus A shares. 

Ms Wilson decided to put in a purchase order for Cygnus A at $4.30. 
The next thing to be decided was how many shares she would buy. 
Most trading is done in “‘board lots.” The number of shares in a board 
lot depends on the type of stock and the price per share (Figure 14-3). 


Part lots are sold but they are more difficult to buy and sometimes 
hard to sell. The result of buying a part lot is that you buy above 
market price and usually sell below market price. 

Ms Wilson had about $1000 to invest, so she decided to puchase 
two board lots of 200 shares at the asked price of $4.30. Ms Wilson’s 
broker put in a purchase order to his representative at the exchange 
and the offer was given to a trader. The trader went to a “trading 
post” on the floor of the exchange (Figure 14-4) where he offered to 


purchase the stock. There the trader met another trader representing 
an investor who wished to sell Cygnus A. If the price was agreeable a 
trade would be concluded. 

Meanwhile, back at the broker's office, Ms Wilson watched the 
transactions of the exchange displayed on a board at the front. Soon 
she saw her purchase recorded on the board (Figure 14-5) and shortly 
after received confirmation from her broker that the purchase had 
been made. 

The next step was to calculate the cost to Ms Wilson. For the 
services performed the broker charged a COMmission. 
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Goihiaey Toitorité Stock Exchange 


Figure 14-4 


For orders of value $20 000 or under, the following formulas deter- 
mine commission for buying or selling shares. 


a 
C =Commission ($) 
x = value of order ($), x =$20 0060 
= number of shares 
Shares selling under $14.00: C =0.0250x 
2.50% of the value of 
the order 


Shares selling at $14.00 up C =0.008 875x + $0.225 75n 
to and including $30.00: 
0.8875% of the value of the 
order plus 22.575¢ per share 





Shares selling over $30.00: C=0.0164x 
1.64% of the value of the 
order 
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(share price under $14.00) 


$14< (eels) =<$30 
price 


The commission is de- 
ducted from the proceeds. 


Commission is deducted 
from proceeds. 
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EXAMPLE 1. Find the cost to the purchaser of 200 shares of 
Cygnus A at $4.30 per share. 


Solution Cost of shares = 200 x $4.30 
= $860.00 
Commission = 0.0250 x $860.00 
= $21.50 
Cost to purchaser = $860.00 + $21.50 
= $881.50 


EXAMPLE 2. Find the net proceeds to the seller of 500 shares of 
Pacific Petroleum at $16.50 per share. 


Solution Proceeds = 500 x $16.50 


= $8250.00 
Commission = 0.008 875 x $8250+ $0.225 75 x 500 
= $73.219+$112.875 
= $186.094 
Net proceeds = $8250.00 — $186.09 
= $8063.91 


Note that amounts are carried to the nearest 7¢ until the final 
answer and then rounded down if less than one-half, rounded up if 
equal to, or over one-half. 


EXAMPLE 3. An investor buys 600 shares of International Nickel at 
$24.37 and sells at $25.25. Calculate his profit or loss. 


Solution Cost of shares = 600 x $24.37 
= $14 622.00 
Commission = 0.008 875 x $14 622.00 + $0.225 75 x 600 
= $129.770+ $135.45 
= $265.22 
Total cost = $14 622.00+ $265.22 
= $14 887.22 


Proceeds = 600 x $25.25 
= $15 150.00 
Commission = 0.008 875 x $15 150+ $0.225 75 x 600 
= $134.456+ $135.45 
= $269.906 
Net proceeds = $15 150—$269.91 
= $14 880.09 


Profit = $14 887.22 —$14 880.09 
= $7.13 
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EXERCISE 14-2 


1. Find the costs of the following purchases excluding the commis- 
sion. 


(a) Ashland, preferred 100 shares at $18.00 
(b) Ashland, common 1000 shares at $6.00 
(c) Baton B 300 shares at $3.75 
(d) British American bank 100 shares at $132 
(e) Jannock B 100 shares at $103 
(f) Koffler, preferred 100 shares at $63 

(g) Metropolitan Stores 2000 shares at $83 

(h) Rothman 200 shares at $8; 

(i) Sunburst 7000 shares at $0.09 
(j) Transair 2000 shares at $0.30 
2. Calculate the commission on the following sales. 
(a) Borex 5000 shares at $0.072 
(b) B. C. Forest 300 shares at $83 

(c) Copper Fields 1000 shares at $0.95 
(d) Dustbane 200 shares at $5.00 
(e) Petrofina 300 shares at $153 
(f) Weston 750 shares at $223 
(g) Canron 600 shares at $17.50 
(h) Texaco "100 shares at $313 
(i) Credit Foncier 150 shares at $78.00 
(j) B.C. Telephone 200 shares at $48.50 


3. Calculate the total cost of the following purchases. 
(a) Calico Silver, 100 shares at $1.40 

(b) Abitibi, 625 shares at $83 

(c) Overland Express, 300 shares at $6.13 

(d) Alcan, 200 shares at $253 

(e) Penmans 6% pref., 50 shares at $973 

(f) Numac, 300 shares at $73 

(g) Imperial Life, 25 shares at $144.00 

(h) Pamour, 1350 shares at $10) 


4. Calculate the net proceeds from the following sales. 
(a) Cambridge Mines, 1500 shares at $0.40 

(b) Consolidated Glass, 100 shares at $83 

(c) Belltower Cottage Industries, 200 shares at $3) 

(d) Domtar, 110 shares at $193 

(e) International Paper, 90 shares at $35.00 

(f) Kamkotia, 1100 shares at $0.49) 

(g) Interplex, 700 shares at $0.60 

(h) Voyageur, 100 shares at $3.15 


5. Calculate the profit or loss resulting from each of the following sets 
of transactions. 
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Figure 14-6 


Stock sales are reported 
daily in the newspaper. A 
portion of a typical report 
is shown above. 


Write as a decimal 
9944 %. 
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Dividends 


Corporation dividends, quarterly un- 
less otherwise noted. 

Canadian Hydrocarbons Ltd., 53 per- 
cent pfd. series A 273 cents, Sept 30, re- 
cord Sept. 23. 

Canadian International Power C Ltd., 
32 cents, U.S.F., Sept. 30, record Sept. 
24. 

Cockfield Brown and Co. Ltd., 123 
cents, Sept. 30, record Sept. 18. 

Dalex Co. Ltd., $1.75, Sept. 30, record 
Sept. 20. 

Hawker Siddeley Canada Ltd., eight 
cents, Oct. 16, record Sept. 27; 53- 
percent pfd., $1.43%, Oct. 2, record Sept. 
20. 


Laurentide Financial Corp. Ltd., $1.25 
pfd. 31g cents, Dec. 1, record Nov. 8. 

Livingston Industries Ltd., 83 cents, 
Oct. 31, record Oct. 15. 

Metropolitan Stores of Canada Ltd., 
63-pfd., 65 cents semi-annual; $1.30 pfd. 
65 cents, semi-annual; both payable 
Nov. 1, record Sept. 30. 

Niagara Structural Steel Co. Ltd., 65- 
percent pfd., 973 cents, interim. Sept. 30, 
record Sept. 20. 

Reed Shaw Osler Ltd., class A, six 
cents, Dec. 13, record Nov. 29. 

Toronto Dominion Bank, 33 cents, 
Nov. 1, record Sept. 26. 


Figure 14-7 
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a 


(a) Economic Investment 300 shares 
(b) Inland National Gas 500 shares 
(c) Guarantee Trust 200 shares 
(d) Donlee 1000 shares 
(e) |.A.C. Ltd. 600 shares 
(f) Intermetco 100 shares 





14.3 RETURN ON STOCK INVESTMENTS 


Individuals and organizations invest money in stocks in the hope of 
increasing their wealth. With stocks the increase may come in the 
form of a dividend or as a capital gain. In Exercise 14-2 we calculated 
capital gain (or loss) for various stocks—our profit or loss from buying 
at one price and selling at another, hopefully higher. 

In this section we shall discuss dividends, which represent the 
return or yield on investments. 


Common Stock 


When a company makes a profit, the owners are entitled to share in 
the surplus income. The board of directors will decide how much of 
the profit should be used to expand or improve the company, often 
called “ploughing money back in,’”” and how much should be distri- 
buted to the shareholders as dividends. 

If a company has 500000 shares of stock distributed among its 
stockholders and the directors wish to distribute $100 000 in earnings, 
they will declare a dividend of 20¢ per share. ($100 000+500 000 
shares.) 

Figure 14-7 gives the dividend report as it might appear on the 
financial page of a daily newspaper. 


Note that Livingston Industries Ltd. has declared a dividend of 82¢ 
per share, payable on 10-31 to the shareholders on record as of 10-15. 
If a shareholder sold his shares of Livingston Industries Ltd. on 10-17, 
he would still receive the dividend of 10-31. 


EXAMPLE 1. A shareholder owns 1500 shares of Toronto Dominion 
Bank on 09-26. What dividend will he receive if a dividend is declared 
as shown in Figure 14-7? 


Solution Dividend declared 33¢ per share 
Dividend received = 1500 x $0.33 
= $495.00 
Preferred Stock 
Preferred stock has a par value, usually $100 per share, and a fixed 
rate of return, shown as a percentage of the par value. The stock may 


also be listed in terms of the annual return such as the Metroplitan 
Stores $1.30 preferred shares paying a semi-annual dividend of $0.65 
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(Figure 14-7). If the company makes money these dividends must be 
paid before the dividends on common shares. 


EXAMPLE 2. A shareholder owns 500 shares of Hawker Siddeley 
Canada Ltd. 53% preferred and 2500 shares of Hawker Siddeley 
common as of the dates of record. How much dividend will he receive 
with a dividend declared as shown in Figure 14-7? 





Solution 
Quarterly dividend declared. 
Common shares = 8¢ per share 
Dividend received = 2500 x $0.08 
= $200.00 
54% Preferred shares = $1.433 per share 54% X$100 par value _ $1,433 
Dividend received = 500 x $1.4375 S 
= $718.75 ~ 
Total dividend received = $200.00 + $718.75 peu uli os eile po 
= $918.75 
Yield 


In order to compare two investments to determine which is the most 
profitable at the current prices and dividend rates, we may look at the 
yields. 


eT = dividend rate x~ 100% 
price 


The current value of an investment depends both on the dividend 
rate and the price. If two reliable stocks both paid $1.50 per share 
annually and one was priced at $35 per share and the other at $70 per 


share, which would you invest in? Compare returns on a $7000 
investment. 


EXAMPLE 3. _ Find the yield from shares of Ford of Canada paying a 
dividend rate of $4.65 per share per year with a current price of $63.50 


per share. 
Solution 
.,, $4.65 , 
Yield = $63 50% 100% nae 
=7.3% 


The yield is 7.3%/a. 
Noie the dividend is calculated on a yearly basis, a quarterly Hc 


dividend would be multiplied by four. : 
If the pieces can be ar- 


EXAMPLE 4. Reed Shaw Osler declared a quarterly dividend of 6¢ ranged to form a square, 
per share (Figure 14-7). If the stock is currently trading at $6.00 find what is its size? 
the yield. 


investing in stocks and bonds 341 


Solution 
Annual dividend rate = 4 x $0.06 


= $0.24 per share 


; $0.24 
= 09 
Yield $6.00 °° % 


=4.0% 





The yield is 4%/a. 


Price/Earnings Ratio 

If you are considering buying a stock, or if you own stock, you are 
naturally interested in whether your company is making money. The 
price/earnings ratio compares the price of the stock to the earnings 
per share of the company. 


EXAMPLE 5. Nebraska Fuels Inc. with 100000 shares outstanding 
earned $500 000 /ast year. The current price is $60 per share. Find the 
price/earnings ratio. 


$500 000 _ 


100000 — Be 


Solution Earnings per share = 


If the current market price of the shares is $60, then 


price/earnings ratio =% 
=a 210) 


When the price/earnings ratio drops, it indicates that other investors 
do not have confidence in the stock even though it may be earning 
good dividends. 


EXERCISE 14-3 


A 1. Match the following terms to the appropriate description. 


(a) Common Share (i) A portion of company 
profits earned by shares. 
(b) Preferred Share (ii) An equity investment 


usually without par value, 
giving a variable return. 

(c) Capital Gain (iii) The ratio of dividend rate’ 
to price per share 
expressed as a percentage. 

(d) Dividend (iv) An equity investment giving 
a fixed return based ona 
par value. 

(e) Yield (v) Profit made by buying at 
one price and selling ata 
higher price. 
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(f) Price/Earnings Ratio (vi) The ratio of the price 
of a share to the earnings per 
share of the company. 


2. What dividend per share should be paid in each of the following 
situations? 

(a) Quarterly dividend on a $2.00 preferred share. 

(b) Semi-annual dividend on a $1.50 preferred share. 

(c) Quarterly dividend on an 8% preferred share, $100 par value. 

(d) Semi-annual dividend on a 6% preferred share, $100 par value. 
(e) The company directors declare $50 000 to be paid in dividends on 
100 000 outstanding common shares. 

(f) The company directors declare $250 000 to be paid in dividends on 
1 000 000 outstanding shares. 


3. What annual return should you expect on the following invest- 
ments? 


Number of shares Indicated dividend rate | Par value 


(a) 500 shares Maple Leaf Mills 5>% preferred 
(b) 700 shares Power Corp. 2% preferred 
(c) 100 shares Rolland Paper 4;% preferred 
(d) 300 shares United Corp. 5% preferred 


(e) 200 shares Holdfast Corp. 43% preferred 





4. Calculate the annual return and the yield from the following invest- 
ments. 


Number of Indicated dividend Current 
shares rate ($) price ($) 







(a) Maher Shoes Ltd. 
(b) Walker-Good 

(c) Maclean-Hunter 
(d) Phillips Cables 


(e) Reader’s Digest 


5. Find the par value of the following shares. 

(a) Livingston Industries, 6% preferred A, dividend rate: $3.00. 

(b) Silknit, 5% preferred, dividend rate $2.00. 

6. For each of the following stocks calculate the price/earnings (P/E) 
ratio. 


Earnings per share ($) 
Closing price ($) (for fiscal year 19) 


(a) Rank Organization 
(b) Leon’s Furniture 
(c) Macmillan Bloedel 
(d) Resource Service 


(e) United Trust 





7. A.B.W. Construction Ltd. pays a quarterly dividend of $1.35 per 
share. If the shares have a market price of $129, find the yield. 


8. Consolidated Corn Oil Co. Ltd. has annual earnings for the current 
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year of $1495000, with 250000 outstanding shares. If the current 
market price for the shares is $49.00 find the price/earning ratio. 


9. Morrison Manufacturing Ltd. declared a semi-annual dividend of 
$3.40 per share. What is the yield if the shares have a market value of 
$84.50? 


10. Lucky Find Iron Mines has current annual earnings of $4500 000 
with 500 000 shares outstanding. The market value is $45 per share. 
What is the price/earning ratio? 


14.4 OBTAINING INFORMATION ABOUT 
THE MARKET 


Who sets the price of a stock? The price is set by the people who are 
willing to trade it. Since the price depends on many different indi- 
vidual decisions, it is impossible to predict with certainty what the 
prices of stocks will do over any specified period of time. Unpredicta- 
ble things can have a great effect for a short period of time. In 1962 
the Cuban Missile Crisis, a confrontation between Russia and the 
United States over the placing of missiles in Cuba, caused a decline in 
prices on United States exchanges with repercussions felt on stock 
exchanges around the world. The long-term trend is for stock prices to 
incre ase, keeping pace with inflation in the economy. 


To get an overall picture of what the market is doing we can consult 
the market indexes. An index reflects the average performance of a 
number of established stocks and indicates the general level of the 
market. If the selected index stocks are high, then the index average 
will be high. An index taken alone is not much help, but when we 
follow the index from day to day and month to month, we see the 
trend of prices. We can follow these trends by means of charts and 
graphs. 

Since various sections of the market may differ in their sales appeal, 
the index samples different areas of the economy. For example the 
Toronto Stock Exchange Index covers industrials, gold, base metals 
(B.M.) and western oils (W.O.) separately. The number above each 
index indicates the number of stocks sampled. 

One of the most frequently quoted indexes is the Dow-Jones Aver- 
ages, which is the average of 3 indexes based on 30 industrials, 20 rail 
stocks and 15 utilities. 

It is possible to compare the price/earnings ratio for any stock with 
the price/earnings ratio for the corresponding index. (See Figure 
14-8.) 

You might also compare the performance of your stock with respect 
to yield. Check the average stock yields. Is the market generally rising 
or falling? Compare the number of stocks rising to the number of 
those falling. 

A general indication of the health of the market is the activity or 
volume of stock sales. If few investors are willing to buy, there may be 
a reason—the inexperienced buyer should seek expert advice. 
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Quick market facts 


Price/earnings ratios for the major TSE indexes 








Western 
Date Industrial Gold Base Metal Oil 
SeptsOe MOA sca dueee eee easaceeeenenne 7.35 13.81 4.59 8.61 
Week ag OWartencsc 25sec oasis ass oe aceerannice He Oe ale DI Any 
Monthrago 5.5: sc <escdtwasan dass consi deshiass 8.57 16.98 5.56 11.49 
V Gala news. cemncke en mows nce ents 13.79 17.79 12.65 27.15 
Average stock yields Week Month Year 
Pe Tana 5 Sept. 9,1974 previous ago ago 
% % % % 
114 Average stock yields 6.92 6.66 5.90 4.51 
6 Banks 5.38 5.31 4.58 3.68 
18 Preferred 8.62 8.35 7.82 6.70 
64 Common Industrial 6.10 5.90 5.20 3.92 
26 Mining 8.11 7.67 6.60 4.63 
(Compiled by Moss, Lawson & Co.) 
Ups, downs 
ane ay eems E Toronto ——_—_—_—_—_—_- Montreal 
Industrials Mines & Oils Combined 
Week No No No 
Ended Ups Downs Change Ups Downs Change Ups Downs Change 
Sept. 6 a2 415 160 65 169 49 62 232 106 
Aug. 30 87 477 154 52 188 50 54 270 99 
Aug. 23 68 506 146 24 230 41 45 283 92 
Aug. 16 99 409 169 55 187 47 69 225 109 
Aug. 9 226 216 183 39 60 129 138 159 112 
Volume of stock sales 
Montreal Totonto Alberta Vancouver’ N.Y.S.E. American 
Sept. 9 522 100 1 433 155 4000 1180384 11160000 1902000 
Sept. 6 531 100 1 492 334 13 400 1825949 15130000 1444000 
Sept. 5 505 800 1692579 13 000 1041332 14210000 1738000 
Sept. 4 790 800 1 924 805 17 200 1084225 16930000 2098000 
Sept. 3 586 700 1 369 312 11 000 1108099 12750000 1496000 
The Financial Post, 74-09-09. 
Figure 14-8 


The quickest way to get an accurate picture of market trends is to 


examine a graph of the past performance of the market indexes. 


A common form of graph shows a vertical line segment for each 
day giving the high and low of the index with a horizontal line 


segment to indicate the value at the close. 


A high of 760, a low of 730, closing at 740 would be shown as in 


Figure 14-9. 


760 


740 


720 


Figure 14-9 
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Find the area of the 
shaded region. 
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DOW JONES 
INDUSTRIAL AVERAGE 


_ high 
DAILY Plast 
low 





7 14 21 28 8 
MAY JUNE 


S2E19T 261 2m Ople nce 
JULY AUG. 


Reprinted from the Wall Street 
Journal with permission of Dow 
Jones & Co. 


Figure 14-10 


EXERCISE 14-4 


1. (a) Discuss the information contained in the graph in Figure 14-10. 
(b) What was the high, low, and close for 09-17, the last entry on the 


graph? 


(c) What periods had rising prices, as indicated by the Dow Jones 


index? 


(d) What periods had falling prices as indicated by the Dow Jones 


index? 


2. How does the information in Figure 14-11 tend to confirm the 


information in Figure 14-10? 
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Acme Gas 
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Baton B 
Bright A 
Cam Chib 
Campau A 
Caron 6p 
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Celanese 
Chib Kay 


B 3: 


Coldstm 
Coles B’k 
Cons Prof 
CZeirbA 
Dale R 
D’Aragon 
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East Mal 
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Fraser A 


NEW HIGHS 


Brinco 
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Frobex Magnum 
Grey G Majst Wil 
Hambro C Marcana 
HarCrpA Martin 
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Holing’r A Monenco 
Inv Gr 5p Mt Wrig’t 
Koffler N Hees 
Lajd!l Bp N Dimens 
Lasitr KM N Kelore 
Lob Inc Nfl Tel A 
Madsen Nick Rim 
Figure 14-11 


Norbaska 
Nordair 
Nudlama 
Oil Patch 
P Dept S 
Pinacie P 
Precamb 
Que Sturg 
Rdpath A 
Rio Algom 
Riv Yarn 
Rothman 


Scintrex 
Seco Cem 
Silvmg 
Simpson S 
Slat Walk 
Sogepet 
Steetley 
Tr C Glas 
Upp Can 


(a) Use the type of graph illustrated in Figure 14-10 to illustrate the 


four Toronto Stock Exchange indexes. Use the 1976 high and low, and 
the Tues. close given in Figure 14-12. 


(b) Repeat (a) for the Dow Jones, New York Stock Exchange, and 
Montreal averages. 
4. Construct a graph from the following information. 





TSE Industrial Index 
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Market indices 
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indus. Gold Meta’ on 
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Courtesy The Toronto Stock 


Exchange 
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Mr Jones buys 100 shares 
at $10 per share on 60% 
margin. He pays $600. He 
owns $1000 worth of stock. 
His debt is $400. His equity 
is $600 or 60%. The stock 
drops to $5 per share. He 
now owns $500 worth of 
stock. His debt is still $400. 
His equity is now $100 or 
20%. He must deposit an 
additional $200 to raise his 
equity to 60%. 


Note that margin buying 
applies only to the cost of 
the shares; the brokerage 
charges must be paid in 
full. 
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14.5 BUYING ON MARGIN AND 
SHORT-SELLING 


Buying on Margin 


An investor may feel certain that a stock is about to go up and wish to 
buy as much as he can. If the stock is selling at $4.50 and he can raise 
$900, the investor might purchase 200 shares. He can increase his 
purchasing power by borrowing money from the broker to buy addi- 
tional shares. This is called buying on margin. It is said to give the 
purchaser “‘leverage,”” since he is buying more shares than he has 
cash to purchase, and he will make a greater profit and increase the 
rate of return on his investment. 

Canadian law currently allows margin buying on stocks selling for 
more than $2 per share, and the purchaser must pay at least 60% of 
the cost of the shares. The broker, of course, will allow margin buying 
privileges only to good credit risks, and will charge interest. If it 
happens that the value of the shares goes down, the buyer has to pay 
out more money immediately in order to maintain the required mar- 
gin percentage on his purchase. 


EXAMPLE. Mr. Ross purchased 1500 shares of Bombardier A at $2.75 
on 75% margin. He sold 6 mo. later at $3.50. Calculate his profit if 
interest was charged at 82%/a. 


Solution 
Cost of shares = 1500 x $2.75 

= $4125.00 

Commission = $4125 x 0.0250 
= $103.125 

Total cost = $4125.00 +$103.13 

= $4228.13 

75% margin = 0.75 x $4125.00 
= $3093.75 

Payment = $3093.75 +$103.13 
= $3196.88 
Balance on account = $4228.13 — $3196.88 
= $1031.25 
Interest = $1031.25 x 0.085 x 0.5 

= $43.83 
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Total amount = $1031.25+ $43.83 
(On loan) = $1075.08 


Proceeds from sale = 1500 x $3.50 
= $5250.00 
Commission = $5250.00 x 0.0250 
= $131.25 
Amount of loan = $1075.08 
Net proceeds = $5250.00 — ($131.25+ $1075.08) 
= $4043.67 


Profit = Net proceeds — Original payment 
= $4043.67 — $3196.88 
= $846.79 


The profit on his transaction was $846.79. 


Short-Selling 


Short-selling is a method of making money while a stock’s value is 
falling. It involves having your broker borrow shares which you sell at 
the current market price and then later buy back at what you hope will 
be a lower price. For example you might sell 500 shares of Defunct 
Mining Corp. at $1.00 by “‘selling-short.’” When the stock drops to 
$0.25, you buy 500 shares to replace what you sold. You have made a 
profit of $375 less commissions. 

You must tell your broker when you are short-selling so that he can 
make provision for getting the shares. This is usually no problem, 
since when shares are bought on margin, the broker holds them for 
security and the purchaser usually signs a release giving the broker 
the authority to lend them for short-selling. 

Since short-selling tends to depress the price of a stock (why?), you 
may only sell short at a price equal to or above the last sale price for a 
board lot and the stock exchange regularly publishes its position with 
regard to short-selling (Figure 14-13). 


Short-selling is risky and you are subject to the same deposit 
regulations as buying on margin. When you buy stock in the normal 
fashion the most you can lose is what you invest and it is very seldom 
that an investment is a complete loss. In the above example, what 
would happen if Defunct Mining Corp. struck a hidden vein and 
jumped to $2.50 before you could buy? 
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THE TORONTO STOCK EXCHANGE 


Semi-Monthly Report of Short Positions 






AUGUST S95 9119776 


THE SEMI-MONTHLY REPORT OF SHORT POSITIONS OF THE TORONTO STOCK EXCHANGE AS OF AUGUST 15,1976 
SHOWED 690,991 SHARES OF 219 ISSUES COMPARED WITH 647,204 SHARES OF 212 ISSUES ON JULY 30,1976. 








STOCK NAME AUG. 15T NET CHGE STOCK NAME AUG.15T NET CHGE 
ABBEY GLEN PROPERTY 600 DOMINION BRIDGE 200 200 
ABBEY GLEN PPTY WT 300 DOMINION EXPLORERS 500 500 
ABITIBI PAPER 6,445 2,345 DOW CHEMICAL 392 - 5 
AFTON MINES LTD 1,000 - 200 E-L FINANCIAL WT 1,000 
AGNICO-EAGLE MINES 2,600 - 100 EGO MINES 280008 = 2500 
AHED MUSIC CORP 1,000 400 EMCO 500 
ALBERTA NATURAL GAS 100 100 FALCONBRIDGE COPPER 600 
ALCAN ALUMINIUM 800 FALCONBRIDGE NICKEL 2,850 2,700 
ALMINEX 1,200 1,200 FEDERAL PIONEER CL A 600 200 
AMALG BONANZA PETE O00 3,900 FIELDS STORES LTD 846 246 
ANGLO UNITED DEVEL 2,000 FOODCORP LIMITED 950 150 
ASAMERA OIL 200 - 1,000 FOODEX SYSTEMS 2,900 2,116 
ASHLAND OIL CAN 200 200 FOUR SEASONS WT 1,400 
BM-RT INVEST UNITS 200, = 1,800) ERASER CO. CLASS A 100 
BP CANADA T4100" = 200 FROBEX 12,000 
BANK OF NOVA SCOTIA 800 300,9 GSW Utd) CL ~B 200 
BANKEND MINES 2,000 - 1,000 GENERAL MOTORS 100 
BELL CANADA WT ASIC 500 GENSTAR 500 - 100 
BETHLEHEM COPPER A 100 GENSTAR WT 1,900 1,000 
BOW VALLEY INDUSTRY 200 GIANT MASCOT MINE 18,400 - 5,700 
BRAMEDA RESOURCES 3,600 - 1,900 GIANT YELLOWKNIFE 6,677 627 
BRENDA MINES LTD 1,500 - 200 GOLDUND MINES LTD 2,500 2,500 
BRIDGER PETROLEUM CO 300 GOZLAN BROTHERS LTD 1,600 
B.C. FOREST PRODUCTS 200 200 GT LAKES NICKEL LTD 4,000 
B.C. PACKERS CL B 100 - 100 GREAT LAKES PAPER 100 








Courtesy The Toronto Stock Exchange 


Figure 14-13 


EXERCISE 14-5 


B 1. Find (i) the total initial payment and (ii) the amount of the loan 
deducted from the proceeds at the time of sale. Interest is charged at 
95%/a. 

(a) 200 shares at $72.50 bought on 75% margin for 300 d. 
(b) 1000 shares at $123 bought on 70% margin for 240 d. 
(c) 50 shares at $54; bought on 60% margin for 183 d. 

(d) 500 shares at $17.35 bought on 60% margin for 30d. 
(e) 400 shares at $5.60 bought on 65% margin for 90d. 


2. Find the profit or loss resulting from the following short-selling. 
(a) 200 shares sold at $3.20 and bought back at $2.50. 

(b) 1000 shares sold at $7.80 and bought back at $4.20. 

(c) 350 shares sold at $42.50 and bought back at $54.25. 

(d) 60 shares sold at $843 and bought back at $613. 

(e) 1000 shares sold at $1.15 and bought back at $0.65. 


. 
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3. Suppose you have about $2000 to invest and are certain that 
MacBean Bag Co. stock will rise because of a large export order they 
are likely to receive. The stock is currently selling at $3.40 and in fact 
does rise to $4.60. 

(a) You buy 600 shares outright at $3.40 and sell at $4.60. Calculate 
your profit. Include consideration of commissions. 

(b) You buy 900 shares paying 60% margin plus commission at $3.40 
and sell 90d later at $4.60. The broker charges 9% interest. Calculate 
your profit. 

(c) How much extra profit was made by buying on margin? 


4. After consulting your broker you short-sell 500 shares of Consoli- 
dated Sled at $1.79. 

(a) If the stock drops and you buy back at $0.65, what is your profit? 
Include broker’s commission in your calculation. 

(b) Suppose Consolidated introduces a new line of snowmobiles and 
the stock jumps to $3.90 per share before you buy. Calculate your 
loss. 


14.6 MUTUAL FUNDS 


If each member of your class put; say, $10 into a fund and you hired 
an investment counsellor to invest the money for you, you would 
have set up a small mutual fund. 

There are advantages to mutual funds. You have the benefit of 
professional management of your money. You need not concern 
yourself with fluctuations in the market or with decision making. 
Because mutual funds are investing large amounts of money from 
many investors, they can sometimes buy at prices below those availa- 
ble to the individual investor. Also, because of the amount of capital 
involved, they can invest in a “‘balanced portfolio” of many different 
stocks, including some with a reasonably sure slow growth and others 
more speculative in nature. A failure in one investment then has a 
minor effect on the individual investor. Perhaps most significant is the 
Opportunity it gives the small investor to invest small amounts of 
capital regularly, for instance on a monthly basis. 

However, as with most things, you pay for what you get. Salesmen 
and administrators must be paid for their services. A loading fee or 
commission is charged when you invest. This fee varies from fund to 
fund but usually depends on the size of the investment. As the 
principal invested increases, the rate of commission is reduced. The 
table of rates shown below approximates the charges used by Cana- 
dian companies. 


Sales fee as a percentage 
Size of transaction of amount invested 
Less than $25 000 8% 
$25 000 but less than $50 000 6% 
$50 000 but less than $100 000 4% 


$100 000 but less than $200 000 3% 
$200 000 but less than $500 000 2% 


On a transaction where the aggregate purchase price is $500 000 
and over, the sales fee is subject to negotiation. 
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Figure 14-14 shows a typical mutual fund portfolio of investments. 
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The AGF Companies, 50th Floor, Toronto-Dominion Tower, Toronto, Ontario 
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When small amounts are invested regularly, the purchaser is said to 
purchase a contractual or accumulation plan. The total sales fees for a 
completed contractual plan are nearly equal to those for a single cash 
investment of the same size; however it is usual for the fees to be 
charged most heavily on the early payments. This is called ‘front-end 
loading.” This serves to reimiurse the company for the administrative 
costs of opening a new account, and also serves as a strong stimulus 
to the investor not to close the account before completion, since by 
doing so he will lose so much of the initial investment in fees. 

As an example of typical charges, one such accumulation fund, 
involving a monthly investment of $100 for 10a, carries sales fees of 
$46 on each of the first 13 payments, and only $3.30 on each of the 
remaining payments. 

As well as the acquisition fee, there may be a management fee 
which will be taken from the dividends accumulated by the fund. 

Although there are many types of funds, they all fall into two 
categories: Open-ended and closed-ended. As an illustration let us 
return to the example of your class fund. 

Suppose a new student joined your class and wanted to participate 
in the fund, so you totaled your assets and found that each student’s 
share was now worth $15. For $15, which you added to your invest- 
ment capital, you let the new student join. This would be an example 
of an open-ended fund. 

if, when the new student asked to join the fund, the policy was that 
no new shares would be created but the new student could bid for 
existing shares and purchase them from classmates if anyone wished 
to sell, then you would be operating a closed-ended fund. 

Most funds on the market today are open-ended. Within this group 
there is great variety catering to investors who want security with 
slow growth, or the possibility of fast growth with a greater measure 
of risk; funds which accept a large initial investment and pay out 
regular withdrawals, or funds which accept small regular investments. 
It is up to the investor to shop around for the best deal and one which 
satisfies his investment needs. 

The net asset value per share for open ended-funds is listed regu- 
larly on the financial pages of the newspaper. (See Figure 14-15.) 


EXAMPLE 1. Figure 14-14 shows a typical investment portfolio with 
total net assets of $8 242 614 and with a net asset value per share of 
$5.34. How many outstanding shares has the fund? 


Solution: 


Total net assets 
Total outstanding shares 





Net asset value per share = 


Total net assets 
Net asset value per share 


_ $8 242 614 
$5.34 


1 543 561 shares 





Total outstanding shares = 
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N.A.V.P.S. 
Net asset value per share 


N.A.V.P.S. 
te Total net assets 
Total outstanding shares 





Courtesy of the Canadian Press 
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Solar system —1 

The solar system com- 
prises 1 star (the sun), 9 
large planets orbiting in 
the sun’s gravitational 
field, and uncounted smal- 
ler planets. Earth, Mars, 
Jupiter, Saturn, Uranus, 
and Nepture all have their 
own satellites or moons. 
In studying the planets, 
scientists are interested in 
calculating their densities 
to give clues as to the ele- 
ments of which they are 
composed. 

Escape velocity is the 
speed at which a particle 
will have sufficient energy 
to escape the gravitational 
pull of the planet. Knowing 
the escape velocity and the 
surface temperature gives 
clues as to the elements in 
a planet’s atmosphere. 
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The fund has 1 543 561 shares. 


EXAMPLE 2. Mrs. Carmichael invests $5000 in a mutual fund with 
N.A.V.P.S. of $3.40. The commission is 8% of the amount invested. 
How many shares did Mrs. Carmichael receive? (See ‘Sales fee as a 
percentage of amount invested.”’) 


Solution: 


Net amount invested = 92% of $5000 
= 0.92 x $5000 
= $4600 


Net amount invested 
N.A.V.P.S. 


_ $4600 
$3.40 


= 1352.94 shares 





Number of shares = 


She received 1352.94 shares. 


EXERCISE 14-6 


1. Find the missing quantities in the following table: 


Total net Total number of 
assets outstanding shares | N.A.V.P.S. 


1 500 000 
2 240 000 
4130 000 


(a) $1 350 000 
(b) | $12 700000 
(c) | $20 484800 
(d) $6 915 000 
(e) $8 036 000 
(f) | $29896 000 


(g) 
1 _ 
(i) 


2. Calculate the sales fees and the actual principal invested for each of 
the following amounts. (Use the fee scale table.) 

(a) $2000 (b) $17 000 (c) $33 500 

(d) $21 450 (e) $42 000 (f) $13 200 


3. Determine the number of shares purchased in each of the following 
transactions. : 


Commission 
Amountinvested | (% of amount invested) | N.A.V.P.S. 


$6 500 


1 470 000 
5 130 000 
875 000 





$75 000 
$32 000 
$125 000 
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4. Mr. Ablet invested in an accumulation fund with an objective of 
$150/mo. for 120 mo. Sales fees were $69.00 on each of the first 13 
payments and $4.95 on each succeeding payment. 

(a) What is the total amount (including fees) invested? 

(b) What is the total sales fee charged? 

(c) What is the actual principal invested in shares? 

(d) What percentage sales fee has been charged on the total amount 
invested? 

(e) What is the percentage sales fee on the net principal invested in 
shares? 

(f) If the investor had discontinued the plan anytime during the first 
year, what percentage fee would have been charged: 

(i) on the total amount invested? 

(ii) on the principal invested in shares? 


14.7 BONDS 


Bonds are a debt security. They represent a loan by the purchaser to 
the government or to the company who issues the bond. Recall the 
five types of debt security mentioned in Section 14.1 and the security 
that each represents. : 

Every bond displays four pieces of information: the amount or 
“face’’ of the bond, the interest rate or “bond rate,” the maturity date, 
and the name of the issuing organization. 

Bonds may be fully registered, in which case the name of the holder 
is recorded and interest payments are mailed out when due. On this 
type of bond certificate, nothing is lost if it is stolen. Alternatively, the 
bond may be registered as to principal only, in which case the 
certificate will contain dated interest coupons to be clipped and 
redeemed at a bank. Since the name of the bond holder is recorded, 
the principal is safe if the certificate is stolen, but the interest will 
probably be lost unless the theft is traced through the serial number 
of the bond. Bearer bonds, as the name implies, are valuable to 
whoever is holding them. If stolen, they are easily sold. For this 
reason they should be kept in a safety deposit box or some other safe 
place. 

When a company wishes to raise money through a bond issue, it 
must file particulars and obtain permission from the government. The 
bonds will then be offered for sale to securities companies who will 
bid on large blocks of bonds and then sell them to individual investors 
at a profit. In many cases the announcement appears after all the 
bonds have been purchased by large investors and is a matter of 
record only. 


EXAMPLE 1. A $5000, 82% bond bears quarterly coupons. What is 
the value of each coupon when due? How much will the owner of the 
bond receive on the date of the last coupon? 
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Solution |=Prt 


= $5000 x 0.085 x 0.25 


= $106.25 


Therefore each coupon is worth $106.25 when due, and on the date of 
the last coupon the owner will receive $5106.25. 

The face value and bond rate are printed on the bond, so these 
quantities cannot change. But we have seen that the value of free 
investment capital changes as supply and demand vary. This change 
is reflected in the market value of the bond. These values are listed in 
the newspaper and brokerage offices (Figure 14-16) under a “‘bid” 
price (what people are offering to pay) and an “ask” price (what 
people want for their bonds). The amounts quoted are for $100 of face 
or par value. If current interest rates were 10%, and your bond carried 
72%, would investors pay more or less than par? 


Figure 14-16 





Corp. bonds 





TORONTO (CP)—Selected bond quotes as 
of Oct. 11 provided to the investment Dealers 
Association of Canada by Richardson Sec- 
urities Ltd. with yield on asking price: 


CORPORATIONS 
Bid 

Abitibi 9% 1 Apr 1990 89.00 
Alt Gas 94 15 Dec 90 86.00 
Alq Stl 83 31 Mar 91 83.50 
Alcan 93 2 Jan 91 89.00 
Bell 8 1 Aug 1980 90.00 
Bell 93 1 Dec 1993 90.00 
BC Sug 93 15 Sep 87 88.00 
BC Tel 8g 15 Oct 93 80.00 
C Cem 83% 1 May 92 80.00 
CPR 8% 1 Feb 1992 84.00 
CPSL 93 1 Oct 1990 86.00 
Cominco 83 15 Apr 91 80.00 
Con Gas 83 1 Feb 91 77.00 
Con Gas 8g 15O0ct93 80.00 
Dofasco 9 1 Feb 1991 87.50 
Eaton Ac 9 1 Sep 93 81.00 
Falcbrq 73 24 Feb 91 74.00 
Glf Oil 83 1 Dec 89 90.00 
Gulf O 83 15 Sep 75 97.00 


HudB MS 9 15 Jun 91 83.00 


Imp Oil 83 15 Aug 89 86.00 
Ind Acc 93 15 Oct 92 91.00 
Int Nick 94 1 Oct 90 89.00 
Labatt 94 1 Sep 1990 89.50 
McMil 85 15 May 91 79.50 
Noranda 94 15 Oct 90 88.00 
Nr Cen 93 2 Jul 91 98.00 


Royal Bk 7 15 Apr 91 93.25 
Simpsns 93 15Dec89 _— 87.50 


Traders 93 15Jun91 93.50 
Traders 9 15 Oct 93 74.50 
TCPL 9 20 Mar 1991 84.00 
TCPL 8% 20 Sep 92 82.50 


Wstcst 7 8 15 May 91 78.00 
From The Financial Post 


Ask 
91.00 
88.00 
85.50 
91.00 


90.00 
82.00 


Yield 
10.97 


10.84 
10.63 
10.54 
10.08 
10.34 
10.97 
10.88 
11.10 
10.66 
10.98 
10.87 
10.90 
10.88 
10.34 
11.18 
10.93 
10.98 
10.07 
10.83 
10.42 
10.35 
10.94 
10.56 

9.50 

9.87 
10.93 
12.55 
12.20 
10.84 
10.85 
10.58 


CONVERTIBLES 





Ackland 73 15 Jun 88 84.00 88.00 9.04 
Aqrain 63 15 Mar 92 65/0043 — 
AltaGas 73 1 Feb 90 108.00 112.00 6.27 
Beav L 54 1 May 89 70.00. 
Scur Rn 74 1 May 88 68.00 72.00 11.34 
SimSrs 43 15 Oct 88 97.00 
WstCst T 73,1 Jan91 82.00 84.00 9.45 
Gov't bonds 
CANADA AND GUARANTEED 

4%  15Dec 1974 99.28 99.32 8.23 
63 1Apr1975 98.86 98.91 8.91 
74-1 July 1975 99.20 99.30 8.27 
53 1 Oct 1975 97.00 97.10 8.68 
74 15Dec 1975-85 98.50 98.60 8.53 
55 1Apr1976 95.90 96.00 8.45 
34 1June 1976 92.40 92.60 8.16 
53 1June 1976 95.75 95.95 8.45 
i) 1 July 1977 96.50 97.00 8.26 
77 1 Sep 1977 96.30 96.30 8.27 
83 15Jan1978 86.75 87.25 8.29 
8 1 Jul 1978 98.50 99.50 8.16 
63  1Jun 1979 92.50 93.50 8.21 
34  10Oct1979 79.00 79.50 8.37 
5; 15Dec 1979 88.50 89.50 8.29 
63 1Apr1980 89.75 90.75 8.39 
52 1 Aug 1980 86.00 87.00 8.37 
45 1Sep 1983 75.63 75.88 8.41 
5 1 Jun 1988 65.00 67.00 9.32 
63 15Feb1989 77.00 79.00 9.45 
54 1May 1990 65.00 67.00 9.30 
53 1Sep 1992 67.00 69.00 9.35 
62 1 Oct 1995 71.50 73.50 9.42 
32315 Mar 1998 49.00 52.00 8.51 
3 Perps 33.50 35.50 8.45 
CNR 5 15 May 1977 91.00 91.50 8.73 
CNR 4.1 Feb 1981 76.00 77.00 8.83 
CNR 53 1 Jan 1985 74.50 75.50 9.56 
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EXAMPLE 2. What is the price of a $1000 bond sold at 893? 


$1000 
100 


= $895.00 


x 89.5 





Solution Price= 


No matter what the purchase price, the bond is worth its face value 
at the time of maturity. 

Bonds are bought and sold through investment brokers and banks. 
They will arrange for the sale or purchase of your bonds on the bond 
market. The price arrived at will be a trading price somewhere be- 
tween the bid and the ask. For handling your sale the broker will 
usually charge a commission of 0.5% of the purchase price, a 
minimum of $0.50 per $100 face value. Banks will handle Canada 
Savings Bonds without charging commission. 

The seller of the bond will also receive from the purchaser the 
interest which has accrued from the date of the last coupon up to the 
time of purchase. 


EXAMPLE 3. Find the price of a $2000, 9% Government of Canada 
bond bought through a bank at the ask price of 84; on 09-15. The last 
coupon date was 06-15. 





Solution 
E $2000 
Price ( 100 <84.5) $1690.00 
Accrued interest ($2000 x 0.09 x 3@ 45.37 


Total cost $1735.37 


EXAMPLE 4. Find the proceeds from the sale of a $5000, 83% bond at 
1013 through a broker charging 3% commission on the price of the 
bond (but not less than $0.50 per $100). The bond was sold 07-10. 
The last coupon date was 06-15. 





Solution 
Price [So x 101 5) $5075.00 
Accrued interest ($5000 x 0.0825 ~ 5 28.25 
(25 d) $5103.25 
Less commission (0.005 x $5075) 25.38 


Proceeds $5077.87 


EXERCISE 14-7 


1. What are the advantages of a registered bond? Of a bearer bond? 
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Sun 


————. Mercury 


———~ Venus 
Pere Earth 
Mars 


® 





Jupiter 


& 





Saturn 





Uranus 





Neptune 





e 





Pluto 


2. Would you expect a bond to bring a higher or lower return than 
preferred shares? Why? 


3. Besides theft, what other sources of physical loss are securities 
liable to? How can they be guarded against? 


4. Calculate the coupon value for each of the following bonds bearing 
half-yearly coupons. 

(a) $2000, Government of Canada 94%. 

(b) $1000, Traders Group 72%. 

(c) $5000, Canada Cement 83%. 


5. Find the cost of the following bonds. (The minimum commission, if 


any, is $0.50 per $100 face value.) 
Bond rate Price Last coupon 
(%) (%) Commission date Sale date 


















(a) $1 000 


(b) $3 000 
(c) $500 
(d) $2 000 
(e) $5 000 


(f) | $12 000 








6. Find the proceeds from the sale of the following bonds. (Minimum 
commission, if any, is $0.50 per $100 face value.) 


Bond rate Last coupon 
(%) Commission date Sale date 
(a) $1 000 
(b) $500 
(c) $3 000 
(d) $1 500 
(e) $2 000 








(f) | $25 000 











7. A bank buys a $10 000 bond at a bid price of 85 and sells it at an ask 
price of 87. What profit is made in dollars and as a percentage of the 
bid price? No other commission is charged. 


14.8 APPROXIMATE YIELD 


To compare the relative value of bonds offered for sale at a premium 
(or discount) we should calculate the yield in each case. 
When we were dealing with stocks we used the formula 


dividend rate 


Yield = x 100% 


A change in the price of the stock may change the yield but this is not 
predictable with any degree of certainty. 
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With bonds we can predict with certainty that, barring default, the 
value of the bond at maturity will be the face value. We make use of 
this fact in two ways. 


1. We calculate the yield on an average investment principal: 


face value + market value 
2 





Average principal = 


2. If a $1000 bond selling at 90 matures in 5a, then in addition to 
interest over the 5a, you will make $100 on the principal since you 
buy it for $900 and redeem it for $1000. We could approximate this 
amount as $20 income per year. In general, for a bond maturing in n 





years: 
Discounted bonds: Discounted bonds are 
face value — market value bonds selling for less than 
Average income = interest + = eireeteeraiies 


Premium bonds: 


market value —face value 
n 





Average income = interest — Premium bonds are bonds 


selling for more than their 


average income 
g x 100% face value. 


tla ieeiun ENC average principal 





EXAMPLE 1. Find the approximate yield of a 93% bond selling at 90, 
maturing in 5a. (Note that yield is a percentage and may be worked 
from 100 for any face value.) 





Solution 
100 0 
Average principal: sah SES = $95 
100 —$90 
Average income: $9.50 + 200-880 = $9.50+$2 
= $11. 
| $11.50 pe 50/a 
Approximate yield: $95 X 100% = 12.1% 


EXAMPLE 2. Find the approximate yield of a 12% bond selling at 
101.5, maturing in 87a. 


Solution 
$100 +$101.5 


Average principal: 5 = $100.75 
101.5—$100 
Average income: $12.00-2 > S'* - $12.00-$0.18 
= $11.82/a 
11.82 
Approximate yield: e100.75* 100% =11.7% 
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Discount bond 


Shorter term > greater yield 


Premium bond 


Shorter term > lower yield 


Present value of an 
amount 


PV=A(1+i)" 
Present value of an annuity 
PV = Ranji 


Where no face value is 
given the price is calcu- 
lated on a face value of 
100. 
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EXERCISE 14-8 


1. Find the approximate yield for each of the following bonds. 
(a) 83% selling at 78.0, maturing in 10a. 

(b) 73% selling at 88.5, maturing in 32a. 

(c) 9% selling at 80.0, maturing in 9a. 

(d) 8% selling at 76.0, maturing in 17a. 

(e) 54% selling at 74.5 maturing in 83a. 


2. Find the approximate yield for each of the following bonds. 
(a) 11% selling at 101.5, maturing in 12a. 

(b) 103% selling at 101.0, maturing in 8a. 

(c) 91% selling at 100.25, maturing in 2a. 

(d) 12% selling at 103.0, maturing in 6a. 

(e) 113% selling at 102.5, maturing in 9a. 


3. (a) Calculate the approximate yield for each bond and decide 
which gives the better return on the investment. 

(i) 6% selling at 86.0, maturing in 3a. 

(ii) 91% selling at 87.0, maturing in 16a. 

(b) What other factor would you take into account when deciding 
which bond to invest in? 


4. (a) Calculate the approximate yield on each bond. 

(i) 9% selling at 95.0, maturing in 5a. 

(ii) 9% selling at 95.0, maturing in 15a. 

(iii) 12% selling at 102.0, maturing in 5a. 

(iv) 12% selling at 102.0, maturing in 15a. 

(b) For premium and discounted bonds what is the effect of the length 
of time to maturity on the yield? 


14.9 THE PRESENT VALUE OF A BOND 


How should we determine the price to pay for a bond so that we 
receive a desired rate of return? Suppose interest rates are currently at 
10%; how much should we pay for a $1000, 7% bond? As we found in 
the last section; this will depend on the maturity date, but obviously it 
will be something less than $1000. There are two quantities to 
consider—the face value of the bond, and the interest payments. 


Price = (Present value of the face value) 






+(Present value of the annuity formed by the interest payments.) 





EXAMPLE 1. Find the price of a 7% bond, bearing semi-annual 
coupons, maturing in 15a, if it is to yield 10% compounded semi- 
annually. 
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Solution 





3.50 3.50 3.50 3.50 3.50 3.50 3.50 3.50 3.50 3.50 


PV annuity sccadh hl cull hala ted Na 


Piel OOM epee een NV Pe 


Price = (PV of 100)+(PV of annuity) 


PV of 100 where A=100, i=0.05, n=30 


PV of annuity where R=3.50, i=0.05, n=30 


Price = 100(1.05) + 3.50( aspp.05) 
= 100(0.231 38) +3.50(15.372 451) 
= 23.138+ 53.804 
= 76.942 
The price would be 76.94 


To find the price of a bond between coupon dates: 


1. Find the price at the last previous coupon date. 
2. Find the amount of the price invested at the desired yield rate from 
the previous coupon date to the date of sale. 


EXAMPLE 2. Find the price of a $4000, 8% bond, bearing semi- 
annual coupons on 02-01 and 08-01 maturing on 1980-02-01. The 
bond is purchased on 1975-12-15, to yield 10% compounded semi- 
annually. 


Solution 
1975-08-01 


12-15 


1975 | 1980-02-01 
1 2 3 4 5a 


' 
' 
' 


$160 $160 $160 $160 $160 $160 $160 $160 $160 





1 
' 
160a3)0.05) 1 
$4000 





' 
' 
' 
' 
$4000(1.05) ° 1 
136 


pto.10)( 5] +P 
365 


' 
' 
' 
' 
1 
t 
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Solar system —4 

The sun 

Diameter 1.39 10° km 
Mass 1.99 x 10° kg 

Find the volume. Find the 
density. 

The total mass of the 
planets is about 0.1% of 
the mass of the sun. There 
are about 10” stars in the 
observable universe. Are 
there other planetary sys- 
tems? Other life forms? 
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08-01 to 12-15 is 136d 


Solar system —5 

Earth 

Mean diameter 1.27 x 10* km 
Mass 5.98 x 10” kg 

Mean distance to the sun 
1.5 10° km 

Period of solar orbit 
365.26 d. 

Escape velocity 11 km/s 
Find the density of Earth 
and compare to that of the 
sun. 
Find the mean speed of 
the earth about the sun. 
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Price (1975-08-01) = $4000(1.05)° + $160 agp.0 
= $4000(0.644 61) +$160(7.107 822) 
= $2578.44 + $1137.25 
= $3715.69 
Price (1975-12-15) = $3715.69(0.10)(s2e) + $3715.69 
= $138.45 + $3715.69 
= $3854.14 


EXERCISE 14-9 


1. Why is it not practical to adjust the yield of a bond by changing the 
coupon rate? 


2. (a) If you buy a 7% bond when money is worth 10% on the market, 
would you pay more or less than face value? 
(b) If you buy a 10% bond when money is worth 8% on the market, 
would you pay more or less than face value? 


3. Find the price of the following bonds. 

(a) 6% bond bearing semi-annual coupons, maturing in 9a, to yield 
9%/a, compounded semi-annually. 

(b) 9% bond bearing semi-annual coupons, maturing in 12a to yield 
11%/a, compounded semi-annually. 

(c) 72% bond bearing semi-annual coupons, maturing in 8a to yield 
10%/a, compounded semi-annually. 

(d) 8% bond bearing quarterly coupons, maturing in 6a to yield 12%, 
compounded quarterly. 

(e) 52% bond bearing semi-annual coupons, maturing in 10a to yield 
11%/a, compounded semi-annually. 


4. Find the price of the following bonds. 

(a) 12% bond bearing semi-annual coupons, maturing in 5a to yield 
9%/a, compounded semi-annually. 

(b) 11% bond bearing semi-annual compounds, maturing in 8a to 
yield 8%/a, compounded semi-annually. 

(c) 12% bond bearing quarterly coupons, maturing in 4a, to yield 
10%/a, compounded quarterly. 

(d) 9% bond bearing semi-annual coupons, maturing in 122 a to yield 
8%/a, compounded semi-annually. 

(e) 10% bond bearing semi-annual coupons, maturing in 6a to yield 
9%/a, compounded semi-annually. 


5. Find the cost of a $500, 72% bond bearing semi-annual coupons, 
maturing in 10za. It is to yield 11% compounded semi-annually. 
Include 2% commission. 

6. Find the cost of a $5000, 10% bond bearing semi-annual coupons. 
There are 25 coupons remaining and the bond is purchased 90 d after 
the last previous coupon date, to yield 8%/a, compounded semi- 
annually. 


7. Find the cost of a $10 000, 73% bond bearing semi-annual coupons. 
31 coupons remain and the bond is purchased 46d after the last 
previous coupon date, to yield 11%/a, compounded semi-annually. 


8. Find the price of a 12% bond bearing semi-annual coupons on 
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01-15 and 07-15, maturing 1985-01-15. The bond is purchased on 
1979-02-15 to yield 9%/a, compounded semi-annually. 


REVIEW EXERCISE 


1. Explain the difference between debt securities and equity securities 
and classify each of the following: bonds, debentures, common stock, 
preferred stock. 


2. A company has 100 000 shares of stock outstanding, trading at $10 
per share. 

(a) Approximately how much would it cost to buy control of the 
company at that price? 

(b) If an investor starts buying large blocks of stock what is likely to 
happen to the price? 


3. Why is it not profitable to buy and sell stocks frequently for small 
price increases? 


4. (a) Give the formula for the yield of a stock. Control requires ownership 
(b) A stock selling for $10 has a quarterly dividend of 15¢ per share. of more than 50% of the 
What is the indicated yield? 


5. What would you pay for a $5000 bond selling at 85, without 
consideration of interest or commission? 


shares. 


6. Find the cost including commission of these stock purchases, 


(a) 500 shares at $21.30 (b) 2000 shares at $4.21 


7. Find the proceeds from the following sales of stock. Include consid- 
erations of commission. 
(a) 1000 shares at $0.75 (b) 25 shares at $32} 


8. Find the annual return and yield for each of these investments. 


(a) 200 shares, 63% preferred stock, par value $100 with a market 
value of $56. 

(b) 500 shares, 83% preferred stock, par value $50 with a market value 
of $30. 


9. (a) 1000 shares of common stock were purchased at $103 on 60% 
margin. What payment was required at the time of purchase? 

(b) The shares were sold 90d later at $15. What were the proceeds 
from the sale if interest was charged at 8%? 

10. 2000 shares are sold short at $2.50 and bought back at $1.25. 
What profit was made? 

11. (a) Find the price of a $1000, 93% bond at 85, bought 30 d after the 
last previous coupon date. A commission of 2% is charged (not less 
than $0.50 per $100 face value). 

(b) Find the proceeds from a $500, 62% bond at 79, sold 20d after the 
last previous coupon date. A commission of 2% is charged (not less 
than $0.50 per $100 face value). 

12. Calculate the yield for the bonds in question 11 if they each have 
6a to run. . 

13. An 8% bond bearing semi-annual coupons still has 15 coupons 
remaining. Find the price of this bond 30d after the last previous 
coupon date if it is to yield 10%/a, compounded semi-annually. 
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Laser light, the fabulous light ray that 
can vaporize the hardest materials in a 
fraction of a second, is so intense it can 
bore holes in diamonds, yet when care- 
fully controlled can be used to perform 
the most delicate eye surgery. 

What is a laser? The word actually 
stands for Light Amplification by Stimu- 
lated Emission of Radiation. 

Light is the small portion of the elec- 
tromagnetic wave spectrum that is 
visible to the human eye. It can be 
thought of as the radiation we can see. 

Amplification means a process by 
which something becomes expanded or 
increased. When we “‘amplify’’ the 
sound of a guitar, it becomes louder. 
When we amplify light, it becomes 
brighter or more intense. 

To stimulate is to perform an action 
that will cause excitement. In the laser 
process, we stimulate the atoms in the 
laser material into an excited state of 
higher energy. The laser material, 
which may be a crystal, a gas, or a 
liquid, is like a sponge that soaks up 
energy. 

Emission refers to the way the 
energy leaves the laser material. When 
the material has absorbed a certain 
amount of energy, it may be stimulated 
to emit a tremendous burst of 
energy in the form of light waves. (This 
is what happens in a pulse laser. A 
continuous wave laser emits a steady 
but less powerful beam.) 

Radiation refers to the emission of 
light waves. (In fact, the laser light does 
not have to be visible. It may be invisi- 
ble electromagnetic energy, either 
above or below the visible spectrum.) 


— tan 





COHERENT LIGHT. In a flashlight beam 
(above), light moves out in all direc- 
tions at different wavelengths; it is 
‘incoherent’. In the laser beam (below), 
the light is ‘coherent’; that is, the light 
rays are all of the same wavelength 
moving in the same direction, and do 
not interfere with each other. 





LASER LIGHT AND... 


A light bulb is a familiar source of 
radiant energy. Electricity, a form of 
energy, heats the filament in the bulb, 
causing it in turn to give off energy in 
the form of heat and light. The laser 
depends on a similar process of energy 
exchange. 

The basic requirements for the crea- 
tion of a laser are simple enough. First 
of all we need a material that has the 
property of absorbing and releasing 
energy. Then we need an energy 
source for exciting this material, and 
we need a container to house and 
control the material producing the laser 
action. 

In the lasing process, the laser material 
is placed inside the container, and 
then stimulated by means of an energy 
source into the emission of light waves. 
The laser beam itself is the result of 
channelling the energy of these waves 
into one particular direction. This is 
done by reflecting the light waves 
many times back and forth between 
mirrors at either end of the container. 
The bouncing light waves gather more 
and more energy from the excited 
atoms of the laser material, until finally 
they leave the container through one of 
the mirrors as an intense beam of light. 

Laser light is not like sun rays, or like 
the light from a flashlight. We can’t 
make a hole in a piece of steel with a 
flashlight, nor can we remove a skin 
tumour with a shaft of sunlight. The 
property of laser light that makes it 
different is called coherence. 

Ordinary white light, like that from 
the sun or a flashlight, is actually a 
combination of all the colours in the 
spectrum. It contains all the different 
wavelengths and frequencies for each 
individual colour. These light waves are 
all jumbled up, travel in different direc- 
tions, and so continuously interfere 
with each other. 

Laser light is monochromatic, that is 
of one specific colour, with one specific 
wavelength. The light waves are all 
travelling in the same direction; there is 
no interference, they are ‘in step’ or ‘in 
phase’ with each other. This property 
of high coherence is what makes it 
possible to control the direction and 
confinement of the laser beam with 
great accuracy. 
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HOLOGRAPHY—3-D 
LENSLESS 
PHOTOGRAPHY 


One dividend from laser research has 
been the development of holography. 
This is a process whereby 3- 
dimensional images are produced with- 
out using a camera or a lens. It was 
conceived by Denis Gabor, a British 
physicist, in 1948. (Gabor used a mer- 
cury lamp as a light source, but only 
with the use of coherent-light lasers 
have high quality holograms become 
possible.) 

To make a hologram, an unexposed 
photographic film is set up facing the 
object. Part of a laser beam illuminates 
the object, and the rest of the beam is 
deflected to the film. The film receives 
the wave pattern of both the direct 
laser beam and the laser light reflected 
from the object. The result is an ‘inter- 
ference pattern’ recorded on the film. 

When the film is developed it looks 
no more like a picture thar: a record 
looks like music. But when the film is 
illuminated by a monochromatic light 
source, the interference pattern causes 
the original photographed object to be- 
come visible—in depth. When you 
move your head, you can even see 
‘around’ the object. 

The future possibilities of holography 





Object 


are almost limitless. Holograms would 
be useful in any learning situation in 
which a 3-dimensional image is impor- 
tant. Industrial training inspection of 
machined components and stereoscopic 
x-ray pictures are among the obvious 
uses of holography. Perhaps the most 
tempting aims are 3-dimensional 
movies and television. 

A curious feature of holograms is 
that the holographic plate itself may be 
substantially damaged and yet produce 
a nearly perfect image. Each small area 
on the plate contains a complete set of 
information about the object photo- 
graphed, so that a complete image may 
be reproduced with only a small broken 
corner of the plate. 

One of the most exciting develop- 
ments in recent years, and one that will 
inevitably lead to a more widespread 
use of holography by schools and indi- 
viduals, is the ‘sand-based’ technique, 
invented in the United States by G. 
Pethick for Editions Inc. 

Previously, research in holography 
was confined to expensive granite- 
based set-ups in scientific laboratories, 
because the slightest vibrations are 
enough to disturb the interference pat: 
terns from the laser beam. The sand- 
based technique, in which the optical 
components are mounted on aluminum 
or plastic tubes and simply inserted 
into a bed of fine deep sand, is simple 
and inexpensive and virtually eliminates 
vibration. 
































Hologram plate 


HOW A HOLOGRAM IS PRODUCED: A laser beam is split into two beams by a 
half-silvered mirror that allows only part of the light through. One beam is aimed 
at the object to be ‘holographed’, the other (the ‘reference’ beam) at a photo- 
graphic plate or film. The interference between the direct reference beam and the 
reflection from the object produces the hologram pattern on the plate. The holo- 
gram plate is then developed as in the normal photographic process. 
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Solar system —6 

Earth’s Moon 

Mean diameter 3.48 x 10° km 
Mass 7.35 x 10” kg 

Mean distance to Earth 
3.84 x 10° km 

Period of orbit about Earth 
27.32 d 

Escape velocity 2.41 km/s 
Find the moon’s density 
and compare to the earth’s. 
Find the mean speed of 
the moon about the earth. 
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REVIEW AND PREVIEW TO CHAPTER 15 


APPROXIMATE NUMBERS—THE 
ACCURACY OF A MEASURE 


The accuracy of a measure is determined by the number of significant 
figures in the number. 
All figures are significant except: 


1. Leading zeros in a decimal fraction. 
Not significant al Significant 
0.0037050 ‘5 significant figures 
However 


all significant 


20.003 7050 9 significant figures 
2. Trailing zeros in a whole number. 


Significant al a Not significant 


256 000 3 significant figures 
However zeros between significant figures are significant. 


All significant 


256 000.0 7 significant figures 


EXERCISE 1 


1. State the number of significant figures in each of the following 
measurements. 


(a) 42.3cm (b) 503 000 kg 
(c) 0.00416 g (d) 405.021 

(e) 100.0 mm (f) 0.0400 cm 
(g) 58.23 km (h) $500 000 

(i) 521384.650g (j) 4000021 

(k) 6.54 107 km (I) 4.50x10°g 
(m) 9.6241 x 10" m (n) 1.000 x 10° ml 


2. Complete the following table. 
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Implied | Number of 
Measure unit implied units Accuracy 
167 


Mass of a proton 1.67x10 77 kg | 10 *°kg 3 significant figures 





Speed of light 3.00 10® m/s pe is the short form for 

Length of the year 365.2422 d 0.0001 d parsec, an astronomical 

Radius of the sun 6.96 x 10'° cm unit of distance. 

1pc 3.258 ly 

Radius of galaxy 15 000 pc 

Mean distance to moon | 3.844 10'°cm F , 

ly is the short form for 

EXAMPLE 1. Find the limits of the area of a rectangle 4.6 cm x light year, the distance that 
So Z1cine light travels in one year. 
Solution 


0D CM 





a a 4.6 cm 





EE OO I) >| | 








Area from upper limits Area from given measure 
Amax = 4.65 cm X 3.25 cm A=4.6 cm xX 3.2 cm 
= 15.1125 cm? =14.72.cm-* 


Area from lower limits 
Amin = 4.55 cm X 3.15 cm 
= 14.3325 cm? 


From this example we see that to represent the area as 14.72 cm? 
which implies a unit of 0.01cm/’, is not realistic. The area can be 
between 15.1 cm’ and 14.3cm’, a range of almost 1 cm’. The accuracy 
of the answer is dependent on the number of significant figures in the 
data rather than the number of figures after the decimal. 





When multiplying or dividing approximate numbers: 
1. Check appropriateness of units. 
2. Round off measures to a precision of one more significant figure 20 kg x 2 m/s’ =40N but 
than the least accurate measure. 1.4mx6.0 cm =8.4? 
3. Multiply or divide as required. 


4. Round off answer to the accuracy of the least accurate measure. Sometimes it makes sense 


to multiply quantities in 
different units, but often it 
does not. 
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s.f.= significant figures 


a = 3.141 592 653 589 
793 238 462 643 383 279 
502 884 197 169 399 
375. 
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EXAMPLE 2. Find the area of a triangle with base 94.2cm and 
altitude 26.538 cm. 


A=2bh 
Solution HAE f 
7 iS an exact quantity | h = 26.538 cm 
not a measure b=942 mm = 265.38 mm 
3s.f. 
5 sf. 
A =3x94.2 mm x 265.4 mm (Round off to 4s.f.) 
= 12 500.34 mm? 
= 1.25107 mm (Round off to 3s.f.) 
or 


A=3xX 94.2 mmx 265.4 mm 
=} 9.42 x 10mm x 2.654 x 10? mm 
= 12.50 x 10° mm? 
= 1.25 10* mm? 


(Round off to 4s.f. 
standard notation) 


(Round off to 3 s.f.) 


EXERCISE 2 


1. Simplify the following expressions. Consider all data given with 
units aS approximate, other numbers as exact. 

(a) 3.46 cm x 91.43 cm (b) 184 kg x9.0 m 

(c) 43 000 mx 10.0 km (d) 36x 14.36 g 

(e) 25.6 cm x 48.95 mm (f) 47.83 mx 15.8 m 

(g) 3.8x 10*mmx5.964x107mm_ (h) 256 4.741 x 10° g 

(i) 74.6 km/h x3.29 h (j) 3.75 kg x5.8 m/s? 


2. Simplify the following expressions. Consider all data with units as 
approximate. 





: 59.0 N 
(a) (3.9 cm)(146 cm) (b) AB cae 
5.91 kg 
(c) (94.31 km/h)(3.7 h) (d) 8.4719 m 
(e) 250.0 km (f) 7.63 x 10* m? 
4.76h At? a Oman 


(g) A=7(4.76 x 10° mm)? 
(i) V=7(1.8x 10° mm)?(8.47 cm) 


3. Find the area of the trapezoid 


(h) V=$2(7.21 x 10° cm)? 
(j) A=7(9.0 cm)?(4.736 cm) 


7.4cm 


{ree 


| 14.3 cm | 
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4. 1C=6.241 96x10" electronic charges. Find the number of elec- 1 C=one coulomb 
tronic charges in 7.50 x 10°C. 


5. Find the area of the triangular parcel of land in hectares. 





A=Vs(s—a)(s—b)(s—c) 


Bdc0 he 
2 


1 hectare = 10* m? (exactly, by definition) 





350 m 


APPROXIMATE NUMBERS—RELATIVE ERROR 


To compare the significance of the errors involved in various meas- 
ures, we can compare the relative errors. 


EXAMPLE 1. /t is more significant to measure (a) the thickness of a 
sheet of metal as 0.050 cm (b) one leg of a survey as 476.4 m or (c) 
the mass of the sun as 1.9910” kg? 


Solution 
possible error 
measure 


relative error = 


possible error 
measure 





Percentage error = x 100% 


(4) The thickness of the sheet metal is 0.050+0.0005 cm 


Relative error= ner 
=0.01 
Percentage error =0.01 x 100% 
=1% 
(b) The leg of the survey is 476.4+0.05m 
Relative error=z9R4 
= 0.0001 
Percentage error = 0.0001 x 100% 
=0.01% 
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Why may the 10” be 
omitted from both 
numerator and 
denominator? 


1 t=one tonne = 10" kg. 


el SH | 
ooo 
000 
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(c) The mass of the sun is (1.99+0.005) x 10 kg 


0.005 
1:99 


= 0.0025 
Percentage error = 0.0025 x 100% 
=0.25% 


Of the three measures the survey has the smallest relative error. 


EXERCISE 3 


Find the relative errors and the percentage error in each of the 
following measures: 


1. Velocity of light is 2.998 x 10'° cm/s. 


Relative error = 


2. Mass of the earth is 5.9810” g. 

3. Mass of a hydrogen atom is 1.66 10™ g. 

4. Mean distance to the sun is 1.496 x10" cm. 

5. The area of Canada is 9 976 000 km’. 

6. The mass of a penny is 3.0197 g. 

7. The thickness of a sheet of paper is 0.0713 mm. 

8. The mass of a Boeing 747 is 322t. 

9. The specific heat of aluminum is 907.2 J/(kg - °C). 

10. From St. John’s, Newfoundland to Vancouver, British Columbia is 


7025 km. 


Evaluate: 


1200 Ay 1300 at 1500 
(1.0525) (1.0525)? (1.0525)° 


1000 1200 1400 


1. 














2. 77.0675) * (1.0675)"* (1.0675) 

ey 275 

- (1.0875) * (1.0875)? * (1.0875) 
125 150 200 

4. 77.095) ‘ (1.095)" * (1.095)° 

5 1200 , 1500 , 1800 , 2000 








- (1.075) * (1.075) * (1.075)"" (1.075) 
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International Trade 


15.1 FOREIGN EXCHANGE 


Any international business transaction must take into account the 
currencies being used by the parties involved. If you wanted to buy a 
book advertised in the United States for $4.50 (U.S.), you could send a 
postal money order to pay for it. The postal clerk would check the 
current exchange rate and charge you the value in Canadian dollars, 
plus the charge for the money order. The rate of exchange is set in 
part by the demand for currencies in the foreign exchange banks. 
When a country imports more than it exports, it is said to have a 
negative balance of trade. The country requires foreign currencies to 
pay for the imports, but is not exporting to earn them. The result is 
that there is little demand for the currency on the foreign exchange 
market and the price drops. 

To reduce fluctuations in the value of their currency, which would 
be harmful to trade, governments hold reserves of gold, U.S. dollars 
and other major foreign currencies to meet foreign exchange commit- 
ments (Figure 15-1). 

The current value of foreign currencies in terms of Canadian dollars 
is shown daily in the financial section of the newspaper (Figure 15-2). 


EXAMPLE 1. How much must ! pay for a $4.50 (U.S.) book in 
Canadian dollars if the exchange rate is as given in Figure 15-2. 


Solution 
$1 (U.S.) = $0.98 (Can.) 


. $4.50 (U.S.) = 4.50 x $0.98 (Can.) 
= $4.41 (Can.) 


Therefore the book costs $4.41 in Canadian funds. 
EXAMPLE 2. A vacationer travelling to France has $500 (Can.) to 


spend. How many francs can he buy? (Use the exchange rate given in 
Figure 15-2.) 


Solution 
$0.2075 (Can.) = 1 Fr. (Fr.) 
1 
>| O 2075) 


1 
$500 oe 0.2075 x 500 
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CHAPTER 15 





Currency 





MONTREAL (CP) — US. dollar in terms 
of Canadian funds at noon today was un- 
changed at $0.97 21-25. Pound sterling was 
down 14-25 at $2.26 7-25 

In New York, the Canadian dollar was 
unchanged at $1.02 21-200. Pound sterling 
was down 53-100 at $2.31 7-25 

MONTREAL (CP) — Thursday's foreign 
exchange selling rates supplied by the Bank 
of Montreal 


Australia dollar 1.4700 
Austria schilling 0538 
Bermuda dollar 1.01 

Belgium convertible franc 0260 
Brazil cruzeiro .1459 
Bulgaria lev. 9058 
Czechoslovakia crown .1900 
China renminbi 5100 
Denmark kroner 1680 
France franc .2075 
Germany mark .3870 
Hungary forint .0930 

India rupee .1270 

Italy lira 001545 

Japan yen .003280 

Mexico peso 0795 
Netherlands guilder 3770 
Norway kroner 1850 

Poland zloty 04895 
Romania leu .1631 

Spain peseta 0175 

Sweden kroner .2285 
Switzerland franc 3325 
United States dollar 9805 
United Kingdom pound 2.3050 
U.S.S.R. ruble 1.3021 
Venezuela bolivar 4864 
Yugoslavia dinar 0588 
Quotations in Canadian funds 





Courtesy of the Canadian Press 


Figure 15-2 


Exchange rates change 
dramatically from year to 
year and even from day 
to day. Some currencies 
are now of very different 
values from these figures. 
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Solar system —7 
Mercury 

Equatorial diameter 5 x 
10° km 

Mass 0.04xthe earth’s 
Mean distance to the sun 
5.810’ km 

Period of solar orbit 0.24a 
Escape velocity 3.8 km/s 
Find the density and com- 
pare to the earth’s. Find 
the mean speed of Mer- 
cury about the sun. 


Canada and the United 
States are not the only two 
neighbours having currency 
with the same name but 
different values. 
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= 2409.64 Fr. 
Therefore he can buy 2410 Fr. for his vacation. 


EXAMPLE 3. Find the value of 250 Danish kroners in Hungarian 
forints. 


Solution 
250 DKr. = 250 x $0.1680 (Can.) 


_ 250 x $0.1680 
0.0930 


= 451.6 Ft. 
Therefore 250 DKr. are worth 452 Ft. 


Ft. 


When purchasing foreign currency, the financial institution you 
purchase the currency from will charge a commission. This commis- 
sion varies and is usually hidden in the rate of exchange you are 
quoted. Check various institutions such as different banks, trust com- 
panies and travel agencies for the best rate. 


EXERCISE 15-1 


1. Use Figure 15-2 to find the value of the following amounts in 
Canadian dollars, to the nearest cent. 


(a) 5000 BF. (Belg.) (b) 10 000 L. (It.) 

(c) 2500 Kes. (Czech.) (d) 120 ZI. (Pol.) 

(e) 75 NKr. (Norw.) (f) 625 Dfl. (Netherlands) 
(g) 75 DKr. (Den.) (h) 45 DM. (Ger.) 

(i) 850 Din. (Yugoslavia) (j) £50 (U.K.) 


2. Use Figure 15-2 to find the value of $100 (Can.) in each of the 
following currencies to the nearest unit. 

(a) Australian dollars (b) Norwegian kroner 

(c) Austrian schillings (d) Venezuelan bolivars 

(e) Mexican pesos (f) Netherlands guilders 

(g) Spanish pesetas (h) Belgian francs 

(i) Roumanian leu (j) French francs 


3. Use figure 15-2 to find the following amounts. 
(a) $5000 (Austl.) in Indian rupees 

(b) 10000 ZI. (Pol.) in U.S.S.R. rubles 

(c) 50 000 ¥ (Jap.) in Chinese renminbi 

(d) $750 (Mex.) in American dollars 

(e) 6000 Ft. (Hun.) in Yugoslavian dinar 


4. Use figure 15-2 to find the following amounts. 
(a) 20 000 L. (It.) in German marks 

(b) 2500 Cr $ (Braz.) in Venezuelan bolivars 

(c) 850 Fr. (Fr.) in Swiss francs 

(d) 25 000 SKr. (Swed.) in Norwegian kroner 

(e) 14000 BF. (Belg.) in French francs 
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5. Consult the financial page of a major newspaper and construct a 
double bar graph to show changes between current values for foreign 
currencies and those listed here. A separate scale will be required for 
small valued currencies such as the peseta or lira. 





ey 0.6 : 4 1 
0 0.4 0.8 Ue 1.6 
Value in $ (Can.) 


Yj value as of 74-08 





15.2 IMPORT DUTIES 


Goods brought into Canada from a foreign country must pass through 
Canadian Customs and in most cases are subject to a tax called 
customs duty. Since producing goods in large number reduces the unit 
price, manufacturers in densely populated countries with large mar- 
kets close at hand have an advantage. 

Free trade, that is removing all duties, would lower prices of some 
goods in Canada but would force some Canadian manufacturers out 
of business; others might flourish because of expanded markets 
beyond our borders. This would cause a temporary displacement in 
the labour force. It could also mean that one country would become 
entirely dependent on another in a specific area of the economy. For 
example, suppose that due to free trade in clothing all cotton man- 
ufacturers in Canada were forced out of business, because cotton 
goods were made more economically in the United States. Apart from 
causing hardships for owners and employees in Canadian cotton mills 
and clothing industries, it would make Canada dependent on a foreign 
country for her needs in this area. In the event of an international 
dispute, we could be completely cut off from our supply of cotton. 

In order to protect national industries, the government imposes a 
duty on most foreign goods entering the country. This raises their 
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sold to Russia 


SALE of $9.5 million of Canadian oil 
drilling-rig components to the U.S.S.R. is 
being helped by an Export Development 
Corp. loan. 

The sale is by Global Trading Co., 
Calgary, acting for the 14 corporate 
members of the Canadian Drilling 
Research Association. 

The loan, a maximum of $8.1 million, 
is first to be granted under the $500 
million line of credit arranged for Russia 
in May, 1975. 








Excerpted from The Financial Post, 


76-09-24 
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price to the equivalent of the same goods produced in Canada. The 
Canadian government can direct trade towards a country or group of 
countries by reducing the duties charged on goods imported from 
those countries. 

A tariff is a schedule of duties. For tariff purposes countries fall into 
three main categories: 
(a) British Preferential Tariff. This is the lowest of the tariffs and is an 
attempt to increase trade within the Commonwealth. 
(b) Most Favoured Nation Tariff. This is the middle rate tariff and 
directs trade toward countries which allow similar reduced tariff rates 
on Canadian goods. 
(c) General Tariff. This is the highest tariff rate and applies to all 
nations not covered by (a) or (b). In practice there are very few. 

Duty may be charged as a percentage of the fair market price in 
which case it is an ad valorem duty. 

Duty may also be charged at a given amount per unit quantity, for 
example cigars at $3.20/kg. This is a specific duty. 

Some goods are subject to both ad valorem and specific duties. 

Sometimes if a product is over-produced for the local market, rather 
than have the surplus force down the price in the country of manufac- 
ture, they will ““dump” it at a much reduced price in a foreign country. 
Since the goods may be selling below manufacturer’s cost, it is 
impossible for local industry to compete. To guard against this a 
special anti-dumping duty may be charged when the price for export 
is below the fair market price in the exporter’s country. 

The exporter’s price plus the duty charged is called the duty paid 
value. It is calculated as follows: 

1. Find the export price in Canadian dollars. 

2. Add the ad valorem duty, if any, calculated on the price in 

Canadian dollars to the nearest dollar. 
3. Add the specific duty, if any. 
4. The sum is the duty paid value. 


EXAMPLE 1. Find the duty paid value of an English bicycle with an 
export price of £15, subject to an ad valorem duty of 20%. 


Solution 

Referring to Figure 15-2. £1 =$2.3050 
Export value (15 x $2.305) $34.58 
Ad valorem duty (0.20 x $35) 7.00 


Duty paid value $41.58 
Therefore the duty paid value of the bicycle is $41.58. 


EXAMPLE 2. Find the duty paid value of 5000 cigars imported from 
Cuba. The import value is $500 (U.S.). Cigars are subject to a specific 
duty of $3.20/kg plus an ad valorem duty of 10%. The 5000 cigars 
have a mass of 115 kg. 
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Solution 
From Figure 15-2, $1 (U.S.) = $0.9805 (Can.) 
Export value (500 x $0.9805) $490.25 
Ad valorem duty (0.10 x $490.00) 49.00 
Specific duty (115 x $3.20) 368.00 


Duty paid value $907.25 
Therefore the duty paid value of the cigars is $907.25. 


EXERCISE 15-2 


1. Name two kinds of duty and describe how they are assessed. 


2. What is meant by (a) Fair market price? 
(b) Dumping? 





3. Name the three tariff classifications that countries may come 
under. 


4. Find the duty paid value for each tariff: 
British 


Value in | preferential | Most favoured | General 
$ (Can.) tariff nation tariff 


(a) Canned beef 


(b) Glass tableware 
(c) Guitar 

(d) Steel bicycle rims 
(e) Skis 


Find the duty paid value in Canadian dollars for each of the following: 
5. A book from France valued at 200Fr. subject to 223% ad valorem 
duty. 

6. Copper nails valued at $6450 (U.S.) subject to 172% ad valorem 
duty. 

7. A German camera valued at 400 DM. subject to an ad valorem duty 
of 15%. 

8. A French Renault automobile with import value of 10 500 Fr. subject 
to an ad valorem duty of 15%. 


9. 500 English wool blankets valued at £1000. The blankets weigh 
1.59kg each. They are subject to an ad valorem duty of 20% and a 
specific duty of 11¢/kg. 

10. An Italian sewing machine valued at 50000 L. (It.) subject to 15% 
ad valorem duty. 

11. A dining room suite in Danish modern design imported from 
Denmark, valued at 4500 DKr. subject to an ad valorem duty of 20%. 
12. Find the amount of duty paid on 1000kI of crude petroleum 
subject to a specific duty of 0.11 ¢/¢. 
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Solar system —8 

Venus 

Equatorial diameter 1.24 x 
10°km 

Mass 0.8xthe earth’s 
Mean distance to the sun 
1.08 x 10° km 

Period of solar orbit 0.62 a 
Escape velocity 10.1 km/s 
Find the density and com- 
pare to the earth’s. Find 
the mean speed of Venus 
about the sun. 
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15.3 EXCISE TAX, SALES TAX, 
AND EXCISE DUTIES 


A federal sales tax of 12% is levied on most manufactured goods sold 
in Canada whether imported or not. Some exceptions are items used 
in education, farming, and fishing. It is the remission of this federal 
sales tax which is reflected in special farm prices on some catalogue 
items. (See Figure 15-3.) The federal sales tax on building supplies is 
11%. 


Figure 15-3 





Prices for farmers, fishermen 


Special prices, free of federal sales tax and/or duty, are available to 
bona fide farmers and commercial fishermen on items where the 

“farm price’ ’ is quoted. If you qualify, send a completed Tax Exemption 
Certificate with your order. 


As seen in The Eaton Catalogue 


An excise tax is applied to some luxury items such as tobacco, 
jewelry, wine, and playing cards. The rate of tax varies with the item 
and will be given in examples and exercises. 

The excise tax is applied to the designated articles sold in Canada 
regardless of whether they are imported or domestic. It is not applied 
to goods manufactured for export. 

Excise duty is an additional tax levied on spirits and tobacco 
manufactured in Canada. Similar items which are imported are sub- 
ject to an equivalent import duty. These items are a major source of 
revenue for the federal government. 

Where sales tax and excise tax both apply, they are calculated 
independently on the manufacturers selling price, or dn the duty paid 
value if the goods are subject to customs or excise duties. 


EXAMPLE 1. Find the invoice price of a carton of 10 packs of 20 
cigarettes with a manufacturer's price of $2.70 per carton. There is an 
excise duty of $4.00 per 1000, excise tax of 3e per 5 and federal sales 
tax of 12%. 
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Solution 


Manufacturer’s price $2.70 
F 200 
Excise duty (s4.00x200)) 0.80 
Duty paid value $3.50 
; 200 
Excise tax (72°xs0.03) a2 0 
Federal sales tax (0.12 x $3.50) 0.42 
Invoice price $5.12 


EXAMPLE 2. A television set is imported from Japan. The export 
price is 50000 ¥ (1 ¥=$0.003 28 Can.) The set is subject to an ad 
valorem duty of 15%, excise tax of 15%, and federal sales tax of 12%. 
(a) Find the invoice price to the retailer if the importer collects the tax 
and adds a mark-up of 20% of the tax paid price. 

(b) Find the cost to the consumer if the retailer adds a mark-up of 
40% of his cost and then adds 7% provincial sales tax. 








Solution 
(a) Import price ($ Can.) (50 000 x $0.003 28) $164.00 
Ad valorem duty (0.15 x $164.00) 24.60 
Duty paid value $188.60 
Excise tax (0.15 x $188.60) 28.29 
Federal sales tax (0.12 x $188.60) 22.63 
Tax paid price $239.52 
Mark-up (0.20 x $239.52) 47.90 
Invoice price $287.42 
(b) Invoice price $287.42 
Retail mark-up (0.40 x $287.42) 114.97 
Retail price $402.39 
Provincial sales tax (0.07 x $402.39) 28.17 
Cost to consumer $430.56 


Note that the price of this television set in the shop is more than 23 
times its original import price! 


EXERCISE 15-3 


1. What type of items are subject to an excise tax? 

2. Why are imported goods not subject to excise duty? 

3. What tax are farmers and fishermen exempted from when the 
merchandise is used in their business? 

4. (a) Find the invoice price to the retailer of a wrist watch with a 
Canadian manufacturer's price of $60 subject to excise tax of 10% and 
federal sales tax of 12%. 

(b) Find the cost to the consumer after the jeweller adds a mark-up of 
50% of the invoice price plus Ontario sales tax of 7% of the retail 
price. 
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Solar system —9 

Mars 

Equatorial diameter 6.8 x 
10° km 

Mass 0.1 xthe earth’s 
Mean distance to the sun 
2.28 x 10° km 

Period of solar orbit 1.88 a 
Escape velocity 5.0 km/s 
Find the density and com- 
pare to the earth’s. Find 
the mean speed of Mars 
about the sun. 
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5. Find the cost to the retailer to import a Swedish automobile with 
export value at port of entry of 15000 SKr. The price includes ad 
valorem duty of 15% and federal sales tax of 12%. (1 SKr = $0.2285.) 


6. Find the invoice price of 50 cartons of Canadian cigarettes, 10 packs 
of 20 per carton, with a manufacturer's price of $2.90 per carton. They 
are subject to excise duty of $4.00 per 1000, excise tax of 3¢ per 5, and 
federal sales tax of 12%. 


7. Find the cost to the importer of a chesterfield and chair set im- 
ported from the United States. Ad valorem duty is 20% and sales tax 
12%. The manufacturer’s price is $260 (U.S.). $1(U.S.)=$0.9805 
(Can.). 


8. (a) Find the cost to the retailer to import a Japanese motorcycle 
with export price of 175 000 ¥, subject to an ad valorem duty of 20%, 
and federal sales tax of 12%. 

(b) Find the retail price after a mark-up of 30% and the cost to the 
consumer including 7% Ontario sales tax. (1 yen=$0.003 28.) 


9. (a) Find the cost to the retailer to import an Italian sewing machine 
with an export price of 80 000 L. (It.), subject to an ad valorem duty of 
15%, and federal sales tax of 12%. 

(b) Find the retail price after a mark-up of 333% and the cost to con- 
sumer including 8% New Brunswick sales tax. (1 L. (It.) =$0.001 545.) 


10. A motorized fishing dory from Norway has an export price of 
5480 NKr. It is subject to an import duty of 19%. 

(a) Find the price to an Ontario commercial fisherman who must pay 
7% provincial sales tax. 

(b) Find the price to an Ontario pleasure fisherman who must pay 
12% federal sales tax and 7% provincial sales tax on the retail price. 
Assume the boats were imported direct by the purchasers 
(1 NKr=$0.1850.) 


11. An importer of jewelry imports silver bracelets from Mexico. Their 
export value is 250 Mex $ each. They are subject to excise tax of 10%, 
ad valorem duty of 373%, and federal sales tax of 12%. Find the cost 
to the retailer of 75 bracelets. (1 Mex $=0.0795.) 


REVIEW EXERCISE 


1. Name 10 countries and their currencies. 


2. What factor helps determine the value of one currency with respect 
to another? 


3. Name the three tariff classifications countries come under. - 
4. What is the purpose of an anti-dumping duty? 
5. Name four sources of federal revenue. 


6. An explorer takes $10 000 (Can.) on an expedition to Brazil. How 
many cruzeiros will he receive? (1 Cr $=$0.1459.) 


7. A traveller from Moscow to Budapest converts 600R to forints. 
How many does he receive? 
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8. Bathroom plumbing fixtures are subject to a duty of 20% under the 
most favoured nation tariff. Find the duty paid value of $14 560 (U.S.) 
worth of such fixtures in Canadian dollars. ($1 U.S. =$0.9805 Can.) 


9. Wool stockings are subject to an ad valorem duty of 20% plus a 
specific duty of $0.30 per dozen pair under the British preferential 
tariff. Find the duty paid value of 100 dozen pair valued at 300f. 
(1£=$2.305 Can.) 


10. Acme Playing Card Co. sells playing cards at $4.80 per carton of 
10 decks. The cards are subject to excise tax of 20¢ per pack and a 
federal sales tax of 12%. 

(a) Find the price to the wholesaler of one carton of playing cards. 
(b) The wholesaler marks his cost for the cards up 372%. Find the 
price to the retailer of one carton of playing cards. 

(c) The retailer marks his cost up 50% and collects 7% provincial sales 
tax. Find the price to the consumer of one deck of playing cards. 


11. A pair of skis is imported from Sweden at a price of 125 SKr. They 
are subject to an ad valorem duty of 223%. 

(a) Find the duty paid price to the importer. 

(b) The importer collects 12% federal sales tax and then adds a 60% 
mark-up. Find the price to the retailer. 

(c) The retailer adds an 80% mark-up and collects 7% provincial sales 
tax. Find the price to the consumer. (1 SKr. =$0.2285.) 


12. An importer can buy similar quality glass cream and sugar sets 
from either the United States or Great Britain. 


ES Tiles SPT) oe 











(a) $4.30 (U.S.) 20% (most favoured nation) 
(b) 1.90£ 10% (British preferential) 


Calculate the duty paid price from each source, in Canadian dollars. 
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Duty is calculated on the 
price in Canadian dollars 
to the nearest dollar. 


Solar system —10 

Jupiter 

Equatorial diameter 1.429 x 
10° km 

Mass 318xthe earth’s 
Mean distance to the sun 
7.79 x 10° km 

Period of solar orbit 

11.86 a 

Escape velocity 60 km/s 
Find the density and com- 
pare to the earth’s. Find 
the mean speed of Jupiter 
about the sun. 
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REVIEW AND PREVIEW TO CHAPTER 16 
EXERCISE 1 Percentages and Rates 


1. A real estate salesman receives a gross commission of 5% on his 
sales. In one year he made the following sales: 


| Month | Property value | Month | Property value 
01 





































$45 000 07 
02 $37 500 $46 000 
$84 900 $25 000 
03 $22 400 $73 000 
$57 800 $24 000 
04 $58 000 
05 $27 000 $84 000 


$73 500 





$48 200 





06 





(a) Find his gross commission. 
(b) The real estate company retains 2% of sales for advertising and 
office expenses. What is the salesman’s net commission? 


2. Alice McFadden works for Lakeshore Motors Ltd. as a salesperson. 
She receives a salary of $300/mo. plus 2% of sales. In the first quarter 
she had the following sales: 


01 $46 500 02 $84000 03 $31 200 
$23 900 $57 600 


How much did she earn each month? 


3. A machinery salesperson receives a commission of 6% on sales in 
a month with a bonus of an additional 12% on sales over $25 000. 
What commission is received on monthly sales of: 

(a) $14 000 

(b) $31 000 

(c) $2450 

(d) $48 000 


4. W. Atwood’s bill for electrical power indicated that 4370 MJ of 
electrical power had been used over the previous 2 mo. The charges 
are as follows: 

First 500 MJ @1¢/MJ 

Next 2000 MJ @0.5¢/MJ 

The remaining @ 0.25¢/MJ 

Find the amount of W. Atwood’s bill. 


5. A hydro bill shows that 6778 MJ of power have been used over 
the summer at a cottage. The cost of hydro in the cottage area is 
considerably higher than in town, the charges being as follows: 
First 200 MJ @ 1.4¢/MJ 

Next 500 MJ @ 1¢/MJ 

Next 2000 MJ @0.75¢/MJ 


applied mathematics for today: senior 


Next 4000 MJ @ 0.6¢/MJ 

Remainder MJ @0.4¢/MJ 

The bill is due on 09-30 but a 5% discount is given if the bill is paid 
before the due date. Calculate the amount of the bill if paid before 
09-30, and if paid on or after 09-30. 


6. A three-month bill dated 09-16 from Ontario Hydro indicates that 
9698 MJ have been used by a householder, Grant McTavish. Mr. 
McTavish also rents an electric water heater at the rate of $1.75/mo. 
Retail sales tax of 7% is applicable on this total rental charge. A late 
payment charge of 5% of the total bill is added if the bill is not paid 
within 21d. Find the total amount of the bill before 10-07 and after 
10-07 if the following rates apply: 

First 200 MJ/mo. @ 1.5¢/MJ 

Next 500 MJ/mo. @ 0.7¢/MJ 

Next 2000 MJ/mo. @ 0.5¢/MJ 

Next 2000 MJ/mo. @ 0.4¢/MJ 

Additional MJ/mo. @ 0.35¢/MJ 


Evaluate: 

1. /385.6 2. /27.83 
3. 969.74 4. 4/0.027 43 
5. 0.4692 6. (V45.67)° 
7. (27.25)? 8. V(48.75) 
9. V(0.1495)° 10. 4/(27.65)° 
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CHAPTER 16 Home Ownership 
and Municipal 
Taxation 


16.1 CHOOSING A HOME 


In today’s modern cities people have several alternatives when select- 
ing a home. 

Apartments are available to be rented or purchased. 

Town houses or row houses may be rented or purchased. 

Houses may be purchased in either semi-detached or fully detached 
models. (Figures 16-1 to 16-3.) 





Figure 16-2 





Figure 16-1 





Figure 16-3 
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Your choice of purchasing or renting accomodation will probably 
depend on the capital you have available and the type of life you wish 
to lead. 

It is suggested by family financial counsellors that not more than 
27% of the borrower's income should go to monthly mortage pay- 
ments of principal, interest and taxes. If the wife is working also, up to 
half of her income may be included as part of the husband’s in making 
the calculation. 


EXAMPLE 1. Bill Sampson has an annual income of $15 000, his wife 
earns $8000/a. What is the maximum monthly mortgage payment 
they should consider? 


Solution 
Husband’s income = $15 000 
2? of Wife’s income = 2($8000) 
= $4000 
Total available income = $15 000+$4000 
=$19 000 
Maximum annual payment = 27% x $19 000 
. = $5130 
Maximum monthly payment = 72($5130) 
= $427 


The above calculation may also be used as a guide to amount of rent 
a family can afford to pay. 

When purchasing or renting it is wise to have the advice of a lawyer. 
To ensure that the vendor really owns the property that he is selling, 
and that it is free from liens or other encumbrances, the lawyer will 
search the title. When renting an apartment or town house the land- 
lord and the tenant are protected by a signed agreement called a 
lease. The lessor (owner) agrees to rent to the lessee (tenant) the 
accommodation for a stated rent, for a fixed number of months. 
(Figure 16-4 and 16-5) A lawyer will be able to advise the prospective 
tenant of any hidden obligations he may be assuming. 


EXERCISE 16-1 


1. As though you were choosing accommodation, rank the following 
in order of importance: 

(a) Is the dwelling situated in a community in which you would enjoy 
living? 

(b) Is it close to the location of your leisure activities? 

(c) Is it close to your place of work? 

(d) Do you like the external design of the building and is it well 
maintained? 

(e) Is there an outside area for living and recreation? 

(f) Is there an outside area for children to play unsupervised? 

(g) Will you have privacy from your neighbours? 

(h) Are there street lights and sidewalks? 
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(i) Ils there enough room for your furniture and needs? 

(j) Are the working areas, kitchen, and laundry, well arranged? 
(k) Is there adequate cupboard space? 

(I) Is there adequate ventilation (windows or air conditioning)? 


RULES AND REGULATIONS 
OF THE 


YOURTOWN APARTMENTS 


1. The sidewalks, halls, entry, passages and stairways shall not be obstructed by any of the tenants or used by them for any 
other purposes than for ingress and egress to and from their respective apartments. 


2. The floors, skylights and windows that reflect or admit light into passage ways or into any place in the building shall not be 
covered or obstructed by any of the tenants: and no awning shall be put up over any window without the sanction of the Lessor. 
The water closets and other water apparatus shall not be used for any purpose other than those for which they were constructed and 
no sweepings, garbage, rubbish, rags, ashes or other substances shall be thrown therein. Any damage resulting to them from misuse 
or from unusual or unreasonable use shall be borne by the tenant who or whose family, guests, visitors, servants, clerks or agents 
shall cause it. 


3. No sign, advertisement or notice shall be inscribed, painted or affixed on any part of the outside of the building whatever, 
or inside of the building unless and except a name plate bearing the name of the tenant and no other lettering, and of such color, 
size and style and in such places upon or in the building as shall be first designated by the Lessor and endorsed hereon. 


4. All awnings or shades over and outside of the windows desired by tenants shall be erected at their own expense; they must 
be of such shade, color, material and make as may be prescribed by the Lessor and shall be put up under the direction of the Lessor 
or his agents. 


5. All tenants must observe strict care not to allow their windows to remain open so as to admit rain or snow. For any injury 
caused to the property of other tenants, or to the property of the Lessor by such carelessness the tenants neglecting this rule will be 
held responsible. 


6. No additional locks shall be placed upon any door of the building, without the written consent of the Lessor which shall be 
endorsed hereon. 


7. No tenant shall do, or permit anything to be done in said premises or bring or keep anything therein which will in any way 
increase the risk of fire or the rate of fire insurance on the building, or on property kept therein, or obstruct or interfere with the 
rights of other tenants, or in any way injure or annoy them, or conflict with the laws relating to fires or with the regulations of the 
Fire Department or with any insurance policy upon the building or any part thereof, or conflict with any of the rules and ordinances 
of the Board of Health or with any statute or municipal By-law. 


8. Nothing shall be placed on the outside of window sills or projections. 


9. The water shall not be left running unless in actual use in the leased premises; spikes, hooks, screws or nails shall not be 
put into the walls or woodwork of the building. 


10. The Lessor shall in all cases retain the power to prescribe the weight and proper position of iron safes; and all damage 
done to the building by taking in or putting out a safe or by a safe during the time it is in or on the premises, shall be made good 
and paid for by the tenant who has caused the safe to be taken in or put out. 


11. All garbage is to be tightly wrapped in paper and tied and placed in chute or pail for purpose as directed by Caretaker. 


.12. Tenants, their families, guests, visitors and servants shall not make or permit any improper noise in the building or do 
anything that will annoy or disturb or interfere in any way with other tenants or those having business with them. 


13. Nothing shall be thrown by the tenants, their families, guests, visitors, clerks or servants out of the windows or doors, or 
down passages or skylights of the buildings. 


14. No animals shall be allowed upon or kept in or about the leased premises nor shall any parrot or other noisy bird be 
allowed therein. 


15. If tenants desire telegraphic or telephone connections, the Lessor or his agents will direct the electricians as to where and 
how the wires are to be introduced and without such direction no boring or cutting for wires will be permitted. If tenants desire to, 
install, add to or alter gas or electric light fittings for lighting their premises they must arrange with the Lessor for the necessary 
connections and no gas pipe or electric wire will be permitted which has not been authorized in writing by the Lessor or his agents. 


16. No cooking shall be done upon the demised premises unless there is a kitchen in connection therewith provided by tr 
Lessor. 


17. No auction sale shall be held in the demised premises without the consent in writing of the Lessor. 


18. No stores of coal or any combustible or offensive goods, provisions or materials shall be kept upon the 


yo ‘inderstood and agreed betwe ~r and Lessee that “nt to changes * 
spirit or letter shall ‘ 45 made ‘ting 
Sis agents. 


Figure 16-4 
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Chis Mndenture 


made in duplicate the 30th day of June 1 O77 eee 


IN PURSUANCE OF THE SHORT FORMS OF LEASES ACT. 


Between YOURTOWN APARTMENTS LIMITED 


hereinafter called the Lessor, OF THE FIRST PART 
MR.JOHN S!ITH 


and 


hereinafter called the Lessee, OF THE SECOND PART 


WITNESSETH that in consideration of the rents, covenants and agreements hereinafter reserved and contained on the part of 

the Lessee, his heirs, successors, executors, administrators and assigns, to be paid, observed and performed, the Lessor hath demised 

and leased and by these presents doth demise unto the Lessee, his heirs, successors, executors, administrators and assigns, for 

use and occupation as a residential flat unfurnished and for no other purpose, all those certain premises forming part of the 
\ry Np ype Apartments on the 

Southside of Spruce St. YOURTOWE the town of Maplevale 

known and described as Suite together with parking space on or in the apartment premises forg ye car 

said car to be parked only in the space allotted to IEE from time to time by the Lessor. 

TO HAVE AND TO HOLD the ~ sented premises for and during the termof One year 

to be computed from the SU. day of July 19 TE 

and from thenceforth next ensuing and fully to be complete and ended. 


’ 


YIELDING AND PAYING therefor during the said term hereby granted unto the said Lessor, his heirs, successors, executors, 
administrators and assigns, the sum of 


Two Thousand Four Hundred Dollars 
to be payable on the following days and times, that is to say:— PA , F 
Two hundred dollars per month 


payable on the first day of each month 


qu Witness Wherent the said parties hereto have hereunto set their hands and seals. 
Higned, Sealed and Delivered aay BE 
IN THE PRESENCE OF rh tovl 
See! VW) haowr e. Omith 


CRN Sys 


Attorney, Yourtown Avnavtments 


The Lessee acknowledges receipt of a fully executed duplicate original of this lease on the 


30th day of Tyne 
1977 











Figure 16-5 
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Solar system —11 

Saturn 

Equatorial diameter 1.21 x 
10° km 

Mass 95xthe earth’s 
Mean distance to the sun 
1.43 x 10° km 

Period of solar orbit 

29.46 a 

Escape velocity 36 km/s 
Find the density and com- 
pare to the earth’s. Find 
the mean speed of Saturn 
about the sun. 



















REAL ESTATE 


In essence the buyer is 
living free for seven months 
because the $375 a month 
he is paying still belongs to 
him as an equity in the dwel- 
ling unit. 

Prices range from $49,990 
to $54,000. Some of the 
medium and higher-priced 
units are not eligible for the 
$1-down-payment plan. 

After the condominium 
has been registered and the 
buyer becomes the deeded 
owner, payments on the 
$41,000 first mortgage are 
$405 a month, taxes are 
$60 and th yndonpiniu 
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2. As though you were selecting an apartment or town house to rent, 
rank the following in order of importance: 

(a) Is there a private entrance? 

(b) Is there a garage or open-air parking? 

(c) Is there an area for guest parking? 

(d) Are halls and stairways well lighted? 

(e) Are there adequate fire exits? 

(f) Are garbage disposal facilities adequate? 

(g) Is telephone included or extra? 

(h) Is there a TV aerial? 

(i) Are the major kitchen appliances included and in good condition? 
(j) Is there air conditioning? 

(k) Is the interior pleasingly decorated and well kept up? 

(I) Ils there a swimming pool for tenants’ use? 

(m) What are the terms of the lease? 


3. As though you were considering buying a house, rank the follow- 
ing in order of importance: 

(a) Is there an adequate water supply? 

(b) Is the property serviced by public sewers? 

(c) Can fuel deliveries and meter reading be done from outside? 

(d) Is there adequate, safe, electrical wiring, including well-placed 
outlets? 

(e) Are fuel costs reasonable? 

(f) Is the basement area usable—dry, clean, high ceilings, well 
lighted? 

(g) Are there adequate storm windows and screens? 

(h) Are the plumbing and heating units in good condition? 

(i) What down payment is required? 

(j) What are the terms of the mortgage? 


4. A bachelor apartment is advertised for $210/mo., with a 12 mo. 
lease. What weekly income should a prospective tenant have if a 
guide of 27% for accommodation is used? 


5. A condominium town house is for sale for $65 900. After the down 
payment the mortgage payment will be $368/mo. with taxes of 
$54/mo. and maintenance fees of $40/mo. 

(a) What minimum annual income should a prospective purchaser 
have? 

(b) If the wife is earning $8000/a., what income would the husband 
require? 

(c) If the lawyer charges 13% of the total purchase price, what will his 
fee be? G 


6. A house is for sale for $85 000. A down payment of $25 000 leaves a 
mortgage with monthly payments of $540. The annual tax bill is $750, 
the gas company records show that last year’s heating bill was 
$349.20 and electricity and phone average $38.40/mo. The house is 
insured for 80% of its estimated value of $60 000 (the land value is 
estimated to be $25000), at an annual premium of $2.50 per $1000. 
Find the average monthly cost of running the house. 
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Why do developers put multiple units, such as the one shown above, 
on corner lots? How many similar models can you find in the picture 
below? Use driveways as a clue. 
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7. A house is purchased for $56 000 with a down payment of $15 000. 
Use the methods of Chapter 7 to calculate the half-yearly payment on 
a 20a mortgage if interest is charged at 10% compounded semi- 
annually. 


Now 1 2 3 19 20a 


ae —-xX % % xX XxX xX x x x 
Yack. “ore 
(1.05)? 
x 
4 ne40 


1.05° 


8. Use the classified section of your local newspaper or information 
obtained from a local real estate agent to complete Table 16-6 


TYPICAL COST 
Semi-detached 
Detached house house Town house 
3 Bedrooms 
4 Bedrooms 


TYPICAL MONTHLY RENTAL 


1 Bedroom 
2 Bedrooms 
3 Bedrooms 











Buying 
2 Bedrooms 


Apartment 















Table 16-6 


16.2 BUYING A HOUSE OR 
CONDOMINIUM 


When buying a house, or condominium, purchasers must decide on 
the amount they can afford to pay monthly for principal, interest and 
taxes; they must decide the location, and the size of house desired. 
After these decisions have been made it is advisable to contact a 
reputable real estate agent and describe to him the type of house 
desired. He will show his prospective buyers a number of houses his 
firm has listed. This means that the real estate firm has signed an 
agreement with the home owner stating that if the firm can sell the 
house for a predetermined sum, the seller of the house will pay the 
real estate firm a fee, usually 5% to 8% of the sale price. For the 
higher fee the house will be put on M.L.S.: Multiple Listing Service, 
which allows any member real estate company to arrange a sale. 
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This means that the real estate agent is paid by the seller and his 
services are free to the house buyer. 

When the desired house is located, the buyer signs an offer to 
purchase (Figure 16-7) in which he agrees to purchase the house for a 
stated sum of money and provides a deposit of a certain sum of 
money to show he is serious about the offer. If the seller accepts the 
offer before a specified time, called the expiry date, then he too will 
sign the offer to purchase. The offer to purchase also includes a 
closing date, at which time the final transactions are completed. 








OFFER TO PURCHASE 
we, John Smith and Mary Smith, his wife 


own Norton 
Of ther. - es of (as purchaser ), hereby agree to and with 
William.Brown ~ 
(as vendor }, through ...... Sunshine Realty.Company Limited Agent 
to purchase all and singular the premises situate on the South side of Alberta Ave. 
in the City... : ... of Yourtown known as Municipal No. 23 
‘qciamesae 2 being (herein called “the real property”) 
having frontage of about 50 feet more or less, by a depth of about 150 feet 
being partof Lot No. 46 and. 47 according to Plan No. 563B 
Registered in the Registry Office London Ont. 
at the price or sum of Sixty-five Thousand Dollars ($05 OOO ) 
as follows: Four. Thousand Doll 4 000 
cash or certified Be to the said Agent/Vendor on this date as a deposit, and covenant, promise and ee ue 


the sum of fifty-six thousand dollurs in cxsh on closing, subject to 
adjustments, and to give back to the vendor a 10-year second mortgage on 
said property in the amout of five thousand dollars, repayable at $70.91 
per month, which includes interest at 12% per annum, said payments to 
commence September lst, 1977, and thereafter due on the lst day of each 
succeeding month for a period of ten years from the date of issuance. 


-.wu cre Insu-. , «axes, Intere _ctioned 
and allowed to date ot v .. ut sale; Deed or Transte. vn part ox .y Mortgage 
that by the terms of this instrument is to be assumed and prepareu _ expense of Vendor on . the Purchaser’s 
solicitor and if a mortgage is to be given back, same to be prepared at the expense of the Purchaser ~ .. acceptable to Vendor 


and drawn pursuant to The Short Forms of Mortgages Act, Ontario. 

Any tender of documents or money hereunder may be made upon the solicitor acting for the party on whom tender is desired and 
it shall be sufficient that a negotiable certified cheque may be tendered instead of cash. 

Each party is to pay the costs for registration and taxes on his own documents. 

Whenever the singular or masculine are used in this Offer, they shall mean and include the plural and feminine if the context or the 


parties hereto so require. 77 
Datedyet PY ourtown this LOth davor SULLY 19 
SIGNED, SEALED AND DELIVERED IN WITNESS whereof W@ have hereunto setOUY ham and seal , 


in the presence of, ( a aa 
vay) he: o TA 
@ / Purchaser 
4 
Purchaser 
I/WE, hereby accept the above offer and its terms, and covenant, promise ape agree to and with the said amen osn yes eurehares to 
duly carry out the same on the terms ard conditions above mentioned, and hereby accept the deposit of $ * out of 





which the agent 139 hereby authorized to retain 3250 commission of 5 per cent of an amount equal to the above 
mentioned sale price; Provided that no commission shall be payable unless and until this transaction is completed. 
Dated at Yourtown this 15th day of July 19 77 
Signed, Sealed and Delivered In Witness Whereof il have hereunto 
in the presence of set My hand and seal 
ey Von endor 
a Wittens Vendor 














Figure 16-7 
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REAL ESTATE 


With AHOP assistance, a 
couple with at least one 
dependent child and a com- 
bined income of $8,840 
could qualify for a one- 
bedroom suite costing 
$36,000 in the Palisades 
project. 

AHOP provides two types 
of financial assistance: 

—The first is an interest 
reduction loan which re- 
duces the mortgage interest 
rate to the equivalent of 8 
per cent; this is done by 
monthly cheques that are 
mailed to the buyer by the 
Central Mortgage and 
Housing Corporation. 

After the first year, the 
monthly cheques are re- 
duced by 20 per cent of the 
initial amount and by the 
same amount each year for 
the next four years. The cor- 
poration requires that the 
loan be repaid after the fifth 
year, either in cash or by a 
rising monthly payment 
schedule. 


—To buye ho take the 
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Since few people are able to pay cash for a house, it is often 
necessary to arrange a mortgage. This may be done through the 
seller, another individual, a credit union, or a commercial institution. 
The mortgage represents an agreement between the mortgagee (per- 
son buying the house) and the mortgagor (person lending the 
money). The mortgagee promises to pay the mortgagor a certain 
amount of money at regular intervals, usually every month, until the 
total mortgage is amortized or paid off. 

Since a mortgage is usually paid by means of equal monthly 
payments, it is basically an annuity, and payments can be calculated 
by the methods covered in Chapter 7. However since mortgage 
calculations are very common, tables have been prepared giving the 
monthly payment per $1000 for various terms and interest rates. A 
sample table is given in Table 16-8. 


EXAMPLE 1. ‘Find the equal monthly payment required to amortize a 
mortgage of $28500 at 95% over 25a. 


Solution 
Payment per $1000 $8.6103 (From table: 93% 
Amount of loan in $1000 x 28.5 row, 25a 0 mo. 
$245.39 calculated.) 


The monthly payment is $245.39. 


EXAMPLE 2. Use 27% as a guide to find the largest mortgage a 
person should assume if his annual income is $24 500. 

The mortgage is for 20a at 93%. 
Solution 


$24 500 
12 
= $2041 
27% of $2041 = $550 


Monthly payment per $1000 at 
93% for 20a is $9.2023 


Monthly income = 


: . a 00 
.. Maximum mortgage = 9.9023 * 21000 . 


= $59 768 
The maximum mortgage would be $60 000. 
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Table 16-8 
Partial Basic Monthly Payment Table For a Loan of $1000 


12.0641 | 12.3202 | 12.5789 | 12.8399 | 13.1034 
9.4815 9.7616 | 10.0452 | 10.3323 | 10.6227 
8.2836 | 8.5856 | 8.8919 9.2023 9.5166 
7.6321 7.9536 8.2798 8.6103 8.9449 
7.2471 7.5854 | 7.9283 8.2755 8.6267 
7.0083 7.3606 7.7174 80781 8.4423 
6.8556 | 7.2195 7.5874 | 7.9587 8.3330 


13.3629 | 13.6373 | 13.9077 | 14.1803 | 14.4550 
1O:O164e MineZSSa col SZe eld OlOlm el 21987, 
9.8347 | 10.1564 | 10.4815 | 10.8097 | 11.1411 
9.2833 9.6253 9.9706 | 10.3190 | 10.6702 
8.9814 9.3394 9.7003 | 10.0639 | 10.4298 
8.8097 AVA 9.5522 9.9268 | 10.3032 
8.7098 9.0888 9.4696 9851199 /9110:2355 


eee iloy (eae) 





Some mortgages are paid by making a regular monthly payment 
against the principal and a separate semi-annual interest payment. In 
these cases a schedule of payments must be prepared. 


EXAMPLE3. A mortgage of $36000 assumed on 1976-03-01 is 
repaid by payments of $150/mo. on the principal plus semi-annual 
interest payments. Interest is charged at 10% on the unpaid balance. 
Draw up a schedule of payments for the first 6 mo. 

Solution 


(before Monthly (after 


$36 000 
$36 000 $305.75 $150.00 : $35 850 


$35 850 $294.66 $150.00 : $35 700 
$35 700 $303.21 $150.00 : $35 550 
$35 550 $292.19 $150.00 : $35 400 
$35 400 $300.66 $150.00 $35 250 
$35,250 $299.38 $150.00 $1795.85 | $1 945. 85 $35 100 


$1795.85 





With a principal of $36000 and monthly payments of $150, in how 
many months will the mortgage be paid off? 


What equal monthly payment would amortize the mortgage at 10% 
over 240 mo. (Table 16-8)? 
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Interest 
Calculation 

$36 000 x 0.10 x 35 
$35 850 X0.10x 2% 
$35 700 x0.10 x 3% 


$35 550 x0.10x 


$35 400 x 0.10 x 3 
$35 250 x 0.10 x 2 
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Solar system —13 
Neptune 

Equatorial diameter 4.3 x 
10* km 

Mass 17 <the earth’s 
Mean distance to the sun 
4.50 x 10° km 

Period of solar orbit 
164.8 a 

Escape velocity 25 km/s 
Find the density and com- 
pare to the earth’s. Find 
the mean speed of Nep- 
tune about the sun. 
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EXERCISE 16-2 


1. Why must a deposit accompany an offer to purchase for the 
protection of the vendor? 

2. Why must an expiry date be shown on the offer to purchase for the 
protection of the purchaser? 

3. When a vendor asks for terms of ““Cash to mortgage,” what is he 
requesting? 


4. Use table 16-8 to calculate the monthly payment for each of the 
following mortgages. 


Down Interest 
Full price payment rate Time 
(a) $56 000 $20 000 107% 20a 
(b) $75 000 $25 000 9% 15a 
(c) $32 500 $12 500 10% 30a 
(d) $48 600 $15 000 95% 25a 
(e) $24900 $4 500 12% 420 mo. 
(f) $64 500 $24 500 10% 25a 


5. Using 27% of salary as a guide for payments and assuming a 25a 
mortgage at 10%, determine to the nearest $1000 the largest mort- 
gage a person with each of the following incomes should undertake. 
(a) $550/mo. (b) $1200/mo. 

(c) $10 500/a (d) $20 000/a 


6. A mortgage for $27000 is repaid by monthly payments of $100 
against the principal with semi-annual interest payments. Interest is 
charged at 92% on the unpaid balance. If the mortgage is assumed on 
1976-06-01, draw up a schedule of payments for the first 6 mo. 


7. A mortgage for $40500 is repaid by monthly payments of $175 
against the principal with semi-annual interest payments. Interest is 
charged at 103% on the unpaid balance. If the mortgage is assumed 
on 1977-04-15 with payments on the 15th of each month, draw up a 
schedule of payments for the first half year. 

Quite frequently when buying a house, the buyer does not have the 
full down payment available. The down payment is the difference 
between the mortgage amount and the sale price. It then becomes 
necessary to arrange a second mortgage to provide part of the down 
payment. The second mortgage is for a shorter period and has a 
greater risk, hence is at a higher rate of interest than the first mort- 
gage. 

8. On the purchase of a $75 000 house it was found necessary:to take 
a second mortgage of $6500 from a Trust Company at 14% interest 
compounded quarterly. The terms of the mortgage were $450 quar- 
terly for principal and interest for a three-year term. 

(a) Prepare a schedule of payments as in the table. 

(b) How much principal is still owing at the end of the 3 a? 
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Amount 
outstanding 


ee 

oe 
Bee’ 
a 
6 
ae 
Z 
Ee 
a 
panel 
es 
Ze 
a 
a ae 
2 
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HIGH DENSITY HOUSING 


Can you estimate the 
number of apartments in 
each of the four apartment 
towers in the foreground 
of the above picture? Use 
the number of private bal- 
conies as a clue. 

Give reasons for the 
selection of a ““Y” design 
by the architect. 


Any area accommodat- 
ing a large number of 
people will require trans- 
portation routes, recreation 
facilities, schools, shopping 
facilities, park areas, and 
should contain a variety of 
housing modes from high 
to low density. How many 
of these items are in the 
area pictured? 
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16.3 ADJUSTMENTS TO THE SALE PRICE 


When a house or condominium is sold the purchaser takes over all 
obligations relating to the property as of the date the sale is closed. 
The vendor is responsible for all obligations up to that point. It is 
highly unlikely that taxes and insurance will be paid up to exactly the 
date of sale. If some services are unpaid, the purchaser must be given 
credit; if some services are prepaid, the purchaser will be charged. 

It is the responsibility of the lawyer for the vendor to prepare a 
“Statement of Adjustments’. This document will set out the amounts 
which are allowed the purchaser and the amounts which are charged 
to the purchaser. It is arranged in the form of a balance sheet and will 
give the amount due to the vendor on closing. 


EXAMPLE 1. The closing date on a sale is 1976-10-15. Calculate the 
amount allowed in each of the following cases and to whom it is 
allowed. 

(a) A $95 insurance premium for 1 a, expiry date 1977-03-30. 

(b) Annual taxes of $790, $300 paid to date. 


Solution (a): The purchaser is responsible for insurance from the date 
of purchase. 


76-01-01 76-10-15 77-01-01 77-03-30 





(03-30=day 89) 89 
(New year) +365 


454 
—288 


166d 


sk ee The vendor is allowed 3¢ of the premium. 
92 122 153 


(10-15 = day 288) 





89 123 184 32 X $95 = $43.21 
95 125 156 

Allow the vendor $43.21. 
Stun orale (b) The vendor is responsible for taxes up to 10-15 
98 128 159 
98 129180 10-15 =day 288. 
101.«131—S:162 The vendor must pay 3e of the year’s taxes. 
102 132 163 
104134165 288 x $790 = $623.34 
105 135 166 ‘ 
ck Ont eae The vendor has paid $300. 
107 137 168 $623.34 — $300 = $323.34 
ee Allow the purchaser $323.34. 
110 140 171 


111 141 172 
112 142 173 


fis eae All companies and public utilities supplying services to the dwelling, 





re ee Ae such as electricity, gas, water, or phone, should be informed of the 

closing date. The vendor will ask to have meters read so that he is not 
rt aie Re er responsible for charges due to the new tenants. The purchaser will 
ae se ie make arrangements for the services to be continued. If he is moving 
120 150 181 into a community where he is not known, deposits may be required 


Ab and should be allowed for when planning finances. 


Ie 
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EXAMPLE 2. Mr. R. Williams is selling his house, located at 15 
Orange Cres., Newtown, Ontario, to Mr. and Mrs. B. Jones. 

Particulars: 

Closing Date—1976-05-03 

Sale price—$46 500 

Deposit—$1600 

1976 taxes—$850 

First installment paid on taxes—$150 

Fire insurance—one-year premium—$130, expires 1976-10-15 

Mr. Williams will be paying oft an open mortgage with some of the 

proceeds from the sale. Mr. and Mrs. Jones have arranged for a 
mortgage of $30 000 to finance their purchase. Draw up a statement of 
adjustments and calculate the balance due on closing. 





Solution 
1. Title Statement of Adjustments 
2. Closing date as of 1976-05-03 5. Amounts credited to 
3. Principals Williams sale to Jones vendor on right.| 
4. Location 15 Orange Cres. 
Newtown, Ontario 
Sale price $46 500.00 
Deposit $1600.00 
Municipal taxes 6. Amounts credited to 
for 1976 $850. purchaser on left (except a 
7. 05-03 is day 123 of Allow purchaser balance due on closing.) 
the year. Allow 3e of 123 d less 
taxes less $150 installment of 
installment to the $150 paid. 136.44 
purchaser. Insurance 
premium $130, 
expiring 
1976-10-15. 
Allow vendor 
165 d. 58.77 
8. From 05-03 to 10-15 Balance due on 
is 165. The purchaser closing 44 822.33 
165 
must pay for 365 of the $46 558.77 $46 558.77 
premium already paid wee = 
ACE SA nsaiee 10. Balance the columns to 
0 (OS check. 
11. Errors and 9. Balance due on closing 
omissions excepted is the sum of the right 


hand column minus the 
sum of all other figures in 
the left hand column. 
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When the vendor and the purchaser have made their mortgage 
arrangements independently of each other there is no mention of 
them in the statement of adjustments. 


EXAMPLE 3. Mr. and Mrs. G. Stanley are selling their condominium 
apartment, Unit 4, 16 Pleasant View Ave. Easton, Ontario, to Mr. and 
Mrs. F. McDonald. 
Particulars: 
Closing date—1976-07-31 
Sale price—$27 000 
Deposit—$1000 
Mortgage—McDonalds assume an existing mortgage. Last payment 
date—1976-06-30 
Principal after last payment—$14 500 
Interest rate—92%/a. 
1976 taxes—$375, not paid to date 
Fire insurance—one-year premium $95, expires 1976-08-25. 
Draw up a statement of adjustments and calculate the balance due on 
closing. 


Solution 


Statement of Adjustments 
as of 1976-07-31 
Stanley sale to McDonald 
Unit 4, 16 Pleasant View Ave. 
Easton, Ontario 
Sale price $27 000.00 
Deposit $1000.00 
Mortgage 
Principal $14 500.00 
Interest 
95% 06-30—07-31 
Allow to purchaser 31 d. $116.99 
1976 taxes $375 
Allow purchaser 212 d. $217.80 
Insurance premium $95. 
expires 1976-08-25. 
Allow vendor 25d. $6.51 
Balance due on closing $1117172 


$27 006.51 $27 006.51 
E. & O.E. Vary Sele, 
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EXERCISE 16-3 


1. State whether each of the following items would be credited to 
the vendor or to the purchaser when a statement of adjustments is 
drawn up: 

(a) Sale price (b) Deposit 

(c) The portion of a fire insurance policy premium covering future 
time. 

(d) Unpaid municipal taxes. 

(e) The value of furnace oil in the storage tank. 

(f) Taxes prepaid by the vendor. 

(g) Interest accrued since the last payment on a mortgage assumed 
by the purchaser. 


2. Calculate the amount allowed in each of the following cases, and 
state to whom it is allowed. 

(a) An insurance premium for 1 a in the amount of $170. Closing date 
09-24, expiry date 12-30. 

(b) An insurance premium for 3a in the amount of $240. Closing date 
1977-01-31, expiry date 1978-04-04. 

(c) Municipal taxes of $643. Installment of $250 paid. Closing date 
09-30. ; 

(d) Municipal taxes of $759.30. Installment of $500.00 paid. Closing 
date 05-31. 

(e) Mortgage assumed by the purchaser; principal at date of last 
payment, $46 250 as of 01-15. Closing date 01-30. Interest at 103%/a. 
(f) Mortgage assumed by the purchaser; principal at date of last 
payment, $24500 as of 05-05. Closing date 05-31. Interest accrued at 
9%/a. 


3. Miss J. Payne is selling her property to Mrs. W. Hanson. 
Closing date —1978-04-30 


Location —240 Sandford St. 
Norton, Ontario 

Sale price —$38 500 

Deposit —$2000 


Municipal taxes—$738, none paid this year. 
Fire insurance —premium for 1 a, $176, 
expiry date 07-10. 
Draw up a statement of adjustments and calculate the balance due on 
closing. 


4. Ms W. Morton is selling her cottage to Mr. |. Sorenson. 
Closing date —1976-02-28 


Location —Lot 45 Lakeside Rd. 
Cowan Township, Ontario 

Sale price —$26 900 

Deposit —$600 


First mortgage —Mr. Sorenson is to assume the existing 
mortgage. The principal at the time of the 
last payment was $18 450. 
Interest is accrued at 102%/a from 01-31. 
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Solar system —14 

Pluto 

Equatorial diameter un- 
known 

Mass unknown 

Mean distance to the sun 
5.91 10°km 

Period of solar orbit 
247.7 a 

Escape velocity 3.0 km/s 
Find the mean speed of 
Pluto about the sun. 
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Municipal taxes —$300 in arrears from previous year to be 
assumed by the purchaser. 
Taxes for this year $450. 
Fire insurance —premium for 1 a, $96.50, expiry date 07-30. 
Draw up a statement of adjustments and calculate the balance due on 


closing. 
5. Miss V. Coleman is selling her condominium townhouse to Miss A. 
Walker. 
Closing date —06-30 
Location —Unit 3, 15 Sutherland Place 
Saxton, B.C. 
Sale price —$24 900 
Deposit —$1300 


First mortgage —Assumed by the purchaser, principal at the 
time of last payment $10 200. 
Unpaid interest accrued from 06-15, at 9%. 
Second —$6000 taken back by the vendor 
mortgage (allow to purchaser). 
Municipal tax —$427, unpaid. 
Fire insurance —premium for 1a $83, expiry date 09-10. 


Draw up a statement of adjustments and calculate the balance due on 
closing. 


16.4 MUNICIPAL TAXATION 


Since property owners pay a very large portion of all municipal taxes, 
we shall consider how the rates are arrived at. 

The real property tax is levied in proportion to the value of the 
property, so it is necessary to set a value on each property in the 
community. The person appointed to carry out this task is called an 
assessor. The value set, called the assessment, is the going value of 
the property at the time of assessing. The assessors compile a list of 
all this data and enter it on an assessment roll. 

Since property values are subject to change, each municipality 
revises its assessment roll periodically so that property owners will be 
taxed on an equitable basis. 

The treasurer of the local municipality prepares a budget to cover 
the financial requirements of the municipality for the following year. 
Using the budget and the assessment role, he is able to set a tax rate. 


EXAMPLE 1. A municipality requires a budget of $45000000 to 
operate next year. Provincial and federal grants, fees and commercial 
taxes will cover $25 000 000, leaving $20 000 000 to be raised by a tax 
on residential assessments. Calculate the tax rate if the total assessed 
residential value for taxation purposes is $500 000 000. 


Solution 


Rate _ tax revenue required from residential assessments 
current assessed value 
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_ $20 000 000 
$500 000 000 


= 0.04 





That is, for each dollar of assessed value on his residential property, 


each owner must pay 4¢. 
Mill rate: The rate in property tax is usually expressed in mills per 


dollar where 
1 mill=0.01/¢, or 
1¢=10 mills. 
Thus, in Example 1 the mill rate is 4x 10=40 
EXAMPLE 2. For the municipality referred to in Example 1, find the 
tax on a building lot assessed as $5280. 
Solution The mill rate is 40 mills per dollar. 


a Mill rate x assessed value 
1000 


_ 40x $5280 
1000 


= $211.20 


Tax 


The following three formulas will be useful in doing Exercise 16-4. 


_ mill rate x assessment 
1000 





Tax 


tax 


Mill rate =———————_ x 1000 
assessment 


tax 


mill rate NY 


Assessment = 





TOWN OF STONEY CREEK 


Residential Commercial 





EDUCATION 51.9 O22 





Town 
Purposes 






TOWN PURPOSES 36.0 36.8 


COUNTY LEVY 172.1 11.0 
100% 100% 
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The density of the pro- 
ject has been kept below 
the usual figure of other 
Toronto condominium de- 
velopments being 12.79 
units per acre. 


This newspaper excerpt refers to the density of a housing develop- 
ment. Pictured here are areas ranging from high to low density 
housing. 





EXERCISE 16-4 


B 1. Complete the following table. 


(a) $17 300 

(b) 

(c) $8 500 $487.00 
(d) $16 550 


(e) $28 900 $729.80 
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2. A suburban community has a total residential assessment of 
$61 300000. The treasurer predicts that the taxes raised from this 
assessment should be $3 176 850. What should the mill rate be? 


3. (a) Two people living in different communities build houses of the 
same design on lots of equal size. If the person in Smithville has his 
house and lot assessed at $50 000 with a mill rate of 20 mills, will his 
tax be more or less than the person in Brownsville with an assess- 
ment of $35 000 and a mill rate of 30 mills? 

(b) Does it follow that in different communities the higher the asses- 
sed value the higher the tax? 

4. A town has a total residential assessment of $97 500 000. The town 
treasurer has been advised that $6 252 500 must be raised by residen- 
tial property taxation. In the meantime, city employees have 
negotiated a new wage scale requiring that $143 250 added expendi- 
tures be charged against residential property tax. 

(a) What was the original mill rate? 

(b) How many mills must be added to handle the unexpected expen- 
diture? 


5. A town has an assessed residential property value of $25 000 000. 
The town council must meet the following expenditures: 
(i) Education, $1 050 000 
(ii) General purposes, $200 000 
(iii) Recreation, $25 000 
(iv) Public works, $70 000: 
(v) Police and fire protection, $85 000. 
(a) If 80% of the expenditures is charged against residential real 
estate, calculate the total taxes needed from this source. 
(b) What is the mill rate? 
(c) What is the tax on a property assessed at $7500? 


6. A town has a residential property assessment of $975 500 000. It is 
at first estimated that $45 567 000 must be raised through residential 
taxation to meet expenditures. 

(a) What mill rate must be set? 

(b) What is the tax on a property assessed at $25 000? 


7. The town in question 6 finds that it underestimated building costs. 
An additional $2 000 000 must be raised. 

(a) What is the increase in the mill rate? 

(b) How much more must a person pay on property assessed at 
$25 000? 


8. Obtain a copy of the municipal budget from the municipal clerk in 
your area for the current year. Use the data from the budget to draw a 
circle graph showing the relative percentages of expenditure directed 
to the following: 


(a) Education (b) Debts and interest on debts 

(c) Local government (d) Refuse collection and sanitation 
(e) Fire (f) Community services 

(g) Police (h) Roads 

(i) Welfare and health (j) Recreation 
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16.5 FAIR RENTAL VALUE 


Many people use the rental of housing as a source of income. The 
operation can range from the building of multi-million-dollar apart- 
ment complexes to the rental of a small duplex or single room. 

Money invested in stocks, bonds, or savings certificates earns in- 
come. It is reasonable therefore that a landlord with money invested 
in housing should expect an income from his investment as well. He 
will also expect that all expenses associated with the house will be 
paid from the rental income. 

A landlord can expect: 

1. A return on his investment comparable to the current return on 
other investment income, currently 7%—10%. 

2. Sufficient income to pay—taxes 

—insurance (on building) 

—repairs and depreciation 2%-5% 

—water rates if billed to the owner 
on a flat rate. 

Other expenses associated with a home such as electrical power, 
heating, insurance (on contents), metered water and telephone are 
usually paid by the tenant. It should be remembered however that the 
lease sets out the financial responsibilities of each party and can 
divide the costs any way that is mutually acceptable. 


EXAMPLE 1. Mr. McKnight has bought both halves of a semi- 
detached house; he lives in one half and rents the other. Calculate the 
fair rental value of the property given the following information: 


Investment value of the whole property $95 000.00 
Taxes for the whole property 835.00 
Insurance for the whole property one-year 

premium 165.00 
Value of the structure $79 000.00 
Investment income rate expected 82% 
Allowance for depreciation and repair 

on the value of the structure 3% 


Other expenses carried by the tenant. 


Solution 
Annual investment income from rented half 
($95 000.00)(0.085) = $4037.50 
Expenses apportioned 
to rented half 
Taxes 2($835.00)= 417.50 
Insurance 21$165.00)= 82.50 
Depreciation and repairs 
($79 000)(0.03) = 1185.00 
Annual fair rental value = $5722.50 
Monthly rent charged = 72($5722.50) 
= $476.88 
= $475.00 
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If the rental value is too high for prospective tenants, Mr. McKnight 
may have to be satisfied with a smaller return on his investment. 


EXERCISE 16-5 


1. Why is depreciation charged against the cost of the structure only? 


2. Should the investment income be calculated on the purchase price 
or the current market value of the investment? 


3. Which of the items taken into account in Example 1 would be 
affected by an increase in the market value of the land and which 
would be affected by an increase in the market value of the structure. 
(Assume the property is assessed at its market value). 


4. Find the annual fair rental value of the following property and the 
monthly rent to be charged. 

Particulars: 

Investment value—$35 000 

Taxes—32.1 mills on an assessed value of $30 000 

Insurance—one year premium $75 

Value of Structure—$28 000 

Investment income rate expected—8% 

Allowance for repair and depreciation on the value of the structure— 
22% 

5. Miss Tamboso owns a duplex. She lives downstairs and rents out a 
smaller upstairs apartment. In calculating the fair rental value she 
assesses charges at a rate of 0.65 to her living area and 0.35 to the 
rental area. Heat is supplied to the apartment. 

Particulars: 

Investment value—$75 000 

Taxes—24.9 mills on an assessment of $73 000 
Insurance—three-year premium $225 

Average water rate—$35/a 

Value of structure—$63 700. 

Heating cost—$350 

Investment income rate expected—7% 

Allowance for depreciation and repairs on the value of the structure— 
4% 

Find the monthly rent Miss Tamboso will charge. 

6. Consider the following property: 

Particulars: 

Investment value—$53 500 

Taxes—32.1 mills on an assessment of $50 000 

Value of the structure—$42 800 

Insurance—one-year premium: 26¢ per $100 on 80% of the value of 
the structure. 

Investment income rate expected—72% 

Allowance for depreciation and repair on the value of the structure— 
32% 

(a) Find the monthly fair rental value. 

(b) Changing real estate values increase the total property value to 
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Mr. Smith, who has just 
purchased a new home, 
went to the hardware store 
to make a purchase for the 
house. He was told that 1 
would cost 25¢, 5 would 
cost 25¢, 76 would cost 
50¢, 187 would cost 75¢, 
and 1329 would cost $1. 
What was he buying? 
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$75 000. The structure is now worth $60 000 and the assessment is 
$70 000. Find the monthly fair rental value. 


7. A duplex is completely rented out. The rental value is divided at the 
rate of 55% to the downstairs apartment and 45% to the upstairs 
apartment. Heat and electricity for the apartments is paid for by the 
tenants. 

Particulars: 

Investment value—$95 000 

Taxes—18.9 mills on an assessed value of $70 000 

Value of the structure—$80 750 

Insurance—one-year premium: 30¢ per $100 on 80% of the value of 
the structure. 

Water rates—$76/a average 

Investment income rate expected—82% 

Allowance for depreciation and repairs on value of the structure—3% 
(a) What should the gross annual return from the building be? 

(b) What monthly rent should be charged for each apartment? 

(c) The rent calculated is too high for the apartments to be rentable 
and the landlord decides to accept 7% on his investment and depre- 
ciate at 27. What are the new rents? 


REVIEW EXERCISE 


1. (a) Give three advantages of living in a house. 
(b) Give three advantages of apartment living. 


2. Why is it wise to have a lawyer to protect your interests when 
purchasing a house? 


3. What items are usually considered in calculating the fair rented 
value of a property? 


4. What items are usually considered in the adjustment to the sale 
price of a dwelling? 


5. Mr. Collins is considering the purchase of a house. The purchase 
price is $42 000, requiring a down payment of $15 000. A first mort- 
gage amortized over 25a at 92% is available. Taxes are estimated at 
$900/a; heating, $250/a; electric power, water, and phone average 
$25/mo. Mr. Collins has saved $10 000 and can get a second mortgage 
for $5000 at 11% requiring payments of $75/mo. 

(a) Calculate the total average monthly cost for accommodation. 

(b) If 27% of his income is the maximum that Mr. Collins will allocate 
to accommodation, what should the family income be if they are to 
purchase this home? 


6. A townhouse condominium is for sale for $30 000. The mortgage 
payments are $224.00/mo., taxes average $745/a. Electric power bills 
average $45/mo., which includes heating. Water and phone average 
$20/mo. and there is a $24/mo. maintenance charge. The insurance 
premium is $115 for 1a. Calculate the monthly cost of occupancy if 
the prospective purchaser has the cash for a down payment. 
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7. (a) A mortgage for $57 000 is amortized over 30a at 102%. What is 
the monthly payment? 

(b) A second mortgage for $6000 is taken out to meet the down 
payment. This mortgage is amortized over 10a at 122%. What is the 
total monthly cost for both first and second mortgages? 


8. A mortgage for $15 000 is repaid by monthly payments of $100 on 
the principal and quarterly interest payment of 9% on the unpaid 
balance. 

(a) Calculate the first two interest payments if the mortgage is taken 
out 03-01, and payments are due the first of every month. 

(b) What is the total amount paid in the first 6 mo.? 


9. Write up a statement of adjustments for the following sales and 
calculate the balance due on closing. 

(a) Mr. and Mrs. O. Simpson are selling a house to Mr. and Mrs. P. 
Branson at 32 Plain Cres., Warwick, Ontario. 

Closing date—08-15 

Sale price—$64 500 

Deposit—$2000 

Taxes—$985, first installment of $350 paid. 

Fire insurance, one-year premium—$117, expires 11-18. 

(b) Mr. B. Wallace is selling a condominium townhouse to Miss W. 
Saxby at 12 Horton Place, Newtown, Ontario. 

Closing date—02-13 

Sale price—$35 000 

Deposit—$900 

Taxes—$745, none paid to date, none in arrears. 

First mortgage—Assumed by the purchaser, principal at the time of 
last payment $21 430. Unpaid interest accrued from 01-25 at 92%. 
Monthly maintenance charge—$27/mo. paid for February. 

Fire insurance, one-year premium—$85, expires 04-01. 


10. A municipality has a budget of $5000 000 of which 29% is met 
from residential property tax. The residential assessment is 
$51 000 000. 

(a) Calculate the mill rate. 

(b What taxes are paid on a residence assessed at $27 000? 


11. Mr. Thompson is being transferred out of the country for 2a by 
his company. Since he will be returning he decides to rent his house 
for the time that he will be away. In establishing the rent he takes the 
following factors into consideration: 

Investment value—$65 000 

Taxes—25.6 mills on an assessed value of $48 000 
Insurance—one-year premium—$134.50 

Value of the structure—$59 000 

Investment income rate expected—7% 

Repair and depreciation allowance—3% on the value of the structure. 
What monthly rent will Mr. Thompson charge? 
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Because tax rates and allowable deductions vary, worked examples 
are not provided. Current tax forms are available at any branch of the 
Post Office or from the District Taxation Office. The following exer- 
cises provide data which will enable the student to complete an 
income tax form. 


1. Terry Murphy was born on 1950-09-03. He is a bachelor whose 
address is 1104 King St., Apartment 1102, Toronto, Ontario. He is 
employed as a chemist by Dele Chemicals Ltd. He is also a part-time 
student at York University and his tuition fees were $400.00 this year. 
Below is a copy of Terry’s T4 slip. Complete his income tax return. 
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2. Janice Brown is employed as a research supervisor by the Kom- 
stock Co. Ltd. She shares an apartment with a girlfriend at 1307 Queen 
St., Apt. 1A, Oakville, Ontario. Her yearly union dues amount to 
$56.75. She was born 1951-10-07. Below is a copy of her T4 slip. 
Complete her income tax return. 
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3. Marie Gagnon (born 1950-04-03) is a dietician and is employed by 
the Oshawa General Hospital. She lives in an apartment at 2156 Duke 
St., Oshawa, Ontario. As a part-time student at the University of 
Toronto, she paid tuition of $257.00. Her charitable donations amount 
to $137.50 and dues for the professional associations to which she 
belongs amount to $127.26/a. T5 slips from her bank and credit union 
show interest of $37.36 and $243.16 respectively. Below is a copy of 
her T4 slip. Complete her income tax return. 
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4. John Williams (born 1948-09-05) is married and lives with his wife 
at 105 Hunt St., Apt. 1102, Hamilton, Ontario. He is employed by Bell 
Telephone as an engineer. During the year his wife had a part time job 
and earned $200.00. His annual dues as a member of the Engineers 
Association are $152.50. Below is a copy of his T4 slip. Complete his 
income tax return. 
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| I ! 1 ' 
@ 1 6 1 i) i} | 1 
=P 155392 TOO een 20 Teo) me | sles 20 
l 
GAINS TOTAUX OU CANADA DU QUEBEC CONTRIBUTIONS. REGIME IMPOT SUR LE 


GAINS ASSURABLES 


GAINS COTISABLES 
ac POUR RPC 


COTISATION DE PENSION (EMPLOYE) 





AVANT DEDUCTIONS ENREGISTRE DE PENSIONS REVENU DEDUIT 

















BOX (C) AMOUNT INCLUDES _|(K) TAXABLE ALLOWANCES = ](L)-- COMMISSIONS (M) PENSION PLAN % If different from Box (C) 
AND BENEFITS REGISTRATION NUMBER ‘A . 
biel ALCL LS AEs S‘ils sont différents de 
(H), (1), (K) AND (L) 


. 1 lo Case (C) 
LE MONTANT DE LA CASE (C ' 
COMPREND TOUS MONTANTS 

FIGURANT AUX CASES ALLOCATIONS. ET PRESTA 
(H), (1) (K) ET (U) 


NO D'ENREGISTREMENT DU 
TIONS IMPOSABLES COMMISSIONS REGIME DE PENSIONS 















e@ ® 








5. Phyllis Adams (born 1942-12-07) lives with her husband Mark and 
their 3 children in a rented house. David is 3a old, Sally is 7 and Mark 
Jr. is 11. Phyllis works as a shoe buyer in Niagara Falls. Her husband 
had a part-time job and earned $1200.00 during the year. Below is a 
copy of Phyllis’ T4 slip. Complete her tax return. 
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i wile Revenue Canada Revenu Canada STATEMENT OF REMUNERATION PAID 
Taxation Impot ETAT DE LA REMUNERATION PAYEE 
14-1975 ©For District Taxation Office 
Supplementary—Supplémentaire ®Pour le bureau de district d‘impét 


EMPLOYEE - EMPLOYE 
SURNAME FIRST (in copitol lettets), USUAL FIRST NAME AND INITIALS AND FULL ADDRESS (A) PROVINCE OF EMPLOYMENT (8) SOCIAL INSURANCE NUMBER (N) EMPLOYEE NO 
NOM DE FAMILLE D'ABORD (en copitales), PRENOM USUEL ET INITIALES ET ADRESSE COMPLETE PROVINCE D'EMPLOI NO D'ASSURANCE SOCIALE NO DE VEMPLOYE 





p> 
Phyliive Gi. Adams 
33 Pleasant Drive 
Niagara Falls, Ontario Sally's Shoe Shops 
ZTE Pr On Geo tts 

a Niagara Palis, Ontario 


i 1 
Ontario 22? VSsaulelel 


NAME AND ADDRESS OF EMPLOYER — NOM ET ADRESSE DE L’EMPLOYEUR 


Ld 














©) TOTAL EARNINGS (D) EMPLOYEE'S PENSION CONTRIBUTION KE) 


BEFORE DEDUCTIONS CANADA PLAN QUEBEC PLAN 





Us (F) REGISTERED PENSION (G) INCOME TAX (HH) U). INSURABLE 
PREMIUM PLAN CONTRIBUTION DEDUCTED EARNINGS. 


> 1d 26110 88 120 ! 763 30 1375! 88 
| | | | | 


DU CANADA OU QUEBEC CONTRIBUTIONS REGIME IMPOT SUR LE GAINS ASSURABLES GAINS COTISABLES 
COTISATION DE PENSION (EMPLOYE) ENREGISTRE DE PENSIONS REVENU DEDUIT ALC POUR RPC 3 


(K) TAXABLE ALLOWANCES: (L) COMMISSIONS (M) PENSION PLAN 
AND BENEFITS REGISTRATION NUMBER 


(1) CPP. CONTRIBUTORY 
EARNINGS 2 


(3) EXEMPT 
CPP/OPP ul 




















GAINS TOTAUX 
AVANT DEDUCTIONS 










RPCIRAQ Ac 
EXONERATION 



























BOX (C) AMOUNT INCLUDES. 
ANY AMOUNTS IN BOXES 
(H), (1), (1K) AND (U) 


3E If different from Box (C) 
S‘ils sont différents de 
la Cose (C) 











LE MONTANT DE LA CASE (C) 
COMPREND TOUS MONTANTS 
FIGURANT AUX CASES 
(A). (), (KD ET (U) 





ALLOCATIONS ET PRESTA NO DIENREGISTREMENT DU 
TIONS IMPOSABLES COMMISSIONS REGIME DE PENSIONS 
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6. Robert Knight (born 1933-05-03) and his wife Jane live with their 4 
children in Burnaby, British Columbia, Jane earned $900.00 on her 
job. The children are: Martha, 11a old; Bill, 13; Peggy, 15; and Eric, 
20. Eric is a full-time student at the University of British Columbia. His 
father paid his tuition fees amounting to $950.00. Eric earned $700.00 
on a summer job. Robert’s T5 slip from the bank shows interest of 
$72.20. Below is a copy of his T4 slip. Complete his income tax return. 
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4 ely Revenue Canada Revenu Canada STATEMENT OF REMUNERATION PAID 
Taxation Impot ETAT DE LA REMUNERATION PAYEE 
@ T4-1975 ¢For District Taxation Office 
Supplementary—Supplémentaire Pour le bureau de district d’impét 
EMPLOYEE - EMPLOYE: 
© SURNAME FIRST (in capital letters), USUAL FIRST NAME AND INITIALS AND FULL ADDRESS : (A) PROVINCE OF EMPLOYMENT SOCIAL INSURANCE NUMBER: (N) EMPLOYEE NO. 
NOM DE FAMILLE D'ABORD (en capitales), PRENOM USUEL ET INITIALES ET ADRESSE COMPLETE PROVINCE D'EMPLOI N© D'ASSURANCE SOCIALE NO DE V'EMPLOYE 
Ae | | 
| | British 212! 212 1212 
Robert N. Knight Q mbia 
e@ P) 3) Ss ou th S h ore Dr NAME AND ADDRESS OF EMPLOYER — NOM ET ADRESSE DE L’'EMPLOYEUR 
Burnaby Burnaby Board of Education 
British Columbia 1G Oy Basic. Aciem 
9 ad ai Bunwebyes Bac. 
























(J) EXEMPT 
CPr/arr 


TOTAL EARNINGS 
BEFORE DEDUCTIONS CANADA PLAN QUEBEC PLAN 


| | \ 
AX 16 311112 88120 
| i 


GAINS TOTAUX DU CANADA > OU QUEBEC 
AVANT DEDUCTIONS COTISATION DE PENSION (EMPLOYE) 


(F) REGISTERED PENSION (G) INCOME TAX (H) Ul, INSURABLE (1) CPP CONTRIBUTORY 
PLAN CONTRIBUTION DEDUCTED EARNINGS EARNINGS > 


963 148] 3012!62 
| | 


CONTRIBUTIONS. REGIME IMPOT SUR LE GAINS ASSURABLES GAINS COTISABLES 
ENREGISTRE DE PENSIONS REVENU DEOUIT AC POUR RPC > 


(c) (D) EMPLOYEE'S PENSION CONTRIBUTION 





Ui 















RPC/RRQ AC 
EXONERATION 












BOX (C) AMOUNT INCLUDES —_|(K) TAXABLE ALOWANCES —|(L)_- COMMISSIONS. (M) PENSION PLAN + If different from Box (C) 
ANY AMOUNTS IN BOXES AND BENEFITS REGISTRATION NUMBER 
(HY, (1), 0K) AND IL 2 S‘ils sont différents de 










LE MONTANT DE LA CASE (C : lo Case (C) 
COMPREND TOUS MONTANTS 
FIGURANT AUX CASES ALLOCATIONS ET PRESTA 

Hi, (WOR) ET (L TIONS IMPOSABLES 





NO D'ENREGISTREMENT OU 
REGIME DE PENSIONS 














COMMISSIONS 











7. Mary Kowalski (born 1938-06-04), is a widow. She supports her two 
daughters who live at home with her. Theresa is 10a old and Karen is 
17. Mary works as a cost accountant for a large department store in 
Vancouver, B.C. Both her daughters attend school. Karen earned 
$1200.00 during the year as a part-time waitress. Mrs. Kowalski 
donated $200.00 to various charities. Her T5 Slip from the bank shows 
interest of $125.23. Below is a copy of her T4 slip. Complete, her tax 
return. 
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Revenue Canada Revenu Canada STATEMENT OF REMUNERATION PAID 
Bi & Taxation Impot ETAT DE LA REMUNERATION PAYEE 


14-1975 For District Taxation Office 


Supplementary—Supplémentaire Pour le bureau de district d‘impét 


EMPLOYEE - EMPLOYE 
SURNAME FIRST (in capitol letters), USUAL FIRST NAME AND INITIALS AND FULL ADDRESS 


NOM DE FAMILLE D'ABORD (en copitoles), PRENOM USUEL ET INITIALES ET ADRESSE COMPLETE 















SOCIAL INSURANCE NUMBER 
NO D‘ASSURANCE SOCIALE 
! | 


(A) PROVINCE OF EMPLOYMENT EMPLOYEE NO. 


British 1 ' 
> Mary K. Kowalski G@odaumibala err a8 72) olay 


2821 Parkview Rd. NAME AND ADDRESS OF EMPLOYER — NOM ET ADRESSE DE L’EMPLOYEUR 





(B) 


NO DE VEMPLOYE 






Vancouver Norton's Department Store, 
British Columbia 889 Main St. 
ie _| Vancouver, Brice 















































UL INSURABLE 
EARNINGS, 


INCOME TAX 
DEDUCTED 


(3) EXEMPT 


(F) REGISTERED PENSION 
CPP/QPP ul 


PLAN CONTRIBUTION 


(G) (H) (1) ©P. CONTRIBUTORY 


(C TOTAL EARNINGS EARNINGS > 


BEFORE DEDUCTIONS 


-p13 82h (18 
i} 


((D) EMPLOYEE'S PENSION CONTRIBUTION 
CANADA PLAN QUEBEC Hes 


i} 
88120 
| 


DU CANADA DU QuEBEC 
COTISATION DE PENSION (EMPLOYE) 


(L) COMMISSIONS 


(E) ut 


PREMIUM 























1 I | 
936 60 192k: 20 



















RPCIRRQ AC 


EXONERATION 


GAINS COTISABLES 
POUR RPC 


2k If different from Box (C) 
Stils sont différents de 
la Case (C) 


IMPOT SUR LE 
REVENU DEDUIT 


PRIME 
DAC 





CONTRIBUTIONS REGIME 
ENREGISTRE DE PENSIONS 
(M) PENSION PLAN 

REGISTRATION NUMBER 


GAINS TOTAUX 
AVANT DEDUCTIONS 

































BOX (C) AMOUNT INCLUDES 
ANY AMOUNTS IN BOXES 
(H), (H, (kK) AND (U 


(K) TAXABLE ALLOWANCES 
AND BENEFITS 














LE MONTANT DE LA CASE (C 
COMPREND TOUS MONTANTS 
FIGURANT AUX CASES 
(A), (0), (KL ET (U) 









NO D'ENREGISTREMENT DU 
REGIME DE PENSIONS 


ALLOCATIONS ET PRESTA 
TIONS IMPOSABLES 








COMMISSIONS 


e@ ®@ 
ieoeeeeowmeow!e Fe 





8. Fred Black (born 1949-08-17) is divorced and lives at 961 Swallow 
Cr., Edmonton, Alta. He is employed as a welder by the ABC Construc- 
tion Co. Support payments to his ex-wife, who resides in Halifax, N.S., 
amounted to $1200.00. He received $315.00 worth of dividends from 
the White Company, Smith Falls, Ont. (a taxable Canadian Corpora- 
tion). He has receipts to show charitable donations amounting to 
$233.50. His annual union dues amount to $257.60. Below is a copy of 
his T4 slip. Complete his income tax return. 





Saat ake nA 
Sho ee 
c Ree, 
96=/750#085 
| ay Revenue Canada Revenu Canada STATEMENT OF REMUNERATION PAID 
Taxation Impot ETAT DE LA REMUNERATION PAYEE 
T4-1975 ¢For District Taxation Office 
Supplementary—Supplémentaire ®Pour le bureau de district d‘impét 
EMPLOYEE - EMPLOYE 
(A) PROVINCE OF EMPLOYMENT (B) SOCIAL INSURANCE NUMBER (IN) EMPLOYEE NO 
NOM DE FAMILLE D*ABORD (en copitoles), PRENOM USUEL ET INITIALES ET ADRESSE COMPLETE PROVINCE D'EMPLOI N° D'ASSURANCE SOCIALE NO DE VEMPLOYE 


' 
Fred G. Black | Alberta |927 !2h61 208 
Joi Swallow Gris . 


Edmonton ABC Construction Co. 
Alberta 999 Industrial Drive 
(ia _| Edmonton, Alberta 





NAME AND ADDRESS OF EMPLOYER > NOM ET ADRESSE DE L'EMPLOYEUR 


@ SURNAME FIRST (in capital letters), USUAL FIRST NAME AND "INITIALS AND FULL ADDRESS: 





(Cc) TOTAL EARNINGS: (D) EMPLOYEE'S PENSION CONTRIBUTION E ul (F) REGISTERED PENSION (G) INCOME TAX Ul INSURABLE (1) CPP Contrisutory — |(J) EXEMPT 
BEFORE DEDUCTIONS. CANADA PLAN QUEBEC PLAN PREMIUM PLAN CONTRIBUTION DEDUCTED EARNINGS EARNINGS 2 CPP/QPP ul 
| | | 1 


16 823'20| 88!20 ! 768'80| 2143!18 


























GAINS TOTAUX OU CANADA DU QUEBEC CONTRIBUTIONS. REGIME IMPOT SUR LE GAINS ASSURABLES GAINS COTISABLES RPCIRRQ Ac 
AVANT DEDUCTIONS CONSATION DE PENSION (EMPLOYE) ENREGISTRE DE PENSIONS REVENU DEDUIT AC POUR RPC # EXONERATION 
@ BOX (C) AMOUNT INCLUDES —_|(K) TAXABLE ALOWANCES —[(L) COMMISSIONS. (M) PENSION PLAN > If different from Box (C) 
ANY AMOUNTS IN BOXES AND BENEFITS REGISTRATION NUMBER ‘+ 
(H), (1), (K) AND (U) a S‘ils sont différents de 


i 

LE MONTANT DE LA CASE (C) : 
COMPREND TOUS MONTANTS 
FIGURANT AUX CASES ALLOCATIONS ET PRESTA NO D'ENREGISTREMENT DU 


@ (Hd, (1, (KL ET (U) TIONS IMPOSABLES COMMISSIONS REGIME DE PENSIONS 


la Case (C) 
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9. Frank Levine (born 1950-07-04), lives with his wife Jane and their 
two children, Mary aged 4 and Sam aged 6, at 233 Smith Street, 
Gramston, New Brunswick. He is employed by the town as a police- 
man. His wife is a full-time student at the University of New Bruns- 
wick. Her tuition fees amounted to $1700 which Frank paid. Jane had a 
part-time job in the university bookstore where she earned $515.70. 
The Levines employed a housekeeper to look after the children while 
Jane was in school. These child care expenses amounted to $635. 
Frank’s T5 slip from the bank shows interest of $63.25. His dues for 
professional associations amount to $135.27. Below is a copy of 
Frank’s T4 slip. Complete his tax return. 








Town of Gramston 
LOO) itiaer Biba 5 We 


Gramston 
New Brunswick 


eee ee 




















































Ee SEE i Pe ig RE=Sis HED PCRSICNTNT( GI EONESTA [yo auaane 
BEFORE DEOUCTIONS CANADA PLAN QUEBEC PLAN PLAN CONTRIBUTION DEDUCTED EARNINGS 
1 | i} 1 1 
\ 1 i i] 1 
18 
Pamir, CMe TOO) Gon 20 1 Tede wes 2136} 0 
| | | 
GAINS TOTAUX DU CANADA DU QUEBEC CONTRIBUTIONS REGIME IMPOT SUR LE GAINS ASSURABLES 
AVANT DEDUCTIONS COTISATION DE PENSION (EMPLOYE ENREGISTRE DE PENSIONS: REVENU DEDUIT AC 
BOX (C) AMOUNT INCLUDES (K) TAXABLE ALLOWANCES () COMMISSIONS (M) PENSION PLAN 
ANY AMOUNTS IN BOXES AND BENEFITS REGISTRATION NUMBER 
Hy, (1), OK) AND {L 1 
COMPREND TOUS MONTANTS 
© 1H), (1), OG EF fk TIONS IMPOSABLES REGIME DE PENSIONS 


Frank B. Levine Brunswick Why 
2) 3 3 Smi 5 h Ss 4e : NAME AND ADDRESS OF EMPLOYER — NOM ET ADRESSE DE L’EMPLOYEUR 
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EMPLOYEE - EMPLOYE 
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Pa New | 


L ’ Sy Gramston, New Brunswick 











(1) PP CONTRIBUTORY 
EARNINGS 






















> If different from Box (C) 
S‘ils sont différents de 
la Case (C) 








10. Glen Jones is a bachelor (born 1956-05-03). He lives with his 
mother at 237 Elm St., Halifax, Nova Scotia. He is employed as a 
bookkeeper by the Allied Steamship Lines of Halifax. Sandra, his 
mother, does not work and relies on Glen for support. She was 
recently ill and medical bills of $337.50 were paid by Glen on her 
behalf. His charitable donations amount to $157.60. Glen’s T5 slip 
from the bank shows interest amounting to $357.30. His union dues 
for the year were $136.42. He received $123.50 in dividends from the 
Teltex Company, Halifax (a taxable Canadian Corporation). Glen paid 
$850 into a registered retirement savings plan. Below is a copy of his 
T4 slip. Complete his income tax return. 
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101 Harbour Ra. 
LL za) 
Halifax, Novar Scotaa 
(H) 




































U) INSURABLE 
EARNINGS. 









(c) TOTAL EARNINGS (D) EMPLOYEE'S PENSION CONTRIBUTION 


BEFORE DEDUCTIONS CANADA PLAN (QUEBEC PLAN 


Ul (F) REGISTERED PENSION (G) INCOME TAX 
PREMIUM PLAN CONTRIBUTION DEDUCTED 


(1) CPP ContRipuToRy — |(J) EXEMPT 
EARNINGS CPPIQPP 





| ey Revenue Canada Revenu Canada STATEMENT OF REMUNERATION PAID 
Taxation Impot ETAT DE LA REMUNERATION PAYEE 
®@ 14-1975 *For District Taxation Office 
Supplementary—Supplémentaire Pour le bureau de district d‘impét 
EMPLOYEE - EMPLOYE 
@ SURNAME FIRST (in capitol letters), USUAL FIRST NAME AND INITIALS AND FULL ADDRESS (A) PROVINCE OF EMPLOYMENT SOCIAL INSURANCE NUMBER EMPLOYEE NO 
ci DE FAMILLE D'ABORD (en capitoles), PRENOM USUEL ET INITIALES ET ADRESSE COMPLETE “i PROVINCE DIEMPLO! N© D'ASSURANCE SOCIALE NO DE VEMPLOYE 
Nova 
Pp r 
Clen Ve miomes SCC Ea 
. 23)(, Baia With NAME AND ADDRESS OF EMPLOYER — NOM ET ADRESSE DE LEMPLOYEUR 
Heaanitas 
Nova Scotia Allied Steamship Lines 


i) 1 1 i] i] 
15 Seno 88: 20 63 HSL TS 20 
GAINS TOTAUX DU CANADA DU QUEBEC PI CONTRIBUTIONS REGIME IMPOT SUR LE 
AVANT DEDUCTIONS COTISATION DE PENSION \EMPLOYE A ENREGISTRE DE PENSIONS REVENU DEDUIT 
BOX (C) AMOUNT INCLUDES (K) TAXABLE ALLOWANCES (lu) COMMISSIONS (M) PENSION PLAN If different from Box (C) 


ANY AMOUNTS IN BOXES AND BENEFITS REGISTRATION NUMBER 
(Hi), (1), (K) AND (U ‘ 


v 


| 
GAINS ASSURABLES 





GAINS COTISABLES RPC RRO Ac 
POUR RPC EXONERATION 











S‘ils sont différents de 
la Case (C) 









LE MONTANT DE LA CASE (( 

OMPREND TOUS MONTANTS 

FIGURANT AUX CASES ALLOCATIONS ET PRESTA NO D’ENREGISTREMENT DU 
Hy (1) (RY ET UL TIONS IMPOSABLES COMMISSIONS REGIME DE PENSIONS 
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ANSWERS 


REVIEW AND PREVIEW TO CHAPTER 1 


Exercise 1 
1. (a) 109.1 
(e) 123.4 
2. (a) 2 
(e) 34 
(i) 
3. (a) 
(e) 
(i) és 
4. (a) } 
(e) 5 
(i) 3 
5. (a) 58.9 
(e) 451 
(i) 3.40 


8 Nw ain ON 3) 


Na 


Display 1 
1. 10.091 
3. 2.659 497 691 
B27, 
7. 1676.00 
9. 1.104 311 872 


CHAPTER 1 
Investigation 
Exercise 1-1 

1. (b) a 

3. (b) 3, a 22. 


Exercise 1-2 
. (a) 6 
. (a) 7 
. (a) 5 
. (a) 3 


ah WN = 


(b) 
(f) 
(b) 
(f) 
(i) 

(b) 
(f) 
(i) 

(b) 
(f) 
(i) 

(b) 
(f) 
(i) 


88.6 (c) 111.7 
545.2 

E (c) & 

35 (g) 32 

28 (k) 2 

3 (c) a 

+ (g) + 

a (k) 23 

ii (oc) 2 

3 (g) 3 

ba (k) 5 

553 (c) 0.162 
443 (g) 1160 
250 


. 1024.917 769 
. 20.935 267 86 
. 51.413 879 91 
. 12.0456 

10. 21.218 039 19 


on & N 


2. (b) 5 


(d) 112.4 


(d) 5 
(h) as 
(I) 33 
(d) 3 
(h) 2 
(!) 5 
(d) ¢ 
(h) 72 
() 2 
(d) 2.06 
(h) 83.0 


(c) black card, ace of spades 


(b) 3 
(b) 3 
(b) 3 
(b) & 





(a) pee 3 4 5 ae 
- 36, 36, 367 367 367 367 367 367 367 367 36° 


(b) Note the numerators. 
(b) 26 


(a) 26 
. (a) 2 


NO 


(b) 33 


(c) = 


(c) > 
(c) 5 
(c) 6 
(c) 0 


(d) js 
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8. (a) 5 (b) i (c) x (d) é 
(e) % (f) i 
9. 3 10. 3 
11. (a) i000 (b) 000 (c) 2500 
12. (a) 2 (b) 2 (c) 2 
13. (a) 2 (b) 76 (c) 5 
14. (a) 3 (b) 3 
15. 3 
Exercise 1-5 
1. Mutually exclusive events are (a), (d), (g). 
2. (a) ¢ (b) 2 (c) 5 (d) é 
(e) ia (f) 3 (g) 5 (h) 1 
3. (a) 2 (b) 30 
4.3% 5. 5, 78,3 6. 3 
7. (a) 3 (b) 3 8. 
9. & 
10. (a) % (b) 33 (c) & 
113 
12. (a) és: (b) 32 (c) & (d) 76 
(e) & 
Exercise 1-6 
1. Independent events are (a), (c), (f). 
2. (a) x (b) ¥ (c) 3 (d) 30 
(e) > (f) = (9) 3 (h) y000 
3. (a) No. (b) No. 4. % 5. x 
6. 3 7. & 8. scar 9. & 
10. 3 11. (a) 6 (b) 2 (c) 2 
12. sa00000 13. 4 14.2 15. 23 
Review Exercise 
1. (a) 5 (b) 35 (c) 3 (d) 4 
2. (a) 1 (b) 0 3:4 
4. (b) 3 5. (b) + 
6. (a) 3 (b) z (c) 3 (d) 5 
(e) a (f) 3 
7. (a) yes (b) bs (c) 3 (d) 0 
8. (a) yes (b) a 
9. (a) 2 (b) 3 (c) 0 
10. (a) i (b) 36 (c) 3 (d) 3% 
(e) 3 
11. (a) 7 (b) ¥ 


1 ei ae ei 1 1 3 1 30 —. 6 S mM 
12. 6 37 0, 6, 27 41 41 137 527 41 12 or 365 ~—« 737 0, 6, 6, 8 





REVIEW AND PREVIEW TO CHAPTER 2 


1. 2.374 2 ooe 3. 8.707 4. 11.38 
5. 18.51 6. 27.54 7. 9.445 8. 6.879 


414 


ee 


9. 1.168 10. 2.095 11. 0.1204 12. 0.7662 
13. 0.093 48 14. 0.029 00 15. 0.5849 16. 0.013 68 
17 2a 7x 10% 18. 2.436 x 10° 19. 3.379 x 10° 20. 6.178 x 107 
Ze 2392-10 22. 8.429107 23. 9.43010 ° 24. 1.532 10% 
Display 2 
1. 6.480 446 927 2. 1.105 057 566 
3. 0.037 201 1019 4. 1.161 918 155 
5. 0.909 467 648 7 6. 0.270 882 505 2 
7. —1.656 274 98 8. 0.953 940 197 6 
9. 2.097 039 474 10. —0.024 188 580 9 
CHAPTER 2 
Exercise 2-2 

1. (a) 5.4 (b) 4.6 (c) 5.2 (d) 0.2 (e) 0.3 
2. (a) 7 (b) 5.5 (c) 15 (d) 3 (e) 4 
3. (a) 36 (b) 21 (c) 9 (d) 27 (e) —5,0 (f) none 
4. 24.7,24, 24 5. 20.7 cm; bimodal 20cm, 21 cm 
6. 62.8kg 7. (a) 1075.5 (b) 759 8. 162.2 cm 
Exercise 2-3 
2. (a) (i) 50th (ii) 9Oth (iii) 32.5th (b) (i) 80th (ii) 25th (iii) 52nd 
3. (a) (i) 20 (ii) 37 (iii) 6 (b) (i) 19th (ii) 6th (iii) 39th 
4. (a) 94%, 80th (b) 93%, 91st (c) 47%, 40th (d) 58%, 20th 

(e) 88%, 91st (f) 88%, 88th 
5. (a) 11th (b) 67th (c) 41st (d) 116th 
(e) 44th (f) 45th 

6. (c) M=25.5 (d) Pie= 16:0 _P..— 43:2 
7. (b) M=161cm (c)) Pes — 163: 5e eso = 6s.3 
8. 0,=52.2kg O, =M=56.7kg O;=61.4kg 
97071156 a icine; — 166.9.cm 
Exercise 2-4 
1. (a) 6 (b) 5.9 (c) 10 (d) 7.0 

(e) 29.0 (f) 657 

2. (a) 25cm (b) 48 kg (c) 5°C (d) 130m 
3.922 Ae: 5. 16,3.9 
6. (a) 58.4 to 67.6 (b) 49.2 to 76.8 
TH Wreselon 
8. A—19, B—147, C—333, D—333, E-— 147, F—19. 

Exercise 2-5 
1. $12 673.80 2. 0.47 males 3. $268 536 (boys) 


0.66 females 


$299 144 (girls) 
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416 


Exercise 2-6 


128025 2. (a) 0.1 


3. (a) 5 
5. 0.3n, 0.9n 


Review Exercise 


1. (a) 7 (b) 8 

2. (a) 80th (b) 225 

4. X=3.18g, R=0.31g, S.D.=0.07g 
5. (a) 69.2 

6. (a) 2 

7. (a) 3 

8. 4560 


(b) 0.9 (c) 0.77 
(b) (i) 2 (ii) 3 (iii) a (iv) a 
(c) 9 (d) 7 

(b) 78.4 


(b) 5 
(b) 35 


REVIEW AND PREVIEW TO CHAPTER 3 


Exercise 1 

1. (a) 2x—6 
(d) -10a+15b+5 
(g) —3x°+6x?-—3x 

2. (a) x?-—5x +6 
(d) 3x*?+19x +20 
(g) 12x?—26xy+10y? 
(j) 4x*+20x +25 

3. (a) 2x?+26x+84 
(d) 4x?+8xy —12y? 
(g) —2x’?—8xy —8y’ 





Exercise 2 
1. (a) 240 (b) 160 
V —_ 
2. (a) Lm (b) T= 
(e) 9 a-2o onl ay te 
n 
Display 3 


1. 11.605 442 18 
3. 21.189 311 25 
5. 5.506 793 113 
7. 2199.341 176 
9. —0.673 785 449 3 


(b) 8a —12b+8c (c) —3x +9y 

(e) 2x?+6x (f) —6m?+4mn 
(h) —6x°y?+9x’y + 6x’y” 

(b) a*7+10a+21 (c) 4m?—4m +1 
(e) 9x?-4 (f) 2a7+ ab—6b7 
(h) 6a7—17ac —14c? (i) x?-14x+49 
(b) 3x?—3x —36 (c) —4a*+10a+6 
(e) 2x?+12x+18 (f) —3x?+24x —48 


(h) 24a*—68ab + 20b’ 


(c) 60 

D 

S 

A-p 
pr 





om & N 


10. 





(d) 58 (e) 2 (f) 2 
wrt 5 eile? 
(g) a = 2s ou) (h) x = 2A —hy 


. 0.090 781 592 4 
. —0.292 888 888 9 
. 6.874 233 453 

. 0.044 776 258 9 


—3.569 786 535 


CHAPTER 3 


Exercise 3-1 

1. (a) —2x —26 
(d) 4x +5y—18 
(g) 3m?+9mn 

2. (a) 2x?+9x+9 
(d) 8b*—25b+2 
(g) —2x*+xy+y’ 

3. (a) x?+2x?+2x+1 
(d) 2x°—13x?-x+3 

4. (a) 2x?4+x 
(d) —x*—3x +1 


Exercise 3-2 
1. (a) 3(x +2) 
(d) x?(x?+7x +5) 
(g) 6ab(4a —b) 
2. (a) (x +3)(3x +4) 
(d) (a+3)(5a +1) 
3. (a) (x +2)(x+y) 
(d) (5a+4)(t+1) 
(g) (2a —3)(b—x) 


Exercise 3-3 

1. (a) (x +4)(x +3) 
(d) (x +4)(x —2) 
(g) (x —2)(x +1) 

(j) (x +10)(x +2) 

2. (a) (x +6)(x +2) 
(d) (x +8)(x +2) 
(g) (x —4)(x +4) 

(j) (x —5)(x +5) 

3. (a) (x +4y)(x +3y) 
(d) (p —9q)(p + q) 
(g) (m—3n)(m+3n) 
(j) (a—5b)(a+3b) 

4. (a) 4(a—5)(a+3) 
(d) 5(d —5)? 

(g) 4(a —5)(a +5) 
(j) a(x +6)(x —5) 

5. (a) (x +3)? 

(d) (x —2)(x +2) 


Exercise 3-4 
1. (a) (2x +5)(x +1) 
(d) (2x —1)(x +3) 
(g) (3x +5)(2x +3) 
(j) (2x —5)(5x + 2) 


(b) —6a —20b 
(e) t?—18t+6 


(b) 3x*+7x+2 

(e) —7x+16 

(h) 3x?4+14x +16 

(b) 6x°—13x?+16x—15 
(e) 6b*— b°+2b*—6b —4 
(b) 3a +76 


(b) x(3x +5) 

(e) pm(pm—n) 

(h) 5mnt(1+2m—6mnt) 
(b) (a —7)(2a —3) 

(e) (t+ 7)(6t+5) 

(b) (x +5)(x +t) 

(e) (x +3)(x —y) 

(h) (2x —1)(2mx +1) 


(b) (x +4)(x +2) 
(e) (x —5)(x +2) 
(h) (x —4)(x +3) 


(b) (x —9)(x —4) 
(e) (x —6)(x +5) 
(h) (x —3)(x +3) 


(b) (x —4y)(x +3y) 
(e) (s +2t)(s +t) 
(h) (ab —1)” 


(b) 3(b+7)(b—2) 
(e) 2(e +8)(e —3) 
(h) 2(x +6)? 


(b) (x —3)° 
(e) (x —3)(x +2) 


(b) (3x +1)(x +2) 
(e) (5x —2)(x —3) 
(h) (2x +3)(3x +2) 


(c) 
(f) 


(c) 
(f) 
(i) 
(c) 
(f) 
(c) 


(c) 
(f) 


(c) 
(f) 
(c) 
(f) 


(c) 
(f) 
(i) 


(c) 
(f) 
(i) 


(c) 
(f) 
(i) 


(c) 
(f) 
(i) 


(c) 
(f) 


(c) 
(f) 
(i) 


4a—16b+21c 
0 
5a*’—3a—32 


8m?—12m—12 
a*—6ab+11b7 
6a°—8a*-7a+3 
x*—x?-—9x?-x+2 
2X OX 


x(x?+7) 
By (2y aa) 


(x —1)(3x?—4) 
(x +5)(2x —1) 
(2x —5)(x + y) 
(3y —2)(x —1) 


(xX =3) (X= 2) 
(x +6)? 
(x + 4)(x —3) 


(x +9)(x —4) 
(x +9)(x —3) 
(cr) 


(a—4b)(a+b) 
(c +4d)(c —3d) 
(x +3y)(x +6y) 


6(c —1)? 
x(1—3x)(1—2x) 
7(a—3)(a+3) 


(Xa) 


(x —1)(x +6) 


(2x +5)(3x + 2) 
(2x —7)(x +2) 
(x —1)(8x +9) 


417 


418 


2. (a) (2x —1)(x +3) 
(d) (3a—4b)(3a—2b) 
(g) (7y —8x)(4y — x) 
(j) (5a+6b)(2a —5b) 


Exercise 3-5 


1. (a) x°® (b) x? 
(g) —6x (h) —4x? 
2. (a) (x +3) 
(d) (x +3) 


3. (a) (3x —10), R: 13 
(d) (p?—p+1),R:1 

4. (a) (y*—14y) 
(d) (a +2) 

5. (a—2)(a+2) 

6. (a) x*-3x+9 

7. (y—4)(y*+4y + 16) 

8. (a) (a+2)(a*-2a+4) 
(d) (x —1)(x?+x +1) 











(b) (5m —2)(m—3) 
(e) (5r—7)(3r—2) 
(h) (4x + y)(3x —2y) 


(c) x (d) 1 
(i) 2x? (i) —3 
(b) (x —6) 


(ex — 2) Ra 
(b) (x?-—2x —3), R: 12 
(e) (3c*—2c —5) 
(b) (p*—2p +1) 


(b) 0 


(b) (a —2)(a7+2a+4) 
(e) (b —5)(b?+5b +25) 




















(c) (3x +1)(2x —5) 
(f) (2x+3y)(2x+y) 
(i) (83m+2n)(m—7n) 


(e) 3x? (f) 6x? 
(k) x? (js =2 
(c) (x —3) 

(f) (x—4), R: -3 

(c) (3a—2) 


(c) (x?+5x —13), R: —75 


(c) (x +3)(x?—3x +9) 


(c) (x +1)(x?—x +1) 
(f) (b+5)(b?—5b +25) 











9. (a) Yes. (b) No. (c) Yes. (d) No. 
Exercise 3-6 
1. (a) O (b) —5 (c) O (d) —1 
(e) 3,4 (ie lee (g) 3 (h) 3 
(i) 4,-1 (j) —7 
2. (a) i (b) 5 (c) 23 
18 4a 4x? 
(d) a (e) Ba (f) Bxy 
2(x +1) 2(x —3) . (x+3)(x —9) 
361) 53) (= 79) 
3. (a) 5 (b) 2y (c) 4ab (d) 2x +3y 
x x 
(e) 2b—3c (f) y—4t (g) 2y+3t (h) 3 
=a . (X+2) 1 a 
(x +3) (x +3) (y+1) (x +2) 
Bal eae) LUN pecs Oey ey (d) 9) 
(m+3) (3k +4) (3x +1) (2m—1) 
(e) = he (f) (3k —4) (g) (2x —3) (h) (maa) 
Exercise 3-7 
1. (a) é (b) 2 (c) + (d) —3 
(e) 35 (f) 3 (g) 3 (h) 5 
2.ta) 2 ty 8 ()-1 (dy 2 (fy) 1 
1 hs 
3. (a) 4 (b) —5 (c) 15y? (d) (a+b) 


a(a—3) 












































4. (a): (b) 5 (c) : 
ie 
5. (a) ©) aoe) 
(d) 1 (e) : 
Exercise 3-8 
1. (a) 5 (b) 33 (c) 2x 
(e) = ) 2 ig) © 
Ope a Cree esas 
2. (a) “x (b) oa (c) m 
(e) = i) “28? ig) 2G 8c 
3. (a) 1 (b) on 428 
(g) ue (h) bex + aty~ 202 
4. (a) pees (b) ms (c) 2227 
(e) -2 i) 72248 ig) SY 
5.) 5 lx 2) a= tia +2) 
(d) S128) (e) 2x*+x—-5 
(b +4)(b—3) (x +1)(x —1) 
@) DH 8) gaa) 
AL) Ax = BVA (b) ie GESTED 
9 ayaa Che ea 
(a) eee » a(a oa + b) 
Th Finis 
R,+R, 
8 R,R.2R3 


Deine crlatntyartatlats 


Review Exercise 


1. (a) —x +26 








(c) 
(f) 


(c) 
(f) 


(d) 4b’x 


b(x—y) 

(h) a ae 
(a+1) 
(a2) 





(c) 


4 
(d) > 

6 
y= T) 
(a—b) 
(x+y) 

1sx 
(d) 94 
9a+8b—10c 

12 


(h) 








(!) 


(h) 


7n-3m 
mn 

x?+y? 
Xy 


(c) 
(f) 


—jnah ey) 
30 
S9c—b 
(h) 6 
ian = US 
(m+3)(m—1) 
2m?—9m+7 
(m+1)(m—2) 


(d) 





3a+7 
(a+4)(a+3)(a+3) 
—a’?+5a+2 
(a—1)(a+1) 





9. R(1+/)?+R(1+1)+R 


(b) —a*-—11a—14 


(c) —x?+4x+13 
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(d) 3a*—16a—12 


(c) (x —2)(x +1) 

(e) (a —4)(a —3) 

(g) (x +9)(x —4) 

(i) (4p —5q)(4p +5q) 

(k) x(x —7)(x —8) 

(m) (a —3)(a?+3a+9) 

(o) (m+n)(m?—mn +n?) 
(q) (2a +3b)(2a +b) 

(s) (x +6y)(5x —8y) 


























(e) —x?—8x +26 
(g) 8 (hy 2x43 
. (a) 3(x +5) 


(f) 2x°+5x?-11x+4 


(b) a(x +y—1) 

(d) (x —y)(x +y) 

(f) (a—4)(a+3) 

(h) (x —8)(x +8) 

(j) 2(x +6)(x +2) 

(!) (op -1)(p?+p +1) 
(n) (x +2)(2x +5) 

(p) (a+4)(a?—4a +16) 
(r) (5x —7)(3x —2) 

(t) (3m —7)(3m —2) 














. (a) 6y (b) 4ab? (c) a—2 
a (x +2) (x +3) 
x (3x +4) . (4x +1) 
(9) 43) (Mh) 3x4) x41) 
a 3x° (x —4) 
. (a) 5 (b) Dy (c) 2 (d) (x +5) 
(x —4) 5(x +5) 
() 42) UES: () Kix -2) 
9x +8y 10a—3b 3n-—2m 
. (a) wey (b) ees se (c) ‘inne 
2bc+3ac—2ab 19x+1 13b 
(d) be (e) 6 (f) a2 
(al 6x?+22x +18 (hy (x —4) (i 2x?+8x +7 
BI x + 1)(x + 2x +3) (x= 11022) (x +3)(x +2) 
: 12 —x’?+30 (x +2) 
© Kaa 3ix—2) “) ceF ) x1) 
REVIEW AND PREVIEW TO CHAPTER 4 
Exercise 1 
1. (a) 2 (b) —6 (c) 5 (d) 2 
(e) 6 (fF) (g) 5 (h) 6 
2. (a) —6 (b) 12 (c) 12 (d) 72 (e) —2 
(f) 15 (g) —3 (h) —3 (i) = (j) 5 
3. (a) —3 (b) 8 (c) 3 (d) —3 
Exercise 2 
1. (a) 21 (b) 9 (c) 4 (fo), (e) 2 
(f) —2 (g) —17 (h) = ie (i) 33 
2. (a) —3 Wb) 5 (c) —1 (d) —3 
(e) —3 (f) 7 (g) > (h) 3 


Display 4 















































1. —0.331 477 2355 2. 2.120 743 034 
3. 1.510 003 962 4. 0.143 673 236 2 
5. —0.475 6. —16.406 976 74 
7. —0.113 838 341 1 8. 3.000 678 541 
9. 0.546 802 9005 10. —0.629 587 803 5 
CHAPTER 4 
Exercise 4-1 
Ae laleee Geb 2s (C) oe (d) —5, 4 (e) 0,—4 (f) 0,3 
2. (a) 3,4 (b) 3, —2 (c) —3, —1 (d) —5, 2 
(e) 5, -3 (iy eh 6 (g) 5,4 (h) 4,4 
(iy axha . (j) —6,5 (k) —3,-1 (he 4.2 
Slay (b) —7,7 (c) —5,5 (d) —8,8 
(e) —10, 10 (f) —9,9 (g) —6,6 {h\j3,3 
4. (a) 7,3 (b) 4, —2 (c}iz, =| (d)ijjsiee 
(e) 3, —3 (f) 0,3 (g) —2, 2 (h) 0,7 
(pl ee (cee ({kjt=s7 4 iiss 
(mjz. 2 (Nha {O)i- a (p) 2,3 
5. 7cm 6. 3V2cm 
Exercise 4-3 
1. (a) a=2,b=3,c=4 (b) a=3,b 5,c=2 ()ka—i1hb =7aG—— | 
id) a=4,b=—-1,c=—3 [{e) a=5;b==8,c30 (f) a=1,b=0,c =—25 
(g) a=1,b=5,c=-16 (h) a=2, b=—-3,c=—4 (i) a=2,b 5G 3 
(ij) a=3,b=0,c=17 
2. (a) 3,4 (b) 3+V6 3-V6 (olny ad 
3 3 
(d) 11,8 fe) 1.2 a 3+V11 3-11 
2 2 
) ~3tVv15 3415 (hy (eee 2 = 2y ‘i —§ 4/1792 5 217 
ee 3 z 7 4" 4 
’ Mey 22 baw 2 
(i 4 (k) SS is. 
3 3 
(m) 3, —3 (n) 0,5 
3. (a) —2.62,-0.38 (b) 4.19, —1.19 (c) 4.79, 0.21 (d) 2.35, —0.85 
(e) 1.58, —1.58 (f) 2.14, —0.47 (g) 1.88, 0.32 (h) 1, 0.17 
4. (a) 3,2 (b) 3,—1 
{sey 1201 =1—v 1201 
(e) —3,5 (f) 4,7 


42) 


5. 


=34/39 =3=1/99 





(g) 





3 : 3 
i) De 1Aa2 = 1d 
( Diem Res #2 
(m) —5, 2 
(a) 2,—3 


{c) 1-74 10, =1-=v 10 


Exercise 4-4 


1. 


3. 


(a) 0; two equal real roots 

(c) —8; two non-real roots 

(e) —27; two non-real roots 
(a) 12; two distinct real roots 
(c) 0; two equal real roots 

(e) 196; two distinct real roots 
(g) 64; two distinct real roots 
(i) —127; two non-real roots 
(k) 12; two distinct real roots 
(a) non-real roots 


Exercise 4-5 


= ob 


1. 


. 12cmx16cm 
. 55cmx8em 
. 30 km/h, 40 km/h 


GN oOo RN 





(a) x +(x +1)+(x +2) (b) x +x? 
(d) x*+(x +1)? (e) 2x? 
100 
(g) oe (h) 3x 
. 7,8 and —7, —8 
. 14, 15, 16, 17 and —14, —15, —16, 
. 3, 11 or —3, —11 6. 6,7 


6cmx6cm and 9cmx9cm 


Review Exercise 


ae 


2s 





(a} —3,—4 (b) 7, -3 

(e) 6,—6 (f) 7,—6 

(i) 3,1 (i) 3,2 
—1+V/5 -1-v5 

(a) 2 , 2 (b » 1Gy, 

(d) =, 1 gee 
—14+V711 =1-V11 a 

(g) 10 ’ 10 (h) 343 


7 


10. 8cmx<12cm 
13. 0.5cm 
16. 35 km/h, 50 km/h 








(hy 1+V2 ie 


ane 
) 15+3V5 15-3V5 
J 10 tO 
() +V5, -V5 

(nla 2cnv Gael 
(Dif e 

(d) 3, —-1 





(b) 12; two distinct real roots 
(d) 13; two distinct real roots 
(f) 0; two equal real roots 
(b) —23; two non-real roots 
(d) —4; two non-real roots 

(f) 0; two equal real roots 
(h) 25; two distinct real roots 
(j) —24; two non-real roots 
(!) 0; two equal real roots 
(d) non-real roots 


(c) x?-2x 

(f) (x +3)? 
3. 9, 10, 11 and —S,,—10"-11 
Tha 3 
11. 14cm 


14. 15 km/h, 20 km/h 
17. 50 km/h, 55 km/h 





(c) 3,3 (d) 9, —2 
(k) er me (!) =5; =: ( 
(C)E2 anit 
5-21 3+V69 3-69 
2 (f) 5 ee a 





Ak eh can ey PERE 
(j) 2 dia (k) 0,4 (!) yee dial 
3. (a) —83; two non-real roots (b) 0; two equal real roots 

(c) 400; two distinct real roots (d) 0; two equal real roots 

(e) 65; two distinct real roots (f) 53; two distinct real roots 
4. 8,9, 10 and —8, —9, —10 5. 12, 7 and —12, —7 
6. 16cmx11cm 7. 8cmx8cm and ¥cmx9cm 
8. 50 km/h and 60 km/h 9. 10 km/h 


REVIEW AND PREVIEW TO CHAPTER 5 


1. (a) Yes. (b) No. (c) No. (d) Yes. 
(e) No. (f) No. (g) Yes. (h) No. 
2. (a) Yes. (b) No. (c) No. (d) Yes. 
(e) Yes. (f) No. (g) Yes. (h) Yes. 
Display 5 


1. 0.192 471 512 7, 1.998 297 718 

2. 0.691 616 469 2, —0.736 191 309 6 
. 0.910 579 990 9, —2.447 050 579 

. —0.157 134 894 1, —3.818 375 31 
mOioioo2.4)/ 1,—0.00/ 735 39 


a & WwW 


CHAPTER 5 

Exercise 5-1 

Ti (ayic), (e)- 2. (b), (d), (Ff), (g). 

3. (a) a=2,b0=3,c=7 (b) a 6}. Jo) A,¢=3 (c) a=1,b=0,c=5 








(d) a=-—2,b=6,c=0 (e) a=1,b=3,c=—4 (f) a=2,b=10,c=0 
(g) a=2,b =6,c=-3 (h) a=1,b=-2,c=3 





4. (a) ke R,k4#0 (b) keER (c) k=2 
(d) k=0,1,2 (e) ke R,k43 (f) keER 

Exercise 5-5 

1. (a) (x +3)? (b) (x +2)? (c) (x +4)? (d) (x —2)? (e) (x —5)? 
(f) (x +7)? (g) (x —3)° (h) (x —1)? (i) (x +3) 

2. (a) 9 (b) 4 (c) 1 (d) 16 (e) 36 
(f) 25 (g) 100 (h) 81 (i) 64 

3. (a) 7 (b) 2 (c) 2 (d) (e) 2 (f) 3 


(g) 2 (h) a6 (i) i (i) (k) as (I) yas 


£2) 
as 
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4. (a) y=(x+3)’-2 (b) y =(x —2)?-1 (c) y=(x+4)?-29 


(d) y=(x—5)?-4 (e) y=(x+1)/+2 (f) y=(x—6)?-—40 
(g) y=(x -—7)?-52 (h) y =(x +10)?—100 

5. (a) y=2(x +1) +5 (b) y =3(x —2)?—14 (c) y=2(x +4)?-24 
(d) y=—2(x +2) +3 (e) y=—3(x —1)? +2 (f) y=—4(x +2)? +17 

6. (a) y=2(x +2) +2 (b) y =3(x —3)°-2 (c) y=—3(x +3)?+2 
(d) y =6(x — 3)? +24 (e) y=—4(x —3)? + & (f) y =4(x —3)?-2 

7. (a) y=2(x -3)-F (b) x =2 
(c) @, -? (d) minimum 

8. (a) y =—2(x —2)’-3 ~(b)-« =, (3, —8) (c) maximum 

9. (a) (—1,—3), x =-1 (b) maximum 


Exercise 5-6 











1. (a) 3,2 (b) 3, —4 (c) 3,-6 (d) 4,12 (e) 2,5 (f) 5,3 
2h (aioe a2 (b) —3,—2;6 (CG) Ona la 

((e)) =) Se als (e) —5, —2; —10 (f) —2,6; 12 

(g) 2,6; —12 (h) 0,7;0 | 5-427 512 

(iki sar2tie2 (k) —4+V7,-4-V7;9 (l) —3,2;-6 
3. (a) 1 (b) 2 
4. (a) (i) —1, —1 (ii) 3, 3 (b) Two equal x-intercepts 

. -14+V¥-3 -1-V-3 ,... -5+V—-23 -5-—V—-23 

5. (a) (i) D ; 5 (ii) 8 - 8 


(b) No real intercepts. 
6. (a) (i) vertex: (—2,0), y-int: 4, x-int: —2 
(ii) vertex: (—2,—9), y-int: —5, x-int: —5, 1 (iii) vertex: (—2, 3), y-int: 7 


(b) minimum value (c) (i) O (ii) —9 (iii) 3 
Exercise 5-7 
1. (a) minimum of 0 when x =0 (b) maximum of 0 when x =0 
(c) minimum of 2 when x =0 (d) minimum of —4 when x =0 
(e) maximum of 7 when x =0 (f) maximum of —6 when x =0 
(g) minimum of 11 when x =0 (h) maximum of —5 when x =0 
2. (a) minimum of 3 when x =2 (b) minimum of —4 when x =—3 
(c) maximum of —4 when x =3 (d) maximum of 10 when x =~—1 
(e) minimum of —18 when x =—3 (f) maximum of —2 when x =5 
. (g) minimum of 4 when x =1 (h) maximum of —5 when x =—2 
3. (a) minimum of —2 when x =-3 (b) minimum of —3 when x =2 
(c) maximum of —2 when x =—1 (d) minimum of —13 when x =—3 
(e) maximum of —1 when x =1 (f) minimum of —2 when x =—3 
(g) maximum of 18 when x =3 (h) minimum of —$ when x =—3 


Exercise 5-8 é 
1. (a) x, 20—x (b) x, 33-—x (c) x,100—x (d) x,200—x (e) x,600—2x 


7a, WT Sea, 4.100mx100m _ 5. 20m 

6. 200 m x 400 m 7. 100 cm? 8. 5cm 9. 22°mx100m 
Exercise 5-9 

1. (b) x-int: —§, y-int: 2 (c) No. 

2. (b) x-ints: 2, —2, y-int: —12 (c) minimum of —12 when x =0 

3. (b) x-ints: —1, 1, 3, y-int: 3 (c) 3 
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5. 


(d)i=171,3 (e) no 


(b) x-ints: —2, 0, 2, 4, y-int: 0 (c) 4 
(d) —2,0,2,4 (e) minimum of —15, when 
xX=-1l1or3 


Review Exercise 


o 


. (b) (0,0), x =0 
(d) (i) (0,0), x =O (ii) (0, 2), x =O (iii) (—3, 0), x =—3 (iv) (1,5), x =1 
. (a) (0,2), minimum (b) (—3, —4), minimum 
(c) (2,5), maximum (d) (—5, —7), maximum 
. (a) y=2(x —3)? +3 (b) y=—3(x —3)?-3 (c) y=(x+1)?+7 
(d) y=2(x+1)°+2 (e) y=(x+1)?-7 (f) y=—{x +2) +3 
. (a) minimum of 3 when x =3 (b) maximum of —; when x =3 
(c) minimum of 7 when x =~—1 (d) minimum of 2 when x =—1 
(e) minimum of —7 when x =—1 (f) maximum of 4 when x =—2 
. 150mx150m 
. (a) minimum of —¥ (b) maximum of 7 
(c) maximum of 9 (d) minimum of —® 


REVIEW AND PREVIEW TO CHAPTER 6 


Exercise 1 
1. (a) 5 (b) 7 (c) 3 (d) —1 (e) —5 (f) 21 
2. (a) —2 (b) 1 (c) —5 (d) 3 (e) 3 (f) 3a—3 
3. (a) 5 (b) 8 (c) 8 (d) 68 (e) 2 (f) x?+4 
4. (a) 3 (b) 5 (c) 2°+1 
5. (a) 3 (b) 11 (c) 27 
6. (a) —9 (b) —25 (c) —20 
(d) —3m?+2m-—4 (e) —4 (f) —5 
Exercise 2 
1. (a) x=5,y=2 (b) x =6,y=-2 (c) a=—1,d=4 
(d) a=18, d=—7 (e) a=20, d=—10 (f) x =-2,y=-3 
(g) x=4,y=—3 (h) x=—3, y=5 
Display 6 
1. 0.0000 2. 0.0000 
0.0225 0.0005 
0.0900 0.0081 
0.2025 0.0410 
0.2500 0.0625 
0.3600 0.1296 
0.5625 0.3164 
0.8100 0.6561 
1.0000 1.0000 
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CHAPTER 6 


Exercise 6-1 


1. (a) 3,5,7 (b) 10, 16, 22 (c) 190,180,170  (d) —3,0,3 
(e) 3,8, 15 (f) 3,9, 27 (g) 4,8, 16 (h) 10, 20, 40 
(i) 6,12, 20 

2. (a) t,=10, t,=13 (b) t,=17, t;=22 (c) t;=24, t;=48 
(d) t,=64, t;= 256 (e) t,=16, t,=25 (f) t;=—-2,ts=—5 
(g) ta=2, ts=1 (h) t,=54, t,= 162 (i) t,=5, t.=3 


3. (a) 1, 3, 6, TO, 525M, 4S £16, 25, 36;.12 5,012; 22, 35 ole 
(b)°2, 3, 4, 5, Gest SR7) OA 11724) 7910, 13,16 
Each sequence is formed by adding a constant to the previous term. Hexagonal 
numbers = {1, 6, 15, 28, 49}; set of differences ={5, 9, 13, 17}; the property holds. 
4. 2, 3, OF 7 TAPS ATTN ON23 ZIT NO. 


Exercise 6-2 








1. (a) d=5 (b) d=—4 (d) d=-3 (g) d=; (i) d=x? 
2. (a) (.=30, t.,=—72 (b) t,,=69, t,, =209 

(c) t,.=213,t, =7nN+3 (d) t.;= 84, t, =4n—16 

(e) t,, =—54, t, =12—6k (f) ti.=a+22b, t.,=a+80b 

(g) tt=3x+8y, t.,=3x+21y (h) ts =4m — 18k, t;,=4m —32k 
3. (a) a@=/7,d=3,t, =3n +4 (b) a=2,d=5,t, =5n-3 

(c) a=44,d =2,t, =2n+42 (d) a=—19, d=7,t, =7n —26 

(e) a=67,d =—5, t, =72—5n (f) a=—8, d =-3, t, =—3n—5 

(g) a=3, d =—10, t, =13—10n (h) a=3+3k, d=2k, t, =3+k+2kn 
4. (a) 49 (b) 41 (c) 12 (d) 11 (e) 31 

(f) 61 (g) 28 (h) 49 (i) 95 (j) 89 


5. $105, $110, $115, $120, $(100+5n), a=$105, d=5 
. $856, $912, $968, $1024, $(800+56n), a =$856, d =$56, A =$1472 
7. The points will lie on a straight line. 


a 


Exercise 6-3 


1. (a) 324 (b) 1750 (c) 350 (d) 1638 (e) 50 
(f) —55 (g) -20200 (h)-15300 +) :1250 (j) 63 
2. (a) 20200 (b) 7155 (c) 400 (d) 42 
(e) 399 (f) —3630 (g) 130! (h) —62.5 
3. 78 
4. The second by $7.50 
5. (a) nine (b) 5050 (c) 6270 
6. 816 


Exercise 6-4 


1fa)r=2 0 b)r=3 0 r=} (gh r=} thy =x?) r=—2 
2. (a) ts=32, t, =2"" . (b) t;= 405, t, =5(3)"" 
(c) t,=192, = 3(2)"* (d) ts=}, t= 64(5)<"" 
(e) t,=64, t, =4(—2)"" (f) t,=3, t, =81(—3)"" 
aes 12 —_ 21 15 ov €S 
(g) ti2=2x", tz, =2x (h) t.,= x teo x= 
3. (a) 8 (b) 7 (c) 6 (d) 7 


6. 


(e) 8 (f) 7 (g) 14 (h) 25 








Pe (a) ct Aer oat (3) (b)Naias a= 2 tn — 32) 
(c) (i) a=7,r=4,t,=7(4)"" (ii) a=—7,r=—4, t, =—7(—4)"* 
(d) a =256, r =3, t, =256(3)" ‘ (e) a=—243, r=, t, =—243(3)"' 
(f) (i) a=3,r=4,t, =3(4)"" (ii) a=—3,r=—4,t, =—3(-—4)"" 
(a). a= Skip t aibketk-)s (hh) anal keto) 
. (a) $105, $110.25, $115.76, $121.55, 100(1.05)" 


(b) a =$105, r=1.05 
(a) $540, $583.20, $629.86, $680.24, 500(1.08)" 
(b) a = $540, r=1.08 








7. (b) Exponential 
8. 1024 
Exercise 6-5 
1. (a) 2550 (b) 242 (c) 2343 (d) 1094 (e) 504 (f) 728 
2. (a) 508 (b) 1093 (c) —170 
(d) 2735 (e) 12135 (f) 3888.885 
100(1.01)(1.01'*—1) 
3. 126 4. rr 
5. (a) (i) 6.75m_ (ii) approx. 3.8m (b) approx. 93.3 m 
Review Exercise 
1. (a) Arithmetic, 9n —8. (b) Arithmetic, x +(n —1)2y. 
(c) Geometric, 10°" . (d) Geometric, a"b’ ", 
(e) Geometric, x (f) Geometric, 2(—2)"" 
(g) Arithmetic, 60—4n (h) Arithmetic, 2y+n(2+y) 
2. (a) 7, 10, 13; 140 (b) 5, 15, 45; 16 400 (c) 4,6, 8; 88 
(d) 39, 36, 33; 228 (e) 6,12, 24; 1530 (f) 2334 
3. (a) 310, 37 300 (b) —79, —11 050 
4. (a) 9375, 2343 (b) 33 614, 5602 
5. (a) 24 (b) 8 
6. 156 7. $1638.40 
8. 8100 (nearest 100 people) 9:i2- ail 


REVIEW AND PREVIEW TO CHAPTER 7 


Exercise 1 

1. $2.74 2. $33.06 3. $66.52 4. $600.00 
5. $204.01 6. $62.77 7. $313.50 8. $24.37 
9. $10.88 10. $171.50 11. $0.44 12. $64.00 
13. 0.1% 14. 5% 15. 0.05% 16. 0.125% 
17. 20% 18. 12% 19. 2.5% 20. 0.75% 
21. 16% 22. 1.5% 23. 150% 24. 215% 
Exercise 2 

1. $270, $4770 2. $54.15, $814.15 3. $1225, $1249.50 
4. $240, $244.80 5. $50.40, 18% 6. $37.80, 24% 

7. 0.337 a, $51 179.50 8. $16.50, 0.600 a 9. $45.25, $1020.25 
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10. $50.70, 8% 


13. $0.37, $24.60 14. $128. 


Exercise 3 
denlajale2) 4 ono 
12,8 


11. 0.082 a, $352.87 


12. $944.92, $966.28 
42, $1900 15. $158.10, $3400 


(b) 32, 16,8, 4, 2 

(d) 4, —12, 36, —108, 324 
(f) &, 3, 10,40, 160 

(h) 1,—2, 4, —8, 16 


2. (a) 128 (b) —10 935 (c) 64 (d) 5 
(e) 32 (f) a: (g) 3 (h) § 
3. (a) 1023 (b) 6560 (c) 215 (d) — 
(e) 189 (f) 2548 (g) F (h) 3 
Display 7 
e241 20720 2. 0.708 333 33 
3. 0.002 777 7777 4. 6.252 604 167 
5. 3326 400 6. 168 
7. 4596 252 8. 0.002 164 502 1 
9. 2400 10. 1.4 
CHAPTER 7 
Exercise 7-1 
1. (a) 40,5% (b) 40, 3% (c) 8%, semi-annual 


(d) 15a,4% 
(g) 4a,6% (h) 8%, 13 
. (a) $9054.90 (b) $796.02 
. $5049.92, $1049.92 
. (a) $1418.52 
9a 
. (a) $20.70 
. (a) $12 763.00 
. 4.44% 


won AWN 


Exercise 7-2 


(e) 18%,6a 


(b) $1425.76 


(f) 9% monthly 
a 


(c) $69914.40 (d) $5391.75 (e) $964.54 


(c) $1430.77 
6. $1143.63 
(b) $1225.70 
(b) assumed a risk 
10. $23 377.09 


1. (a) $565.34 (b) $218.11 (c) $667.50 (d) $811.98 (e) $8427.40 
2. $7089.20 3. $12 878.60 

4. (a) $704.96 (b) $701.38 (c) $698.92 

5. $478.48 6. $923.16 7. $5238.37 8. $750 


Exercise 7-3 


1. (a) $8933.42 (b) $17 213.24 


(c) $4307.69 (d) $52 723.18 


(e) $210.47 (f) $174.28 (g) $127.46 (h) $515.55 
2. $11 tae 3. $47 512.76 4. $2458.73 
5. (a) $10 051.60 (b) $20 655.80 (c) $73 208.53 (d) $2363.80 
6. $178.68 Tl BO2.33 8. $14 789.26 9. $9203.80 


Exercise 7-4 


1. (a) $4077.10 
(e) $1010.47 

2. $2766.07 

5. (a) $9818 

6. (a) $1081.56 

7. (a) $41 848.65 


Exercise 7-5 
2. (a) $7.89 
3. (a) $9.76 
4. $4350.76 
8. $8540.24 


Exercise 7-6 

2. May 1, 1980 
5. $2531.25 

9. $59 238.21 
11. $153.26 


Exercise 7-7 

1. $36.05 

. $39.98 

. (a) $70.61 

. (a) $13 110 
. $978.68 

. (a) $4628.55 


YOON OW 
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Review Exercise 


(b) $8467.77 (c) $3010.75 (d) $29 440.35 


(f) $354.28 (g) $152.46 (h) $1235.55 
3. $99.64 4. $1734.90 
(b) $5920 (c) $5532 (d) $1794 
(b) $367.75 (c) in one month 
(b) $44 150.32 8. $1002 9. $4770.33 
(b) $34.72 (c) $164.05 (d) $7.43 (e) $21.72 
(b) $11.86 (c) $7.47 (d) $14.49 (e) $42.79 
5. $9576.23 6. $487.51 7. $600 
9. $2215.59 10. $1029.80 11. $162.25 
3. (a) decrease (b) increase 4. $2921.24 
6. $876.02 7. $128.58 8. $7238.04 
10. (a) $3230.77 (b) $3640.52 
12. $1294.28 
2. $109.61 3. $800.91 4. $361.51 
6. $7.24, $82.40, $7.40 
(b) $55.61 (c) $360 
(b) $19 407.31 
10. $21 620.45 11. $111.38 


(b) $7906.23 


1. (a) $3564.40 (b) $556.54 2. (a) $3667.50 (b) $6131.20 
3. (a) $5630.80 (b) $9196.40 (c) $456.03 (d) $318.76 

4. (a) $815.57 (b) $24.48 (c) $802.16 (d) $2616.29 
5. (a) $4020.27 (b) $17 527.41 (c) $2865.65 (d) $50.74 

6. $325.46 7. $42 275.14 8. $578.30 9. $55.71 
10. $8356.49 11. $65.64 12. $1604.57 13. $4846.80 
REVIEW AND PREVIEW TO CHAPTER 8 

Exercise 1 

1. 8 72, PAT ap. ©) 4. 64 5. 81 

6. 3 7.3 8. 3 9. 3 10. 3 

Ate OPZ5 12. 0.000729 13. 0.000 729 14. 1.44 15. 0.0225 
Exercise 2 

1. 128 2. 243 3. 125 4. 81 5. 27 6. 343 
7. 8 8. 1 9.8 10. 3 11. 25 2.51 
13. 3 14. 3 15. i 16. 3 
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Exercise 3 


1. 729 2haa Saar 4. b”® 5. c” 
6. a°*b® 7. 8a° 8. 9a® 9. 2a° 10. 125a° 


Exercise 4 


16 


12 





o 
= 
NO 
0, 
- 
x 


27 


15. 
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Display 8 





1. 82 179.900 93 2. 3.068.349 609 
3. 232.915.9928 4. 164547.006 5 
5. 5 329.468 869 6. 4846.090 535 
7. 119.3571 8. 1765.728 785 
9. 4535.309 02 10. 1343.924 007 
CHAPTER 8 
Exercise 8-1 
1. (a) rat. (b) irr. (c) rat. (d) irr. (e) rat. (f) irr. 
(g) rat. (h) irr. (i) rat. (j) irr. (k) rat. aU) rat. 
2. (a) 0.875, ter. (b) 0.3, rep. (c) 0.5, ter. (d) 0.18, rep. 
(e) 0.428571, rep. (f) 0.285714, rep. (g) 0.83, rep. (h) 0.714 285, rep. 
(i) 3-25. ter, (j) 0.1, rep. (k) 0.2, rep. (1) 0.5, rep. 
(m) 0.27, rep. (n) 1.5, ter. (o) 0.16, rep. 
3. 
0.142 86 
1.41421 
1.732 05 
3.141 59 
Exercise 8-2 
1. (a) V12 (b) V18 (c) 50 (d) /27 (e) 32 
(f) V48 (g) V98 th) ¥125 (i) /20 (i) V45 
2. (a) 2V3 (b) 4V3 (c) 3V2 (d) 12/2 (e) 2V6 
(f) 5V5 (g) 3V5 (h) 3/7 (i) 72 (ji) 2V15 
3. (a) 6V10 (b) 12V6 (c) 20V3 (d) 12V6 
(e) 1214 (f) 20/6 (g) 1510 (h) 12 
(i) V6+V10 (j) /15-V6 (k) 2V14—4V/2 () 3¥5+V10 
4. (a) 4V3 (b) 9V2 (c) 0 (d) 2V7 (e) —V3 (f) —5V2 
5. (a) V3—V2 (b) 2V5—1 (c) 4V3+2 
(d) 7V2—4V3 (e) 3V7+2V11 (f) 5/2—2V/7 
6. (a) V21 (b) 310 (c) 15V14 = (d) 6 (e) V30 (f) 6 
(g) 7 (h) 2/30 (i) 20 (j) 12 (k) 20/21 () v14 
7. (a) V3 (b) 2 (c) 2V3 (d) 2V2 (e) V3 
(f) 2 (g) 6 (h) 3 (i) 3 
8. (a) 8V11 (b) 3V7 (c) 6V3 (d) 7V2+5V3 
(e) 3/5+5V3 (f) 2/5+8V2 (g) V3 
9. (a) 7V2 (b) V3 (c) 9V2 (d) 13V2 
(e) 3V2—2V3 (f) —V3+7V2 (g) 7V5—2V7 (h) 5V/7+3 
10. (a) 12V2 (b) 13V2 (c) 13V3 (d) 7V5 
(e) 14—3V2 (f) 9V2+8V3 (g) 14V2-17V5— (h) 4V2 + 18V3 


11. (a) ¥15+V21 


(b) 7V10+7V15 


(c) 2/10—2V5 
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(d) 6/10—12V6 
(g) 142+32/21 


12. (a) 13—2V42 
(e) —57 


13. (a) 1V3 
5V21 





(e) 
(a) eee 

d) ieee 
15. (a) V3+V2 


14. 


( 


(e) 33+8V6 
(h) 18—5V42 


(b) 79+ 20V3 
(f) 3 

V6 
(b) 3 


oF 


(b) ere 


(e) 15 
3(V11+V3) 
b) 








3V5+10V3 


_ 


f) 102+4V15 


(c) 55-—8V21 (d) 69+ 12/30 
(g) 94 (h) 41 
(c) am (d) 1242 
(a) v2 (ry 2X8 
4/3+V30 
(aa 
V66—4V3 
eericees 
(c) 6+V35 (d) V7+2 











25V3+60+ 15V2+12V6 3V144+3V10—2V21—2V15 
(e) 57 (f) 6 
16. (a) 1.58 (b) 1.22 (c) 1.60 (d) 22.44 
(e) 0.77 (f) 1.90 (g) 1.41 (h) 9.90 
Exercise 8-3 
1. (a) 9 (b) 1 (c) 15 (d) 2 
(e) 0 (f) 4 (g) 1 (h) 1 
2. (a) 16 (b) 9 (c) 22 (d) 33 
(e) 2 (f) 43 (g) 9 (h) no real roots 
3. (a) 13 (b) 1 (c) 3 (d) 13 
4. (a) no real roots (b) no real roots (c) 4 
(d) no real roots (e) no real roots (f) 5 
Exercise 8-4 
1. (a) x" (b) a® (c) 128 (d) a? 
(e) 6a° (f) 14a* (g) 30a” (h) 28a" 
2. (a) x? (b) c’ (c) m° (d) m**® 
(e) 4a (f) 3a° (g) 25x° (h) 7y“* 
3. (a) a” (b) x“ (c) m* (d) 125a° (e) 3a® (f) 27a° 
gees: Say 60x") 6) ee KT 
4. (a) a° (b) —1 (ce) ox°y"4 (d) 1 (e) 1 
(f) 3a* (g) ab (h) 2 (i) 3 
5. (a) a ° (b) 4 
6. (a) 1 (b) 5 (c) 1 (d) 1 (e) 3 (f) i 
(g) -1 (h) = (i) 32 (i) 5 (k) () 3 
7. (a) 9870 (b) 987 (c) 98.7 (d) 9.87 
(e) 0.987 (f) 0.0987 (g) 987 000 (h) 0.000 098 7 
8. (a) 6.45 x 10? (b) 6.5410" (c) 6.54 x 10* (d) 6.54 10' 
(e) 6.54107 (f) 6.54x10* (g) 6.54 x 10° (h) 6.54 10° 
9. (a) 5 (b) 6 (c) 4 (d) 11 (e) 3 
(f) 10 (g) 3 (h) 8 (i) 5 (j) 2 
(k) 2 (1) 125 (m) x (n) x** (o) x°° 


10. (a) 2 
(g) 5° 

11. (a) x2 
(e) p° 

12. (a) 16 
(9) 3 
(m) 10 
(s) 9 


Exercise 8-5 


(b) 3 (c) 25 

(h) 27 (i) 3 
(b) y? 
jvc 

(b) 8 (c) 32 

(h) ¢ (i) 2a 

(n) 16 (o) 2 

(En Ome (u) 12 


(d) 3 

(j) 2 

(c) m3 
(g) a: 
(d) > 

(j) 8a 
(p) 1000 
(v) 9 


(e) 3 (f) a 
(k) 125 () 2 

(d) x3 

(h) a 
(e) & (f) é 
(k) a°b°® (1) 4ab? 
(q) 2 (r) 2? 


1. (a) log 100=2 


(b) log 0.001 = —3 


(c) log1=0 (d) log 0.1=—-1 
2. (a) 1000 = 10° (b) 0.001 =10° (Clee Ox (d) 10 000 = 10° 
3. (a) 0 (b) 2 (c) —2 (d) 4 
(e) 3 (f) 1 (g) —4 (h) 0 
4. (a) 1+.3010 (b) 2+ .3010 (c) —1+.3010 
(d) 4+.3010 (e) —3+.3010 (f) 6+.3010 
5. (a) 0+-.5740 (b) 0+.7536 (c) 0+.9159 (d) 0+.8287 
(e) 0+ .4969 (f) 0+.7959 (g) 0+.2405 (h) 0+.6946 
(i) 0+.9661 (j) 0+.2430 (k) 0+.7443 ()) 0+.7642 
6. (a) 4.217 = (b) 3.690 (c) 2.000 (d) 3.999 (e) 7.998 (f) 2.999 
(g) 1.334  (h) 2.153 (i) 4.634 (j) 7.727 (k) 2.780 (!) 10 
7. (a) 3+.5337 (ob) —1+.5337 (c) —3+.5337 
(d) 6+.5337 (e) 1+.5337 (f) —4+.5337 
8. (a) 0+ .8663 (b) 1+.7980 (c) 3+.6767 
(d) 6+.5441 (e) —1+.4393 (f) 6+.6405 
(g) —3+.7202 (h) 2+.5888 (i) —4+.8267 
9. (a) 0+-.6154 (b) 0+ .5146 (c) 0+ .8352 
(d) —1+.3931 (e) —2+.5528 (f) —4+.6876 
(g} 3+.5491 (h) 1+.8183 (i) 6+.5844 
10. (a) 2.265 (b) 2.661 (c) 7.499 (d) 17 820 (e) 0.031 84 
(f) 2000 (g) 0.02 (h) 18 410 (i) 2.673 
11. (a) 2.852 (b) 40.00 (c) 278.3 (d) 774.1 (e) 0.022 76 
(f) 0.007782 (g) 2585 (h) 0.002405 ~=—s (i) ~266 500 


Exercise 8-6 


1. (a) log 15+log 20 
(c) log 25+log 11+log 16 


(b) log 50+log 33 


2. (a) 3+.6691 (b) 5+ .2643 (c) 2+.6542 (d) —2+.1567 

3. (a) 21.73 (b) 140.9 (c) 18.78 (d) 0.3110 (e) 0.1346 
(f) 984.5 (g) 136.6 (h) 2.286 (i) 212600 

4. (a) 0.6181 (b) 166.5 (c) 8.110 (d) 39.25 (e) 17.61 (Hs 19,89 

5. 20330 m® 6. 0.005 359 kg 7. 0.3617 m® 8. 2.138 g 


Exercise 8-7 
1. (a) log 26—log 40 (b) log 7—log 13 (c) log 0.72—log 2.9 
2. (a) log 35+log 18—log 112 (b) log 30+log 61—log 71—log 19 

(c) log 156—log 21—log 211 
3. (a) 3+.3807 (b) —1+.4023 
4. (a) 5.200 =(b) 1.866 (c) 68.39 


(C)R ere loz (d) —2+.8400 
(d) 209500 (e) 13.13 (f) 9.076 
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(g) 24.40 (h) 0.5753 (i) 8.275 ~—s (j) 179.6 ~— (k) 0.1166 —s (I). :«1144.4 
5. (a) 7.410 (b) 454.2 (c) 0.08250  (d) 4.618 (e) 48.95 
6. (a) 0.2175 (b) 0.003674 (c) 0.3396 (d) 0.4207 (e) 0.4694 
7. (a) 42.60 (b) 0.060 34 (c) 0.000 410 2 

(d) 0.027 12 (e) 2.431 (f) 94.14 
8. 161.8 kg/m° 

Exercise 8-8 
1. (a) 2log 3.7 (b) 3 log 5.25 (c) 410g 318 

(d) 310g 318 (e) {10g 37.8 (f) 310g 0.275 
2. (a) 4+.7136 (b) —5+.4428 (c) —14+.2360 

(d) 1+.2637 (e) 0+.5095 (f) —1+.2392 

(g) —2+.7527 (h) —1+.9457 (i) —2+.7806 
3. (a) 2986 000 (b) 177.5 (c) 5606 (d) 9.860 

(e) 8628 (f) 0.001 953 (g) 0.01977 (h) 0.095 37 
4. (a) 16.58 (b) 10.08 (c) 1.772 (d) 3.291 

(e) 19.59 (f) 26.85 (g) 3.178 (h) 7.659 
5. (a) 16 290 (b) 1.266 (c) 366.4 (d) 26.24 

(e) 5.008 (f) 0.000 1467 (g) 0.8441 (h) 0.3631 
6. (a) 86.55 (b) 199.8 (c) 7325 

(d) 0.046 86 (e) 0.2597 (f) 158 300 
7. 9.95 cm? 8. 1.022 cm? 9. 2.738s 

Review Exercise 
1. (a) 6V30 (b) 10V3 (c) 36V2 

(d) V6+V14 (e) 3/10—6V5 (f) 4V3+12 

(g) 84V3 (h) 6V6 (i) 12-12V3 
2. (a) 5V6 (b) 6V2 (c) 8V3 (d) 7V3 

(e) 5V5 (f) 5V2 (g) 12V3 (h) 10V2 

(i) 6V7—9V3 (i) 10/2—5V3 (k) 7¥5—2V7 
3. (a) 17+7V6 —(b) 49 (c) 52 (d) 6+2V5 (e) 34—24/2 

V5 V15 
4. (a) = (b) V2 Ch reg (d) 3V2 
(e) v5-V2 (f 15+2V14 (a) 32+7V5 
3 13 19 
5. (a) 8 (b) 9 (c) 3 (d) noroots (e) 4 (f) 1 
6. (a) x? (b) 3x4 (c) 3a° (d) 27a° (e) a (f) “e 

(g) 3 (h) 5 (i) 7 (j) 8 (k) 3 () 1 
7. (a) 12 (b) 4 (c) 3 (d) 16 (e) 16 

(f) 4 (g) 64 (h) 64 (i) 3 
8. (a) 33.66 —(b) 2822 (c) 1.56 (d) 14.00 = (e) 0.1959 (f): 149.9 

(9) 7.65 = (h) 0.1622 (i) 0.3735 = (j) 100.2 ~— (k) 0.2630-—s (l). 2.292 
9. (a) 0.008 140 (b) 0.1873 (c) 1.346 (d) 0.8619 


REVIEW AND PREVIEW TO CHAPTER 9 


Exercise 1 
1. x =y =60° 
4. x =70°, y=110° 
7. xX=y=115° 
Exercise 2 
tie 3 
5. 8 
Exercise 3 
sin 6 cos 0 
Leyes : 
5 1 1 
gave V2 
av/ 1.0 
Sm Oia 210 
ae m2 2 
c c 
5: s 5 
6S SOUT! 4.0 
, 5.6 5.6 
7: S 7 
8. q ne 
p p 
Exercise 4 
1.2 
5. 193 
Display 9 
1. 1.500 625 


3. 242 387.0279 
5. 269.158 828 1 
7. 58.996 363 64 
9. 0.610 852 732 


CHAPTER 9 


Exercise 9-1 


2 
© olf 


tan 6 


-= oF OO 


7 /Q alo 


nod A 


x =y =80° “}, iF 
x = 40°, y = 100° 6. x =60°, y = 70° 
x =70°, y=35° 
Sh (17/ 4. 25 
7 8. 48 
csc 6 sec 6 cot é 
3 4 = 
V2 V2 1 
2.0 1.0 
1h woe A cne,7 
© © 2 
b a b 
~-5 5 3 
4 3 4 
BOM PSE 
4.0 .O 
7 17 15 
8 15 8 
Pp Pp uf 
q r q 
@ 4. 8.59 
7. 183 8221 
2. 0.000 001 9796 
4. 62.334 228 52 
6. 23.365 020 75 
8. 2.775 280 362 
10. 7.472 898 209 
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oP 9 
a 5) 
c c 
b a 


2. (a) 88.9 cm (b) 3.01 cm (c) 707m 
(d) 182 m (e) 5.96 m (f) 11.56m 
3. (a) 39° (b) 63° (c) 49° (d) 53° (e) 50° (f) 30° 
4. (a) a=205cm, b=143 cm, ZA =55° (b) b=14 cm, c =33.1 cm, ZB = 25° 
(c) b=96 cm, ZA =51°, ZC =39° (d) ZA =35°, a=12m,c=7m 
(e) ZA =63°, ZC = 27°, c =61.1m (f) ZC =52°,a=231 cm, b =480cm 
5. (a) ZA =50°, ZC = 40°, b=54cm (b) 2D =38°, ZF =52°,d =38 cm 
(c) ZR =60°, 20 =30°, q =34cm (d) 2B =38°, ZC = 52°, b =528 cm 
(e) ZT =43°, ZU = 47°,s =711 cm (f) ZX =16°, ZY =74°, ZZ =90° 


6. sinA=#, cosA =, tanA=¥, sinB=%, cos B=%, tanB=3 


cscA =#, secA=¥, cotA=%, cscB=¥, secB=3, cotB=¥# 
7. 75 cm and 100 cm 
8. (a) ZA =55°, b = 69 cm, c = 146 cm (b) ZA =30°, a=100 cm, c = 200 cm 


(c) ZO =50°, ZR = 40°, p=45m (d) ZZ =35°, x = 143 m, y=174m 
(e) ZC = 18°, b =134m,c =41m (f) ZA =52°, c=199 cm, b =324 cm 
9. (a) 130m (b) 37 m (c) 134m 
Exercise 9-2 
1. 330m 2. 429m 3. (a) 38.5 m (b) 22.0 m 
4. 256m 5. 202m 6. (a) 93.8m (b) 6.9m 
7. (a) 411m (b) 284 m 8. (a) 42° (b) 11.1 m 
9. 21.7m 10. (a) 19° (b) 9° 
11. 4.33 mm 12. 102.6 mm 13. a=4.98 cm, b=5.54cm 
14. 18° 15. ZA=9°, 2B =18° 16. 14.8cm 
17. 200 mm 18. 44mm 19. 13.3mm 20. 8.08cm 21. 3020 m 
22. 50m 23. 2.54m 24. 1.9km 25. 232m 26. 40m 
27. 28.6m 28. 40.6 m 29. 70.6m 30. 33.8m 
Exercise 9-3 
1. (a) 6.6 cm (b) 6.9 cm (c) 7.9cm 
2. (a) 33cm (b) 14.0 cm (c) 87cm (d) 7.3cm (e) 20cm 


3, (a) 26 —627>, b= 12 icmne— iI bicm (b) ZA = 66°, b=7.69 cm, c=10.9 cm 
(c) ZA =18°,a=10.1cm,c=3.03cm (d) ZA =69°, a=42cm, b=33cm 
(e) ZA = 44°, b=5.7 cm, c=11 cm 


Exercise 9-4 


1. (a) 12.9cm (b) 14.8 cm (c) 18.3 cm 
2. (a) 78° (b) 78° (c) 114° 
3. (a) 39.4cm (b) 169 cm (c) 80° (d) 115° 
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Exercise 9-5 


11, eF vat ee 3. 8.7m,4.2 m 4. 8.7 cm 
5. 595m 6. 268 km,219km 7. 265m 8. 6.6 km, 5.4 km 
9. 44.9,39.5, 15.6 cm 10. 385m 
Exercise 9-6 
1. (a) 500 m? (b) 32.5 m? 
2. (a) 7520 m7? (b) 77200 m? = (c) 2142 m? (d) 3.53 m? (e) 54.7 m? 
3. (a) 6.25 m? (b) 9 660 000 m7? (c) 25.8 m? 
(d) 7 210 000 m? (e) 5 780 000 m? 
4. (a) 73 900 cm? (b) 98 m? (c) 45.9 m? 
(d) 13 000 cm? (e) 719 m? 
Review Exercise 
1. (a) 91.9 cm (b) 9.06 cm (c) 740 cm 
2. (a) 57° (b) 61° (c) 55° 


3. (a) 2B=35°, 2C=55°, b=32 cm 
(c) ZH =38°,g=43 cm, h=34cm 

4. (a) 6720 cm? 

5. (a) ZA =80°, a=41.9m, b=21.2m 
(c)"a—76.2 cm, ZB—=54",2ZC—=41° 
(e) ZA=82°, 2C=36°, a=202cm 

6. 332m 

8. 8.1 km and 8.9 km 


7. (a) 112cm 


(b) ZE= 48°, 2F=42°, f=44cm 

(d) J = 30°, k= 400 cm, |!=346 cm 

(b) 5160 cr? 

(b) 2B =85°, b=5.12 m, c=2.98 m 

(d) a =48.2 cm, ZC = 36°, 2D=34° 

(f) ZA=35°, a=299 cm, b =451 cm 
(b) $3.00 


REVIEW AND PREVIEW TO CHAPTER 10 


Exercise 1 











sec 0 


: 


ii 
ef [om fo [om ee 
ref fom [om [om [me 
Co bel b= 
ee b= bebe br 
Bele |- 
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Exercise 2 


Display 10 


1. 
50145.277,9021 
. 2.447.491 708 
. 63.213 533 42° 
« J3:191 515°30; 


on 1 WwW 
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18.984 891 42 








on N 





. 201.720 7316 
. 0.567 200 597 6 
. 27.163 894 14° 
. 45.465 377 22° 
10. 


37.508 480 98° 


CHAPTER 10 


Exercise 10-1 


1. (a) 540° (b) 135° (c) 240° (d) 150° (e) 270° 
iD. an 5 

Za) (b) ‘mr () 5 (d) (e) & 

3. 0.017 453 radians 

4. (a) 172° (b) 140° (c) 298° (d) 659° (e) 8.42° (f) 26 200° 
27 71 8a 107 417 657 

5. (a) 9 (b) 78 (c) oF (d) Ga (e) 713. (f) 36 


Investigation 10-2 
1. for the student 


2. 3. 






270° 





360° 
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Exercise 10-2 
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Exercise 10-3 


1. (a) 1 (b) 2 (c) 2 (d) 3 (e) 4 
2. (a) — (b) + (c) — (d) + 
(e) + (f) + (g) — (h) — 
3. (a) — (b) + (c) — (d) + (e) — 
(f) i= (g) + (h) — (i) — (ij) 
4. (a) — (b) — (c) + (d) — (e) — (f) + 
5. (a) —0.7071 (b) —0.7071 (c) —1.4281 (d) —0.9397 
(e) 0.4663 (f) 0.5000 (g) 0.8192 (h) —0.3420 
(i) 0.7002 (j) —1.4281 (k) —0.9397 (1) —0.9848 
6. (a) 2.0000 (b) 2.0000 (c) 5.7588 (d) 1.1918 (e) —1.4142 
(f) —1.7321 (g) —0.3640 (h) —1.5557 (i) —2.0000 

7. (a) 22°, 158° (b) 51°, 309° (c) 71°, 261° 
(d) 70°, 290° (e) 43°, 137° (f) 135°, 225° 
(g) 207°, 153° (h) 163°, 343° (i) 253°, 287° 


Exercise 10-5 


1. (a) 1 (b) 2 (c) 3 
2. (a) 3 (b) 7 (c) 24 (d) m (e) 3 (f) 3 
3. (a) (b) 


0 720° 





(c) (d) 
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(e) 





4. (a) (b) 





(c) 





Exercise 10-6 


1. (a) 180° (b) 360° (c) 120° 
2. (a) 360° (b) 120° (c) 180° (d) 720° (e) 90° (f) 180° 
3. Y=2Zsin 20 

Y=4sin 06 4. (a) 

Y=2sin30 

Y=8sin0 


Y=5sin 20 
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(c) (d) 





5. (a) (b) 
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(d) 





(e) 
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(c) 





Exercise 10-7 


1. (a) 0° (b) 30° left (c) 90° right (d) 360° left 
2. (a) 





(b) 
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y 
(d) 





3. (a) 





(b) 
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(d) 











(e) 
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Exercise 10-8 


1. | Defining Sentence | Amplitude Phase Shift 


Y=2sin 0 

Y=3 sin 20 

¥=2 sino 

Y =2 cos (6+ 45°) 
Y =sin (@+90°) 


O° 

45° left 
90° left 
45° left 

0° 

0° 

0° 

o> 0 left 
&@ <0 right 


Y =sin (260+90°) 
Y =3sin 20 
Y =2sin30 
Y=3sin30 
Y=asink(@+¢) 


M9WNWH]RKHNNWND 





2. (a) 





(b) 





(d) (e) 





450 





(h) 
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4. (a) 


y = 3sin 20 
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(b) 





(c) 


Y y=3 sin2(6 + 45°) 
y = 3sin 0 Y= Ssimn 20 


7 





Ve J sin + (9 — 180°) 


—1 
Exercise 10-9 
1. 60°, 120° 2, 607,3002 SeOmso0. 
4. 45°, 225° 5. 135°, 315° 6. 0°, 180°, 360° 
7 mOOraI20e 2407, 300. 8. 30°, 150°, 210°, 330° 9. 0°, 180°, 270°, 360° 
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Review Exercise 


1. (a) 2 (b) 7 (c) 37 (a) 37 (e) —m 
2. (a) 150° (b) 450° (c) 135° (d) —270° (e) —330° 


3. (a) 








(c) 
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(d) 





4. (a) 30°, 150° 


(c) 0°, 90°, 180°, 360° 


(b) 225°, 315° 


(d) 0°, 180°, 270°, 360° 


REVIEW AND PREVIEW TO CHAPTER 11 


Exercise 1 


1. 164m,115m 
4. 97.1 m,51.6 m 


Exercise 2 


149227 OKI 
4. 0.909 h 


2. 80.3 m, 89.2 m 
B. 3o.2 1M a0G.2.m 


202. 
5. 97.7km/h 


3. 31.5 m, 45.1 m 
6. 1000 m, 1000 m 


3. 61.5 km/h 
6. 340 km 
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Display 11 

1. 63.928 890 76 

3. 0.779 141 8269 

5. 2B=59.822 280 75° 


CHAPTER 11 


Exercise 11-1 


2. 4.764 553 838 
4. ZA=34.409 468 21° 


1. Initial point | Terminal point 








2. (a) AE=EC, AD=BC, BE=ED 





(by) fe = ED, BE=FA=CD, CE=EA 


3. (a) D (6, 0) (b) [2,5], [8, 2], [8, 2], [2, 5] 
(c) parallelogram 
4. (a) [0, 50] (b) [40, 0] (c) [1,1] 
(d) [—1, —1] (e) [0.656, 0.755] (f) [m cos 6, m sin @] 
5. (a) 5,53° (b) 13, 113° (c) 15, 233° 
b 
(d) 13, 303° (e) 2.82, 135° (f) Va?+b7,tan oa 
Exercise 11-2 
1. (a) [—3, 14] (b) [6, —15] (c) [—2, 0] (d) [5, 3] 
2. (a) 5, 13, 15 (b) > 
-3. (a) [5, —2] (b) [9, 6] (c) [12, —8] (d) [1, 6] (e) [-1, —6] 
(f) 5.39 (g) 3.61 (h) 4.47 (i) 6.08 
4. 253 kn, N 81° E 5. 502 kn, S 85° W 
6. S 8°W 7. 427 kn, S 85° W 


Exercise 11-3 


16. 4.36 17. 13 
20. 3.74 21. 8.06 


Exercise 11-4 


1. (a) AB=[5, -2, 1], BA=I5, 
DA =[0, 0, —1], AD =[0, 0, 1], 
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D=[-5, 2, 2], DB 


18. 15 19. 8 


[-10, -8, —10], DC =[—5, —10, —12] 
= (5/—2,—2] 


2. (aytia2 = 6 lal ii26, 0]; [=2, —8, 1], [11, 6,0] 


(b) parallelogram 

















4. (a) 6 (b) 5 


Exercise 11-5 


Initial point Terminal point] Vector 


1. (a) A(5,2, —7) 


C07 |) 


E(37=23..2) 


G(=1,—5, 4) 
1(0, 5, 7) 

Kes 2) 
Mi(1,—22—6) 


Initial point | Terminal point 


(22a hl) 
(5/372) 
(7,4, 11) 
(2,—On7] 
(7753-9) 
(372, 8) 
(9,0, —14) 
(=2)7; 11) 
—GA0;22) 
(3,5,7=7)] 
(27270) 
7,5, 7) 
(5; oA) 
(4, 2,7) 


(c) 8.83 (d) 9 (e) 9.11 (f) 8.78 


B(3, 7,5) 

D(3, 5, —4) 
F(1,3;, 19) 
H(5, 2, 1) 

J(s,onl2) 
E(3; 82-1) 
N({=1F3, 6) 





(b) AB = EF=MN, GH=KL 


2. D(6,3, 4) 

3. (a) D(—1, —6, 4) (b) E(—1, —6, 4) 

4. (a) D(—10, —4, 5) 

5. (a) a=3,c=5 (b) a=d,b=e,c=f (c) equal 

Exercise 11-6 

4; (a) (7, 11, —2] (b) [4, 8, —2] (Oeitpt 7] (d) [5, —5, 6] 
(e) [—1, —1, —4] (f) [0, 0, 0] (g) [—8, —14, 10] (h) [10, —10, 0] 
(127 533| ()e (5,175) 

2a) el one | (b) [—2, 6, 3] (Gy ih, ah! (d) [3, 5, 4] 

3. (a)=(b)=(c) commutative 4. (a)=(b)=(c) associative 


(b) [0, 0, 0] 


2 (a) LZ so, 41 


(d) [—a, —b, —c] 


(A) uae see Bere oh onit) |—4.—-2, 01 


(c) [0, 0, 0] 
(b) [—4, —11, 7] (c) [4, -7,3] 
(e) [—a, —b, —c] 
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Exercise 11-7 


1. (a) [8,4, 14] (b) [18, —3, 15] (c) (2,1, —4] (d) [6, 15, 3] 
(e) [—2, 0, 6] (f) [0, 0, 0] (g) [0, —8, 4] (h) [—1, 4, —3] 
2. (a) [18, 5, 16] (b) [1, 8, 5] (c) [4, 2,3] (d) [—1, —1,—1] 
(e) [-23,—41,6]  (f) [24,—15, 6] (g) [4, 36, 16] (h) [0, 0, —35] 
3. (a) [8x, —2y, 10z] (b) [12x, —8y, 16z] (c) [—6x, 4y, —8z] 
(d) [10x, —10y, 14z] (e) [0, 0, 0] (f) [24x, —21y, 33z] 
Exercise 11-8 
1. (a) [1, 1, —7] (b) [4, —9, 13] (c) [4,9, —3] (d) [—3, —2, —1] 
(e) [0, 0, 0] (f) [10, 24, 26] (g) [8, 15, 17] (h) [a, 6b, 3c] 
2. (a) [13, —4, 1] (b) [14, —20, 10] (c) [—2, 0, —4] (d) [—21, 5, 0] 


(e) [-11,8,—27]  (f) [—40, 40, —5] (g) [6, —30, 12] 


Review Exercise 





1. (a) [8, —3, 7] (b) [0, 0, 4] (c) [4, —3, 5] 

(d) (8, —6, 12] (e) [9, -2, 3] (f) [x+4, y—3,z+5] 
2. (a) [12, 6, -12] (b) [3, 6, —12] (c) [5, 16, -32] 

(d) 6 (e) 9 
3. AB= CD, BA=DE 
4. (a) [0, —4, 5] (b) (2,3, -8] (c) [-8, 4, 4] id) (23-33) 
5. 325km,N22°E 6. N8°W 7. 30.4 kn, 9° 


REVIEW AND PREVIEW TO CHAPTER 12 


Exercise 1 

1. 50N 2. 882 N 3. 6.67 m/s? 4. 15 m/s? 5. 0.667 kg 
Exercise 2 

1. 92.9N 2. 78.7N 3. 73.3. N 4. 71.2N 5. 58N 6. 50N 
Exercise 3 

1. 86.6 N,50N 2. 28.7 N, 41 N 3. 22.3 N, 20.1 N 

4. 15.8N,12.3N 5. 7.07 N, 7.07 N 6. 32.8 N, 22.9 N 
Display 12 

1. 62.449 468 3 2. 59.713 325 21 
3. 106.698 015 1 4. 94.119 053 65 
5. 68.203 372 33 6. 248.670 624 4 
7. 2.445 242 946 8. 0.042 976 892 9 
9. 0.410 868 1183 10. 0.406 099 857 7 


CHAPTER 12 


Exercise 12-1 


1. (a) 125 N-m (b) 3.4N-m 
(d) 20N-m (e) 10N-m 

2. 15N Solessim 4. 17N 

7. 12.5 N 8. 2.4m 9.3N 

12. 15N,1.5kg 13. 37.5kg 

16. (a) 680 N (b) 68 kg 


Exercise 12-2 


1. (a) second,20N __ (b) first, 533. N 





2. (a) 375N (b) 5 
5. 98! N, 1.73 6. 150N,5 
9. 1500N 10. 30N 
13. 6133 N 14. 233iN 
17. (a) (b) 
E E 
18. 3000N 19. 0.075m 


Exercise 12-3 


1. (a) 5.5cm from A 

(c) 5.6 cm from A 
2. 4.2m from the 6 kg mass 
4. 3.65 m from the rear 


6. (a) 17° (b) 45° (c) 18° 


(c) 10N-m 
(f) 50N-m 
5. 40cm 
10. 0.417 m 
14. 270kg 


6. 5m 

11. 20N 
15. 1000 N 
17. 837N 


(c) third, 6 cm (d) first, 22.5 cm 





ah SIN 4.3m,4.6 
7ealsNyss 8. 167 N,6 
11. 0.8N 12. 2400 N 
15. 12m 16. 64N 
(c) 
E 
20. 0.32 m 


(b) 57cm from A 

(d) 3.4m from A 

3. 3.5m from the 25kg mass 

5. 0.3m from the weld on the heavy bar 
(d) 45° (e) 56° (f) 31° 
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Exercise 12-4 


1. 0.35 2. 40.5 N 3. 0.67 4. 45N 
5. 800 N, 1000 N 6. 0.43 Ie 0:33 8. Yes. 
9. 4N 10. 58N 
Review Exercise 
1. (a) JON (b) 20 N (c) 3.0m 
(d) 250 N (e) 33333 N (f) 187.5N 
2. (a) 2.33 (b) 2.5 (c) 3 (d) 350 (e) 5 
(f) 5 (g) 4 (h) 3.08 (i) 2513 (j) 26.7 


3. (a) 2.71 m from A 


(b) 4m from the large end 


4. (a) 13° (b) 34° 5. (a) 0.38 (b) 0.47 (c) 0.36 


REVIEW AND PREVIEW TO CHAPTER 13 


Exercise 1 

1. (a) 9.22 cm (b) 5.66 m 
(d) 11.45 m (e) 3.74m 

Exercise 2 


1. (a) c=25.12 cm; A =50.24 cm? 
(c) P=15.42 cm; A = 14.13 cm? 
(e) P=11.91 cm; A =9.83 cm? 


(c) 1.70cm 
(f) 2cm 


(b) C = 28.26 cm; A = 63.59 cm’ 
(d) P=8.93 cm; A =4.91 cm? 
(f) P=17.94 cme A= 17 cm= 


on oO WwW 


Display 13 
ApOser 2 Ono 

. 0.090 766 183 1 
. 2.300 723 582 

. 3.570 142 063 

. 40.291 717 51 


CHAPTER 13 


Exercise 13-4 
1. (a) r=5, (0, 0) 
(d) r=1, (0, 0) 
(g) r=10, (—3, 4) 
2. (a) x?+y?=49 
(c) x*+y?=18 
(e) (x —3)?+(y—5)?=25 
(g) (x +1)?+(y+1)?=3 
4. x*+y’=169 


. 4.264 292 907 

. 46.052 257 27 

. 2.530 574 03 

. 2.428 073 844 
10. 0.566 831 449 8 


on & N 


(b) r=6, (0, 0) 
(e) r=V7, (0, 0) 
(h) r=8, (—7, —3) 
(b) x*+y?=81 
(d) 4x?+4y?=9 
(f) (x —2)?+(y+1)?=16 
(h) (x +2)?+(y—3)?=28 
5. (x +3)?+(y—4)?=25 


(c) r=3, (0, 0) 
(f) r=4, (1,2) 


Exercise 13-5 


1. 


8. (a) x intercept —1,y intercepts 2, —2 


(a) (2,0),x+2=0 (b) (5,0),x+5=0 (c) (1,0),x+1=0 
(d) (—3, 0), x -3=0 (e) (—9,0), x -9=0 (f) (3,0),x+2=0 
. (a) (9,0), x +9=0, 2, 18, —18 (b) (, 0), x +4=0, 9,3, —3 
(c) (5, 0), x +5=0, 3, 6V5, —6V5 (d) (—3, 0), x -3=0, —2, none 
. (a) y*=28x (b) y*=—40x (c) y*=—8x (d) y*=6x 
.y =x 6. y=0, the equation of the x-axis 





Vertex 











x-intercept(s) 











1=0 
=() 
sal 


Ends of latus : 
rectum (1,2), (1, —2) (—1, 2), (—1 (2, 1), (—2, 1) (2, —1), (—2, -1) 


y-intercept(s) 0 
Axis of 
symmetry yy, 














Exercise 13-6 


1. x*==12y 2. (a) (4, —2) (b) (12, 9), (—12, 9) 
3. (a) x?=—50y (b) 40m 4. x?=-—225y 

5. (a) x*=—400y (b) 3m 6. x*=—80y 

7. (a) x?=1800y (b) (i) 2m_ (ii) 32m 


Exercise 13-7 


1. 


















mo oe joe, 
oneoe |e [sp ef 
IMeoron |e [me fe | 


Axes of 
symmetry y =0(x axis), x =O(y axis) 


—_ 
r=) 
ro) 
w 
fo) 
wo|* 


(b) vertex (—1,0), axis of symmetry y =0 
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2 2 


XOTeY, 


Sg Gael 6. (a) a=V5, b =2 (b) c =1, (1, 0), (—1, 0) 
7. (a) a=13, b=5, c= 12 (b) a=37b=5,c=4 
x? wb bge. XE y? x? ets 
6.716 12 sun 1 dee 3. ogi 2 
x? 2 
a 
10. (a) sean esa 1 (b) 18m 
11. (a) 147 600 000 km (b) 152 400 000 km 
12. 637 13. (a) 27 (b) mr? 


Exercise 13-8 


powers [es [ee [ee 


no intercepts 












symmetry 




















ene xa Yous a de, XO ees 
2. (4) ete ae (>) 6436 | (OW ap aig |) Mo tia 
35 (aja 12) — 5, G6 —"137 (13) 0) (1370) 
(b) a=1, b=2, c=V5; (V5, 0), (—V5, 0) 
(c) a=6, b=8, c=10; (0, 10), (0, —10) 
(d) a=2, b=3, c=V13; (V13, 0), (—V13, 0) 
xXeoy on Se aa xebty Ze mx eave 
RS Tara elmer are ae aCe Y pr [ak Emery rire) = 
Exercise 13-9 
1. (a) x=13-y, y=13-x  (b) x =9¥ y =6-2« (c) x =v y- 
eh ioikes ae § =) 8o.jene2 _4y+8 _5x-8 
Ceaser Ad a? ele (oe) X= 2y 7 9)V a5 (f) x Sane bel 
mOoV 2 Pg2x— 2 0 S3Ve iG5 2X : L4y to 2x0 
(g) x = 2 Py — 3 (h) x = 2 YS 3 (i) Xi 2 1yY 4 
2. (a) (2,7) (b) (E, § (c) (5,—11) (d) (2, 0) 
3. (a) (8, 2) (b) (3, 8) (c) (—4, 5) (d) (3,3 
4. (a) (3, 2) (b) (—2, 1) (c) (2, 2) (d) (7, 4) 
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Exercise 13-10 


1. (a) (—1, 1), (2, 4) (b) (0, 0), (6, 6) (c) (2, 3), (4, 1) 
(d) (1, 1), (—3, 5) (e) (2,0), (—é,5 Rs 2 Ga 

2. (a) (i) (3, —4), (—3,4) (ii) (4,3) (iii) no solution 

3. (a) (i) (3,6) (ii) (1, -—2) (b) tangent 

4. (a) (i) no solution (ii) no solution (b) asymptote 

ae Zainal 7/ 6. 9m by 5m 


Review Exercise 


1. (a) Parabola, vertex (0,0), focus (3, 0) 
(b) Circle, centre (0,0), radius 3 
(c) Ellipse, major axis 8, minor axis 6 
(d) Hyperbola, transverse and conjugate axes 6 
(e) Hyperbola, transverse axis 10, conjugate axis 6 
(f) Line, slope 12, y-intercept 3 





2: 
3. (a) y?=20x (b) y*=8x (c) x*=—12x 
a ae fo ae 
SalBIEG 5, os 64 () t69* 4447 | 
x ey xeatye | oe 
5. (a) 25 367 1 (b) 144.81> (c) x*—y*=256 
6. (a) (5, 0), (—%, #3) (b) (3, 6) 
REVIEW AND PREVIEW TO CHAPTER 14 
Exercise 1 
1. (b) 47.35 g, 47.25 g (c) 1km, +0.5 km 
(d) 0.0435 mm, 0.0425 mm, 0.001 mm, +0.0005 mm 
(e) 63.815 kg, 63.805 kg, 0.01 kg, +0.005 kg 
(f) 574.5 m, 573.5 m, 1m, +0.5m 
(h) 4.85 x 10* m, 4.75 10* m, 1000 m, +500.m 
(i) 2.565x10°g, 2.555x10°g, 10g, +5g 
(j) 9.15 10*km, 9.05x10“*km, 10°km, +510 °km 
(k) 2.6435 x 10° cm, 2.6425 x 10° cm, 107 cm, +50 cm 
() 5.035x10*mm, 5.025 107mm, 10*mm, +5x10°mm 
Exercise 2 
1. (a) 33.9g (b) 9392 mm (c) 702.7 km (d) 52 323g 
(e) 4007.4 cm (f) 2674 ml (g) 7.29 x 10° cm (h) 1.89 10° g 


Hyperbola, transverse and conjugate axes 6 463 
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(i) 1.149 m 

2. (a) 26.0 cm 
(e) 0.003 96 m 
(i) 1.87 <10*cm 


(j) 1.335 10*N 
(b) 1.00 x 10? km 
(f) 9.4x10cm 

(j) 1.242x10%g 


3. (a) 215.7 cm, 215.80 cm, 215.68 cm 


4. 5.370, +0.002 km 


(d) 57.93 mm 
(h) 9.4 10* mm 


(c) 719.39 g 
(g) 5.146 x10°g 


(b) 14.490 kg, 14 490.8kg, 14 489.7 kg 


Display 14 
1. $2315.16 2. $4119.50 
3. $463.68 4. $4936.99 
5. $1208.92 6. $5062.33 
7. $4929.75 8. $2391.53 
9. $2922.75 10. $843.19 
CHAPTER 14 
Exercise 14-1 
3. $5000 4. $4388.10 5. $63 750 
6. (a) $1 080 000 (b) $2700 (c) 2.25% 
7. (a) $0.65 (b) $325 (c) 5.2% 
Exercise 14-2 
1. (a) $1800 (b) $6000 (c) $1125 (d) $1350 (e) $1025 
(f) $637.50 (g) $17 250 (h) $1750 (i) $630 (j) $600 
2. (a) $9.38 (b) $66.56 (c) $23.75 (d) $25.00 (e) $109.66 
(f) $318.25 (g) $228.64 (h) $51.87 (i) $191.88 (j) $159.08 


3. (a) $143.50 
(e) $4954.95 

4. (a) $585.00 
(e) $3098.34 

5. (a) $2444.40 loss 
(d) $1153.75 gain 


Exercise 14-3 


(b) $5605.47 
(f) $2190.94 
(b) $853.13 
(f) $530.89 


(b) $3959.67 gain 
(e) $3710.36 gain 


(d) $5190.41 
(h) $14 529.38 
(d) $2073.87 
(h) $307.13 
(c) $1360.85 loss 
(f) $166.13 loss 


(c) $1884.98 
(g) $3659.04 
(c) $682.50 
(g) $409.50 


1. (a) (ii) (b) (iv) (c) (v) (d) (i) (e) (iii) (f) (vi) 
2. (a) $0.50 (b) $0.75 (c) $2.00 (d) $3.00 (e) $0.50 (f) $0.25 
3. (a) $2750 (b) $1662.50 (c) $425 (d) $450 (e) $900 
4. (a) $128, 3.0% (b) $725, 3.5% (c) $54, 3.2% 
(d) $360, 5.7% (e) $198, 7.3% 
5. (a) $50 (b) $40 
6. (a) 5.6 (b) 5.7 (c) 6.0 (d) 4.7 (e) 5.7 
7. 4.2% 9. 8% 10. 5 


8. 8.2 


Exercise 14-5 


1. (a) $11 112.80, $3908.05 
(c) $1671.99, $1136.68 


(e) $1512.00, $802.36 


2. (a) $111.50 gain 
(d) $1243.96 gain 


3. (a) $600 
4. (a) $539.51 


Exercise 14-6 
1. (a) $0.90 
(d) 750 000 
(g) $12 259 800 
2. (a) $160, $1840 


(d) $1716, $19 734 


3. (a) 805.93 
4. (a) $18 000 
(d) 7.9% 


Exercise 14-7 


4. (a) $92.50 
5. (a) $817.19 
(d) $1500.19 
6. (a) $932.05 
(d) $1034.99 
7. $200, 2.35% 


Exercise 14-8 
1. (a) 12.0% 
2. (a) 10.8% 
3. (a) (i) 11.5%, 
4. (a) (i) 10.3%, 


Exercise 14-9 
2. (a) less 
3. (a) 81.76 
4. (a) 111.87 
5. $395.10 


Review Exercise 


2. (a) $500 000+ 
6. (a) $10 857.40 


8. (a) $1300, 11.6% 


9. (a) $6562.50 
11. (a) $8512.80 


(b) $3300 gain 
(e) $455 gain 


(b) $9243.75, $4063.93 
(d) $5395.74, $3497.09 


(c) $4667.85 loss 


(b) $872.84 (c) $272.84 
(b) $1126.12 

(b) $5.67 (c) $4.96 

(e) 3920 000 (f) 2525000 

(h) $52 223 400 (i) $630 000 


(b) $1360, $15 640 
(e) $2520, $39 480 
(b) 18 604.65 (c) 2498.34 
(b) $1426.65 
(e) 8.6% 


(c) 
(f) 


(f) 


(b) $38.75 

(b) $2733.88 
(e) $4055.00 
(b) $504.68 
(e) $1603.42 


(b) 11.7% 
(b) 10.6% 
(ii) 10.8% 
(ii) 9.6%, 


(c) 12.5% 
(c) 9.1% 
(b) risk 
(iii) 11.5%, (iv) 11.8% 


(d) 10.7% 
(d) 11.3% 


(b) more 
(c) 86.45 (d) 83.06 
(c) 106.46 (d) 107.81 
7. $7526 


(b) 86.85 
(b) 117.48 
6. $5895 


(b) rise 
(b) $8630.50 


4. (b) 6% 
7. (a) $731.25 


(b) $10 358.28 
(b) $390.65 12. 13.0%, 11.5% 


(b) $2062.50, 132% 
10. $2312.50 


$2010, $31 490 
$1056, $12 144 


(d) 55 619.27 


$16 573.35 
46%, 85% 


$218.75 
$478.80 
$10 740.90 
$2733.70 
$19 707.19 


(e) 9.5% 
(e) 11.3% 


(e) 67.14 
(e) 104.56 
8. 114.55 


5. $4250 
(b) $789.95 


13. 90.36 
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REVIEW AND PREVIEW TO CHAPTER 15 


Exercise 1 
1. (a) 3 (b) 3 (c) 3 (d) 6 (e) 4 
(f) 3 (g) 4 (h) 1 (i) 9 (j) 7 
(k) 3 () 3 (m)5 (n) 4 


2. (b) 10° m/s, 300, 3 
(d) 10° cm, 696, 3 
(f) 1000 parsec, 15, 2 


(c) 3652 422, 7 
(e) 0.001 light years, 3262, 4 
(g) 10’ cm, 3844, 4 


Exercise 2 
1. (a) 316 cm? (b) 1.7 10° kg-m 
(e) 1.25x10* mm? (f) 756m? 
(i) 245 km (j) 22 kg:m/s? 
2. (a) 2.8x10*cm? = (b) 1.3 N/cm? 
(e) 52.5 km/h (f) 1.8x10°m 
(i) 8.6<10°mm* (j) 1.2 10° cm? 


(c) 4.310? km 
(g) 2.26 x 10° mm? 


(d) 517.0g 
(h) 1.214x10%g 


(c) 3.5x10* km (d) 0.698 kg/m 
(g) 7.1210" mm? (h) 1.57 x 10° cm* 


3. 114cm? 4. 4.68 x 10” 5. 4.09 ha 
Exercise 3 

1. 0.000 17, 0.017% 2. 0.000 84, 0.084% 

3. 0.003, 0.3% 4. 0.000 33, 0.033% 

5. 0.000 05, 0.005% 6. 0.000 017, 0.0017% 

7. 0.0007, 0.07% 8. 0.0016, 0.16% 

9. 0.000 055, 0.0055% 10. 0.000 07, 0.007% 

Display 15 

1. 3 600.230 78 2. 3 140.674 635 


3. 645.896 279 4 
5. 5 360.808 073 


4. 391.587 666 4 


CHAPTER 15 

Exercise 15-1 

1. (a) $130 (b) $15.45 (c) $475 (d) $5.87 (e) $13.88 
(f) $235.63 (g) $12.60 (h) $17.42 (i) $49.98 (j) $115.25 

2. (a) 68 (b) 541 (c) 1859 (d) 206 (e) 1258 | 
(f) 265 (g) 5714 (h) 3846 (i) 613 (j) 482 

3. (a) 57874 (b) 376 (c) 322 (d) 61 (e) 9490 

4. (a) 80 (b) 750 (c) 530 (d) 30878 (e) 1754 
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5 
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ercise 15-2 
. (a) $57 500, $60 000, $67 500 (b) $6600, $7200, $7950 
(c) $168.75, $180.00, $210.00 (d) $2400, $2820, $3240 
(e) $2160, $2205, $2430 
. $50.95 6. $7430.93 7. $178.05 8. $2505.56 
. $2853.45 10. $88.80 11. $907.20 12. $1100 
ercise 15-3 
. Luxury goods 2. They are charged import duty 
. Federal sales tax 
. (a) $73.20 (b) $117.49 5. $4414.54 6. $267.20 
. $342.64 8. (a) $771.46 (b) $1073.10 
. (a) $159.26 (b) $212.35, $229.34 
. (a) $1290.91 (b) $1445.75 11. $2500.71 


Review Exercise 


. See figure 15-2 2. Balance of trade 

. British preferential, most favoured nation, general 

. Prevent unfair competition 

. Sales tax, excise tax, excise duty, customs duty, income tax 

. 68 540 cruzieros 7. 8401 forints 

pois loneso 9. $859.70 

. (a) $7.38 (b) $10.14 (c) $1.63 

. (a) $35.09 (b) $62.88 (c) $121.11 
. (a) $5.06 (b) $4.82 


REVIEW AND PREVIEW TO CHAPTER 16 


Exercise 1 

1. (a) $35 315 (b) $21 189 2. $1708, $1980, $2076 
3. (a) $840 (b) $1950 (c) $147 (d) $3225 

4. $19.68 5. $44.75, $47.11 6. $47.26, $49.62 
Display 16 

1. 19.636 700 33 2. 2.296 827 089 
3. 1.699 946 458 4. 0.406 964 429 8 
5» 0:9097/45 1531 6. 308.635 954 3 
7. 11.926 825 91 8. 48.75 
9. 0.057 804 5186 10. 12.057 890 95 
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CHAPTER 16 


Exercise 16-1 


4. $194 
(c) $823.75 


Exercise 16-2 


4. (a) $354.05 (b) $502.26 


5. (a) $17 000 


Exercise 16-3 
2. (a) $45.17, vendor 


(c) $230.93, purchaser 
(e) $46 449.57, purchaser 


(b) $36 000 


5. (a) $20 500 
6. $679.70 


(b) $16 500 
7. $2389.40 


(c) $172.53 (d) $289.31 (e) $202.51 (f) $357.80 
(c) $26 000 (d) $50 000 8. (b) $3251.07 


(b) $93.80, vendor 
(d) $185.88, vendor 
(f) $24 657.07 to purchaser 


3. $36 291.61 4. $7368.84 5. $7166.88 
Exercise 16-4 

1. (a) $778.50 (b) $18 000 (c) 57.3 (d) $695.10 (e) 25.25 
72, (5)|-¢83 3. (a) $1000, $1050 (b) No 

4. (a) 64.1 (b) 1.5 

5. (a) $1 144 000 (b) 45.8 (c) $343.50 
6. (a) 46.7 (b) $1167.50 

7. (a) 2 mills (b) $50 

Exercise 16-5 

4. $4538, $380 5. $294.00 

6. (a) $600 (b) $840 


7. (a) $12 090 


Review Exercise 

5. (a) $428.31 

7. (a) $511.94 

8. (a) $338.01, $331.18 
9. (a) $62 267.86 

10. (a) 28.4 
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(b) $555, $455 (c) $470, $385 


(b) $19 036/a 6. $384.66 
(b) $598.67 
(b) $1269.19 
(b) $12 499.62 


(b) $766.80 11. $640 





APPENDIX 
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sin 9 


0.0000 
0.0175 
0.0349 
0.0523 
0.0698 
0.0872 
0.1045 
0.1219 
0.1392 
0.1564 
0.1737 


0.1908 
0.2079 
0.2250 
0.2419 
0.2588 
0.2756 
0.2924 
0.3090 
0.3256 
0.3420 


0.3584 
0.3746 
0.3907 
0.4067 
0.4226 
0.4384 
0.4540 
0.4695 
0.4848 
0.5000 


0.5150 
05295 
0.5446 
0.5592 
0.5736 
0.5878 
0.6018 
0.6157 
0.6293 
0.6428 


0.6561 
0.6691 
0.6820 
0.6947 
0.7071 


cos 8 


1.0000 
0.9999 
0.9994 
0.9986 
0.9976 
0.9962 
0.9945 
0.9926 
0.9903 
0.9877 
0.9848 


0.9816 
0.9782 
0.9744 
0.9703 
0.9659 
0.9613 
0.9563 
0.9511 
0.9455 
0.9397 


0.9336 
0.9272 
0.9025 
0.9136 
0.9063 
0.8988 
0.8910 
0.8830 
0.8746 
0.8660 


0.8572 
0.8481 
0.8387 
0.8290 
0.8192 
0.8090 
0.7986 
0.7880 
0.7772 
0.7660 


0.7547 
0.7431 
0.7314 
0.7193 
0.7071 


tan 6 


0.0000 
0.0175 
0.0349 
0.0524 
0.0699 
0.0875 
0.1051 
0.1228 
0.1405 
0.1584 
0.1763 


0.1944 
0.2126 
0.2309 
0.2493 
0.2680 
0.2867 
0.3057 
0.3249 
0.3443 
0.3640 


0.3839 
0.4040 
0.4245 
0.4452 
0.4663 
0.4877 
0.5095 
0.5317 
0.5543 
0.5774 


0.6009 
0.6249 
0.6494 
0.6745 
0.7002 
0.7265 
0.7536 
0.7813 
0.8098 
0.8391 


0.8693 
0.9004 
0.9325 
0.9657 
1.0000 


sec 0 


ee ee ny 


.0000 
.0001 
.0006 
.0014 
.0024 
.0038 
.0055 
.0075 
.0098 
.0125 
.0154 


.0187 
.0223 
.0263 
.0306 
.0353 
.0403 
.0457 
.0515 
.0576 
.0642 


.O711 
.0785 
.0864 
.0946 
.1034 
.1126 
71223 
.1326 
1433 
1547 


. 1666 
Loe 


1924 
2062 


.2208 
.2361 
2521 
.2690 
.2867 
3054 


2250 
3456 
3673 
3902 
.4142 
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TRIGONOMETRIC RATIOS 


0° sin 0 cos 9 tan 0 cot 8 sec 0 cosec 8 
46 0.7193 0.6947 1.0355 0.9657 1.4395 1.3902 
47 0.7314 0.6820 1.0724 0.9325 1.4663 1.3673 
48 0.7431 0.6691 1.1106 0.9004 1.4945 1.3456 
49 0.7547 0.6561 1.1504 0.8693 1.5242 1.3250 
50 0.7660 0.6428 1.1917 0.8391 leo55i7 1.3054 
51 OMa2 0.6293 1.2349 0.8098 1.5890 1.2867 
52 0.7880 0.6157 1.2799 0.7813 1.6243 1.2690 
53 0.7986 0.6018 1.3270 0.7536 1.6616 125241 
54 0.8090 0.5878 1.3764 0.7265 1.7013 1.2361 
55 0.8192 0.5736 1.4281 0.7002 1.7434 1.2208 
56 0.8290 0.5592 1.4826 0.6745 1.7883 1.2062 
57 0.8387 0.5446 1.5399 0.6494 1.8361 1.1924 
58 0.8481 0.5299 1.6003 0.6249 1.8871 1.1792 
59 0.8572 0.5150 1.6643 0.6009 1.9416 1.1666 
60 0.8660 0.5000 1.7320 0.5774 2.0000 il. WS) 
61 0.8746 0.4848 1.8040 0.5543 2.0627 1.1433 
62 0.8830 0.4695 1.8807 0.5317 2.1300 1.1326 
63 0.8910 0.4540 1.9626 0.5095 DIX e223 
64 0.8988 0.4384 2.0503 0.4877 2.2812 1.1126 
65 0.9063 0.4226 2.1445 0.4663 2.3662 1.1034 
66 0.9136 0.4067 2.2460 0.4452 2.4586 1.0946 
67 0.9205 0.3907 2.3558 0.4245 2.5593 1.0864 
68 0.9272 0.3746 2.4751 0.4040 2.6695 1.0785 
69 0.9336 0.3584 2.6051 0.3839 2.7904 1.0711 
70 0.9397 0.3420 2.7475 0.3640 2.9238 1.0642 
71 0.9455 068256 2.9042 0.3443 3.0715 1.0576 
72 0.9511 0.3090 3.0777 0.3249 3.2361 1.0515 
73 0.9563 0.2924 3.2708 0.3057 3.4203 1.0457 
74 0.9613 - 0.2756 3.4874 0.2867 3.6279 1.0403 
75 0.9659 0.2588 3.7320 0.2680 3.8637 1.0353 
716 0.9703 0.2419 4.0108 0.2493 4.1336 1.0306 
77 0.9744 0.2250 4.3315 0.2309 4.4454 1.0263 
78 0.9782 0.2079 4.7046 0.2126 4.8097 1.0223 
79 0.9816 0.1908 5.1445 0.1944 5.2408 1.0187 
80 0.9848 0.1737 5.6713 0.1763 5.7588 1.0154 
81 0.9877 0.1564 6.3137 0.1584 6.3924 1.0125 
82 0.9903 0.1392 elas 0.1405 7.1853 1.0098 
83 0.9926 0.1219 8.1443 0.1228 8.2005 1.0075 
84 0.9945 0.1045 9.5144 0.1051 9.5668 1.0055 
85 0.9962 0.0872 11.430 0.0875 11.474 1.0038 
86 0.9976 0.0698 14.301 0.0699 14.335 1.0024 
87 0.9986 9.0523 19.081 0.0524 19.107 1.0014 
88 0.9994 0.0349 28.636 0.0349 28.654 1.0006 
89 0.9999 0.0175 57.290 0.0175 57.299 1.0001 
90 1.0000 0.0000 — 0.0000 .= 1.0000 


471 


Logarithms 


Differences 


4.5 6| 78 9 











7 alk 55) || PAS) SBS By 
15 19 23 | 26 30 34 
14 17 21 | 24 28 31 
13 16 19 | 23 26 29 
12 15 18 | 21 24 27 


—— ao 


pet peek ped peek em 
w NWwnwww wWwwww wwowwe WWW Pp PPP PP He Or Or Or cn ID DN D NINA OO ooodr th 


11417202225 
11 13 16} 18 21 24 
10 12 15 | 17 20 22 
91214} 16 19 21 
9 11 13] 16 18 20 





ae ee 
. 


15 17 19 
14 16 18 
141517 
13 15 17 
12 14 16 





— ee 


on CVOVOVcr cn AMAOOD OONNN NTWMMOMO OCOCOOre 





Lo No Ow) www WH Www 


wrmwnpwrd Wwwww Wwwww He He He He oO 1 OD OD OI 00 00 
a 
me bod 


12 1415 
11 13 15 
11 13 14 
11 12 14 
10 12 13 


— ph 


Pmh bdr 
Dl crorvsrvarenr ANA AMBMOD NNNNN Onmwmwe OOOO 


10:11 13 
10 11 12 
Oy 2 


pret feed fed feed feet 


ft pet et et pe 








a 
Ld Ol WO WO ww) 


fpmeh fom femeed pek fet 


LS) Nmnwmwy by Nnwwwry 


0 
| 
2 
3 
4 
5 
6 
cdl 
8 
9 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
0 
1 
2 
3 
4 
5 
6 
7. 
8 
9 
0 
1 
2 
3 
4 


2. 
2 

2. 
2. 
2. 
2. 
2. 
2. 
2. 
2. 
3. 
3. 
3. 
3. 
3. 
3. 
3. 
3. 
3. 
3. 
4. 
4. 
4. 
4. 
4. 
4. 
4. 
4. 
4. 
4. 
Ds 
5. 
5. 
Ds 
os 


OONINY WYTW10 wWMmMmo 


See 











PL wwwww PAPE PEPER PRON TANNA OROWI W000 


OINNNWO WOWDDHO OOO 


al pADPR BRON 





.—) 
9 
oo" 























472 


Logarithms 


Differences 


456|7 8 9 





et et et et 





a 


ee ee 








et et et 





NmwNwhd bt Lo eR OR NOWWwWww WwWwowww Wwwww 


— et et pet et 


tt 
mee bob Nonwdv bw bo Nwwhw bh Lo wo oe ow) Wwdw td vo Loe Wo OE eo we) Lod Ol OR oe we) 


et et 








5.5 
5.6 

see/ 
5.8 

5.9 
6.0 

6.1 

6.2 
6.3 
6.4 
6.5 
6.6 
6.7 
6.8 

6.9 
7.0 
7.1 

7.2 
WES) 
7.4 
7.5 
7.6 
Use 
7.8 
7.9 
8.0 
8.1 

8.2 
8.3 
8.4 
8.5 
8.6 
8.7 
8.8 
8.9. 
9.0 
9.1 

9.2 
9:3 
9.4 
9.5 
9.6 
9.7 
9.8 
9.9 


ooocooo ocCoCocoo c0CoOoOF}F 


et et et 














On [No oR Ol OR we) NNNNN NHNNNWW WWWWW WWWWHW WWWWHW WHWWWHW WWwwprpD PPP PP 
an WBWWWHWH WWWWHWH WWWWHWH WWWWW WWWWH PPP DP He He He PPP PP He ee OVO on 
| BWWWWA WWWWW WWW PEEP PERL PPP PP RP Oro CrOoToNor or COTO orn 
SS) worPrE POPP LP PPP PP PE PPP PPP OLTOT SCVOVOVOVet CIUCICNUON OE COIR AAD ARWRAD 
) PhP PP PP PPP BPR OVOU COMO OU CLOVOUOUON OID OM ARMRMMR MAMROOD ANAT) 


> Lol OR Well ow) Nwnwnwrd NWN Wwtd Nnwmwnwtd 


p 
w 











473 


VALUES OF THE EXPONENTIAL FUNCTION y = 10° 


Differences 

0 1 2 3 4 5 6 i, 8 9 123 456 

0.00 1.000 1.002 1.005 1.007 1.009 1.012 1.014 1.016 1.019 1.021 00 1 ae 
0.01 1.023 1.026 1.028 1.030 12083; 17035 1.038 1.040 1.042 10455 ORO IP ee) 
0.02 1.047 1050052 1.054 1.057 1.059 1.062 1.064 1.067 1206955 ONOM alt 
0.03 1.072 1.074 1.074 1.079 1.081 1.084 1.086 1.089 1.091 1.09455 ORO mt 1 ea 
0.04 1.096 1.099 1.102 1104) 1107 1.109 Ll: 1.114 Wily eh a 
0.05 22 AS) eee 1130 S32 IBS 1.138 LeI4O 143 eee Oa 3 [ei] 
0.06 1.148 Ledesil iieilisys: 11S Oey OReme eel Oy 1.164 1.167 1.169 We Or Pal 2 
0.07 Pal) 1.178 1180) 1183 HWeales¥e) IETS A AK 1.194 1.197 1 LOSL® (Opelaal 16 ie? 
0.08 1.202 1.205 1.208 asl 23) Rapa AU PAS) 222) e225 22s] ge Onell Ie the 
0.09 1.230 1.233 1223. Cele 239 1.242 1.245 1.247 1.250 e253 123 Ore mall iy le?) 
0.10 1.259 1.262 1.265 1.268 eT 1274 eZ Omunlee 79) 1.282 1285) OMe ile gr 
0.11 1.288 1.291 1.294 1.297 1e300Reale3 03) 1.306 1.309 lest L315 a Onset by 22. 
0.12 1.318 1321 1324 lesa, 1330S S4eles 37 1.340 1.343 1.34655 Olle ie 2h, 
0.13 1.349 12352) 12355 1.358 1.361 1.365 1.368 Sigal 1.374 Side Oi alm 1 > 
0.14 1.380 1.384 1.387 1-390) 1.393 1.396 1.400 1.403 1.406 1.409 O11 |p) 
0.15 1.413 1.416 1.419 1.422 A26R wl 429 1.432 1.435 1.439 442° OF lef iby Die? 
0.16 1.445 1.449 1.452 1.455 1.459 1.462 1.466 1.469 1.472 L476.) Onl eel Peep 
0.17 1.479 1.483 1.486 1.489 1.493 1.496 1.500 1.503 1.507 1S 10m Olle jp 22 
0.18 1.514 Sul Spal 125245) Gle528 e531 1.535 1.538 1.542 1.54546 0) 1a iad 92 
0.19 1.549 i552 1.556 1.560 1.563 1.567 15570 — 1257/4 seek 578 Soa Olle il Bw 
0.20 1.585 1.589 1.592 1.596 1.600 1.603 1.607 1.611 Lola) 161s Oia 1 22 
0.21 1622) 1.626 1.629 1.633 1637; 1.641 1.644 1.648 1.652 1265655 Oj le De ie? 
0:22, - 1.660 ‘1.663 1.667 1.671 Lows 1.679 1.683 1.687 1.690 169405 OL le Pp) 9} 
0.23 1.698 LOZ 1.706 TAO Aw AL ARS PP 1.726 1.730 loam Olea PL) 
0.24 1.738 1742 1.746 LO lies eS OZ 1.766 eaO Cae Olle ail DDD 
0.25 1.778 Le S2 1.786 1.791 1.795 1.799 1.803 1.807 1.811 {Vth Urn Oe oily ll De A) Ps 
0.26 1.820 1.824 1.828 1.832 1.837 1.841 1.845 1.849 1.854 ees Orb al prep) 2} 
0.27. =1.862 1.866 1.871 1.875 1.879 1.884 1.888 1.892 1.897 1.901 One ps 
0.28 1.905 O10 Paola SE OO 923) 1.928 1.932 1.936 1.941 Ce Sym Ober all 2 2S 
0.29 1.950 1.954 1.959 1.963 1.968 1.972 1.977 1.982 ISS 6m OO One! jmp) 3} 
0:30 1-995 220007 220047 25009) 2.014) 22018" 21023) 12.028 20325 22037 Ore ibe) 3} 
0.31 2.042 2.046 2.051 2.056 2.061 2 06S ee 0702 O7 See O80 O84 On lal oy) 8} 
0.32 2.089) 25094) 20992 1045) 2. 1092 Sie I Sie S ee 2 See ome Onae PL ph Bx 
0.33, "2.138 2.043251 43 e253 5 See OS ee Oana) 1 Simeon Semmee a ommn OMe Jee) 3} 
0:34 2:188- 235193) 219899222038.) 92.2087 21S 220118 = 203 eee eee 2) 383 
0.35 .2.239" (2.2445 2.249" © 2905499259 292650 22270) 275 Oman Soren lenin Phas iS) 
0.36 2.291 2296 ee SU PU? ~ XBO2 PUB GP ESWC I SEE PSST elie 233 
0:37" 22344) 233507 288552 00m 360m eo PEE heal ester aes «Peotone Se) il De 33, 
0.38 2.399 2.4047 W224 10 29415 22421 DAT e214 32 © 27438 ee. 4430 449 (ea hg 2 303 
0:39 2.455 24600 2 4664724 7 43 SOO 5 me) 5()() es) ome ae aes B} 
0:40) 22512) 27518524529 ee oO Seo. Pil SSB aps) Syay! Le 2 28) Li! 
Ut Py PAS 6 DP) PSS SE OO) DOS GID OTN we 234 
0.42" 27630" 25636) 92642 2,649 2655 el 2.6607) W2x673' 2.679 92685 ihe 234 
0.43, 2.692)" 25698 20704 ile 7] Ogun On Se 2 20 35 Oe AAS ibe 33.4 
0°44" 22.754 25/61 2167 273 e  SO MEO SONNE Si a OOM S) Sma io) ele Bi3} ct 
0.45 2.818 2.825 2.831 228380 2184427851 2n856" 28864 22671 es TET ei 3 33 4 
0.46 2.884 2.89] 2.897 2.904 2.911 DONT a PA PN  Halseuil 2-939 OA A | ee? 3.32! 
0.47 2.951 2.958 21965) 229725 2.979 we 985im 22992 279990) 3,006 mes tO13 LS ee? Bors 
0.48 3.020 3.027 3.034 3.041 3.048 St0S5" 9306237069 S107 6st 0Ss Te lat Brad 
0-49 35090" 3.097 3105) 3.12) Salton esii26) 35133) 3.141 3.148 3.155 lel Bodh 
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VALUES OF THE EXPONENTIAL FUNCTION y = 10* 


Differences 


= 


0 1 2 3 4 5 6 7 8 9 123 4 6 8 9 
OFS0 Se) OSS LORS Iiammesn 84 ame O2Ne 3 LOOM NGI206 3214 Ni3I22] 38298001 23 GB ways 5 6 7 
OFS e202 4 3 moe ONS). 208 mm e200N 3.2 /Sm mets 3.2890 296 3e8049) Nl 2.2 Bae 5 oF 7 
F529 353) ees Oe S23 334 e342 3. 350N 397  —3.36599981373 32381 1252) Beg 1D G7 
OF53 38S 8 Sas 9 Ones 404 sge S41 2 eee sed20lN 13 42 8emeer436 (3-443 0se45] 39459. 2 2 88S 6 OF 7 
0554 3x46 meen mnes Comme 491) wees 499Im 3-508 mearl6 3.52409 989532 32540) || 2 2 Apmis 6 67 7 
S55 ee hoA Sa OES RS OS pemn: 5/2 eS 8 ln? SOON men 97 3 O0GmEES.O14 (376205 41 292 98 4a ts 26. fe 7 
O56 105) aas 0S OS 04 SUmmEC. OS ONC EOO4HN ES) O/ SEEOROS | 9S O90MENS.098 )  3a/0fan el 293° 83 e4ese 6) 7/8 
OES 7 eel nm 74 | ae ONS SSmmce TO) | (3-1 OmeNGa7 64) 357 93eN el 2 37 125Rdees 6 ie 8 
O.3 g.602 BQ asl SRW Sassy BLE ayes) Gittel ee) Shiheye I ay EE tS 
O85 9 38890 S 99s OU Crus, 9)17 Mie onO2 0mm 3,936ms.945, 3954031963 39972 V2 3 4 ess) 6" as 
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AMOUNT OF I (I +i)’ 











n %% 1% 12% 2% 22% 3% 3%2% 

l 1.005 00 1.010 00 1.015 00 1.020 00 1.025 00 1.030 00 1.035 00 
2 1.010 03 1.020 10 1.030 23 1.040 40 1.050 63 1.060 90 EOF 1R23 
3 1.015 08 1.030 30 1.045 68 1.061 21 1.076 89 1.092 73 1.108 72 
4 1.020 15 1.040 60 1.061 36 1.082 43 1.103 81 [EI2Se i 1.147 52 
5 O25 25 1.051 O01 1.077 28 1.104 08 1.131 41 Lels927 1.187 69 
6 1.030 38 1.061 52 1.093 44 LELZOMI6 1.159 69 1.194 OS 1.229 26 
i IEOS5i93 1.072 14 1.109 84 1.148 69 1.188 69 1.229 87 1.272 28 
8 1.040 71 1.082 86 1.126 49 GAL teks) 1.218 40 1.266 77 1.316 81 
9 1.045 91 1.093 69 1.143 39 1.195 09 1.248 86 1.304 77 1.362 90 
10 1.051 14 1.104 62 1.160 54 E2185 99 1.280 08 1.343 92 1.410 60 
11 1.056 40 EI) Giz JIG) Ss} 1.243 37 1.312 09 1.384 23 1.459 97 
12 1.061 68 1.126 83 lS aN62 1.268 24 1.344 89 1.425 76 ESTAS, 
13 1.066 99 1.138 09 LE213" 55 1.293 61 Si Smesi 1.468 53 1.563 96 
14 OW 2 932 1.149 47 E236 1.319 48 1.412 97 S125 9 1.618 69 
15 1.077 68 1.160 97 I 2SKO), 23) 1.345 87 1.448 30 esyil) Sl 1R6O75435 
16 1.083 07 WV 2858 1.268 99 esr2e79 1.484 51 1.604 7] 133899 
17 1.088 49 1.184 30 1.288 02 1.400 24 [RS 262 1.652 85 1.794 68 
18 IOD3R9S 1X IS 1.307 34 1.428 25 1.559 66 1.702 43 1.857 49 
19 1.099 40 1.208 11 IFS 26895 1.456 81 1.598 65 Ie753"5 1 1922550 
20 1.104 90 1.220 19 1.346 86 1.485 95 1.638 62 1.806 11 1.989 79 
21 1.110 42 E23 2539 1.367 06 LESS: 67 1.679 58 1.860 29 2.059 43 
22 il itilisy Oy 1.244 72 1.387 56 1.545 98 Pale Sil 1.916 10 2513 Ieesil 
23 PAL Ss) [E25 7/16 1.408 38 157.68 90 1.764 61 LEY Se: 2.206 11 
24 ZT 6 26973 1.429 50 1.608 44 1.808 73 A0EV2 TS) 222 83e38 
25 1.132 80 1.282 43 1.450 95 1.640 61 1.853 94 2.093 78 2.363 24 
26 1.138 46 1.295 26 1.472 71 1.673 42 1.900 29 25659 2.445 96 
27 1.144 15 1.308 21 1.494 80 1.706 89 1.947 80 DPA OS, OEM Sy) 
28 1.149 87 eS 229 ES e22 1.741 02 FS) Py Phest| Os 2.620 17 
29 ILallsay (2 1.334 50 ISS) es 1.775 84 2.046 41 PIB \0), DI] 2.711 88 
30 1.161 40 1.347 85 1.563 08 1.811 36 2.09 7ST. 2.427 26 2.806 79 
31 Woaltsyeh, 22}1 I SG133 1.586 53 1.847 59 2.150 01 2.500 08 2.905 03 
32 1.173 04 1.374 94 1.610 32 1.884 54 POS TG 2.575 08 3.006 71 
33 1s koe 1.388 69 1.634 48 92223 2.258 85 2.652 34 3.111 94 
34 1.184 80 1.402 58 1.659 00 1.906 68 Desi 32 279i 3.220 86 
39 IL MO) 73} 1.416 60 1.683 88 1.999 89 Deeiey 23) 2.813 86 B35 09 
36 1.196 68 1.430 77 1.709 14 2.039 89 2.432 54 2.898 28 3.450 27 
37 1.202 66 1.445 08 1.734 78 2.080 69 2.493 35 2.985 23 3.571 03 
38 1.208 68 1.459 53 1.760 80 2ul22930 2.555 68 3.074 78 3.696 O01 
39 1.214 72 1.474 12 1.787 21 2.164 74 2.619 57 3.167 03 3.825. 37 
40 1.220 79 1.488 86 1.814 02 2.208 04 2.685 06 3.264 04 3.959 26 
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AMOUNT OF I (I +i)" 





4% 4"y% 5% 5%2% 6% 71% 8% n 
l r.040 00 1.045 00 1.050 00 1.055 00 1.060 00 1.070 00 1.080 00 | 
2 1.081 60 1.092 03 1.102 50 Ihe TEMMSy 03} 1.123 60 1.144 90 1.166 40 2 
3 1.124 86 1.141 17 el yOS 1.174 24 1.191 02 1.225 04 2595 71 z) 
4 1.169 86 1.192 52 lly. Syl 1.238 82 1.262 48 1.310 80 1.360 49 4 
5 1.216 65 1.246 18 Iker Rs) 1.306 96 338023 1.402 55 1.469 33 5) 
6 1.265 32 1.302 26 1.340 10 1.378 84 1.418 52 1.500 73 1.586 87 6 
7 esis) 9s} 1.360 86 1.407 10 1.454 68 1.503 63 1.605 78 S82 7 
8 1.368 57 1.422 10 1.477 46 1.534 69 E5935 35) 1.718 19 1.850 93 8 
2 1.423 31 1.486 10 551633 1.619 09 1.689 48 1.838 46 1.999 00 Y) 
10 1.480 24 Pes 2e9 7 1.628 89 1.708 14 1.790 85 967 5 2S 8e93 10 
11 1.539 45 1.622 85 1.710 34 1.802 09 1.898 30 2.104 85 2.331 64 11 
12 1.601 03 1.695 88 1.795 86 SON 21 PRO? 0) Dy ME) JESS} SG) il? 
13 1.665 07 Ie 2 PAY 1.885 65 2.005 77 Alleys Ss} 2.409 85 2olLOne2 13 
14 1.731 68 1.851 94 OOO; ZA Isy (Oe) 2.260 90 ROIS 33) zany WE 14 
15 1.800 94 9 35i2 8 2.078 93 2.232 48 2.396 56 Eis) 0s} S27. 15 
16 1.872 98 DOLL SH 2.182 87 DI) JAS 2.540 35 2293526 3.425 94 16 
Ika 1.947 90 Prigteme's D292 02 2.484 80 DSI TY 3.158 81 3.700 02 17 
18 2.025 82 2.208 48 2.406 62 2.621 47 2.854 34 Sy WS) SB) 3.996 02 18 
19 2.106 85 2.307 86 2.526 95 2.765 65 3.025 60 3.616 53 4.315 70 19 
20 NS 2 2.411 71 2.653 30 EMI TKS 3.207 14 3.869 68 4.660 96 20 
21 227 SaG 2.520 24 2.785 96 3.078 23 8399856 4.140 56 5.033 83 21 
22 2.369 92 2.035105 2192526 3.247 54 3.603 54 4.430 40 5.436 54 22 
23 2.464 72 DS DaMlil SOM Sy 3.426 15 3.81975 4.740 53 5.871 46 23 
24 2 0530) 2.876 O1 yey 1K) 3.614 59 4.048 93 5.072, 37 6.341 18 24 
25 2.665 84 3.005 43 3.386 35 3.813 39 4.291 87 5.427 43 6.848 48 25 
26 2.772 47 3.140 68 S52) (Oi) 4.023 13 4.549 38 SO Sis) 7.396) 35 26 
27 2. S6o0s) 3.282 O01 3.733 46 4.244 40 4.822 35 6.213 87 7.988 06 2 
28 299 Sa ©) 3.429 70 8292003 4.477 84 St ee 6.648 84 8.627 11 28 
29 3.118 65 3.584 04 4.116 14 4.724 12 5.418 39 7.114 26 OVS eT, 29 
30 3.243 40 3.745 32 4.321 94 4.983 95 5.743 49 7. OL2e26 10.062 66 30 
31 S733 3.913 86 4.538 04 5.258 07 6.088 10 8.145 11 10.867 67 iI 
32 3.508 06 4.089 98 4.764 94 5.547 26 6.453 39 8.715 27 11.737 08 32 
33 3.648 38 4.274 03 5.003 19 5892550 6.840 59 9.325 34 12.676 OS 33 
34 3.794 32 4.446 36 32013) Bs) 6.174 24 Ho OB} EIR Ml 13.690 13 34 
35) 3.946 09 4.667 35 5.516 02 (Sy oyits) tie! 7.686 09 10.676 58 14.785 34 35 
36 4.130 93 4.877 38 Je PS sy? 6.872 09 8.147 25 11.423 94 15.968 17 36 
37 4.268 09 5.096 86 6.081 41 7.250 05 8.636 09 127223762 17.245 63 37 
38 4.438 81 55320022 6.385 48 7.648 80 9.154 25 132079827) 18.625 28 38 
39 4.616 37 5.565 90 6.704 75 8.069 49 OOS eell 13.994 82 2O MS eS0 39 
40 4.801 02 5.816 36 TROS9R09 S.osmoil 10.285 72 14.974 46 21.724 52 40 


477 


| 
PRESENT VALUE OF I, (eens 


—. 


eS 





n U~% 1% 1%% 2% 22% 3% 3%% 

l 0.995 02 0.990 10 0985922 0.980 39 0.975 61 0.970 87 0.966 1 
2 0.990 07 0.980 30 0.970 66 0.961 17 0.951 81 0.942 60 0.933 2 
3 0.985 15 0.970 59 OF956532 0.942 32 0.928 60 0.915 14 0.901 3 
4 0.980 25 0.960 98 0.942 18 0.923 85 0.905 95 0.888 49 0.871 4 
5 ORCS) By) 0.951 47 0.928 26 0.905 73 0.883 85 0.862 61 0.841 5 
6 0.970 52 0.942 OS 0.914 54 0.887 97 0.862 30 0.837 48 0.813 6 
7 0.965 69 Os? 12 0.901 03 0.870 56 0.841 27 0.813 09 0.785 7 
8 0.960 89 0.923 48 0.887 71 0.853 49 0.820 75 0.789 41 0.759 8 
9 0.956 10 0.914 34 0.874 59 0.836 76 0.800 73 0.766 42 0.733 9 
10 Ceol BS 0.905 29 0.861 67 0.820 35 0.781 20 0.744 09 0.708 40 
11 0.946 61 0.896 32 0.848 93 0.804 26 0.762 14 0.722 42 0.684 

12 0.941 91 0.887 45 0.836 39 0.788 49 0.743 56 0.701 38 0.661 

13 O93 722 0.878 66 0.824 03 O72 OB 0.725 42 0.680 95 0.639 

14 O2932550 0.869 96 0.811 85 0.757 88 0.707 73 0.661 12 0.617 

15 OOD N92 0.861 35 OOO R85 0.743 O1 0.690 47 0.641 86 0.596 

16 0.923 30 0.852 82 0.788 03 0.728 45 0.673 62 0.623 17 0.576 

17 0.918 71 0.844 38 Osors9 0.714 16 0.657 20 0.605 02 05557, 

18 0.914 14 0.836 02 0.764 91 0.700 16 0.641 17 0.587 39 0.538 

19 0.909 59 0.827 74 OW S36 0.686 43 0.625 53 0.570 29 0.520 

‘20 0.905 06 0.819 54 0.742 47 0.672 97 0.610 27 0.553 68 0.502 

21 0.900 56 0.811 43 0.731 50 0.659 78 O85) 3 0.527 55 0.485 

22 0.896 08 0.803 40 0.720 69 0.646 84 0.580 86 OPS 2189 0.469 

23 0.891 62 0.795 44 0.710 04 0.634 16 0.566 70 0.506 69 0.453 

24 0.887 19 OL Siem 0.699 54 O62) 9/2 0.552 88 0.491 93 0.437 

25 0.882 77 Os) Wl 0.689 21 0.609 53 07539 39 0.477 61 0.423 

26 0.878 38 OFZ 05 0.679 02 0.597 58 0.526 23 0.463 69 0.408 

27 0.874 O1 0.764 40 0.668 99 0.585 86 0.513 40 0.450 19 0.395 

28 0.869 66 0.756 84 0.659 10 0.574 37 0.500 88 0.437 08 0.381 

29 0.865 33 0.749 34 0.649 36 0.563 11 0.488 66 0.424 35 0.368 

30 0.861 03 0.741 92 0.639 76 0.552 07 0.476 74 0.411 99 0.356 

31 0.856 75 0.734 58 0.630 31 0.541 25 0.465 11 0.399 99 0.344 2 

32 0.852 48 0.727 30 0.620 99 0.530 63 0.453 77 0.388 34 0:332 5 

33 0.848 24 0.720 10 0.611 82 OS 20523) 0.442 70 0.377 03 0.321 

34 0.844 02 OZ sy 0.602 77 0.510 03 0.431 91 0.366 04 0.310 

35 0.839 82 OOseo 0.593 87 0.500 03 0.421 37 0.355 38 0.299 

36 0.835 64 0.698 92 0.585 09 0.490 22 0.411 09 0.345 03 0.289 

ay 0.831 49 0.692 00 0.576 44 0.480 61 0.401 07 0.334 98 0.280 

38 0.827 35 0.685 15 0.567 92 0.471 19 0.391 28 05325° 23 0.270 

38) 0.823 23 0.678 37 ON59 53 0.461 95 0.381 74 0.315 75 0.261 

40 0.819 14 0.671 65 0.551 26 0.452 89 0.372 43 0.306 56 0.252 
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PRESENT VALUE OF I, 











*\n 
(I+ 1) 

i 

4% 42% 5% S’L% 6% 1% 8% n 
0.961 54 0.956 94 0.952 38 0.947 87 0.943 40 0.934 58 0.925 93 | 
0.924 56 0.915 73 0.907 03 0.898 45 0.890 00 0.873 44 0.857 34 2 
0.889 00 0.876 30 0.863 84 0.851 61 0.839 62 0.816 30 0.793 83 3 
0.854 80 0.838 56 0.822 70 0.807 22 0.792 09 0.762 90 02735003 4 
0.821 93 0.802 45 0.783 53 0.765 13 0.747 26 0.712 99 0.680 58 3) 
0.790 31 0.767 90 0.746 22 S725) 25 0.704 96 0.666 34 0.630 17 6 
0.759) 92 0.734 83 0.710 68 0.687 44 0.665 06 0.622 75 0.583 49 7 
0.730 69 0.703 19 0.676 84 0.651 60 0.627 41 0.582 O01 0.540 27 8 
0.702 59 0.672 90 0.644 61 0.617 63 0.591 90 0.543 93 0.500 25 g) 
0.675 56 0.643 93 0.613 91 0.585 43 0.558 39 0.508 35 0.463 19 10 
0.649 58 0.616 20 0.584 68 0.554 91 0.526 79 0.475 09 0.428 88 1] 
0.624 60 0.589 66 0.556 84 0.525 98 0.496 97 0.444 O01 OS97 a 12 
0.600 57 0.564 27 0.530 32 0.498 56 0.468 84 0.414 96 0.367 70 13 
0.577 48 0.539 97 0.505 07 0.472 57 0.442 30 0.387 82 0.340 46 14 
0.555 26 0.516 72 0.481 02 0.447 93 0.417 27 0.362 45 0.315 24 15S 
Oz533 501 0.494 47 0.458 11 0.424 58 0.393 65 0.338 73 0.291 89 16 
OSS e377 0.473 18 0.436 30 0.402 45 0.371 36 0.316 57 0.270 27 i 
0.493 63 0.452 80 0.415 52 0.381 47 0.350 34 0.295 86 02250725 18 
0.474 64 0.433 30 O95 578 0.361 58 0.330 51 0.276 51 0.231 71 19 
0.456 39 0.414 64 0.376 89 0.342 73 0.311 80 0.258 42 0.214 55 20 
0.438 83 0.396 79 0.358 94 0.324 86 0.294 16 0.241 51 0.198 66 21 
0.421 96 C379 108 0.341 85 0.307 93 OP27 7m 3225, 71 0.183 94 22 
0.405 73 0.363 35 2325 551) 0.291 87 0.261 80 0.210 95 0.170 32 23 
0.390 12 0.347 70 0.310 07 0.276 66 0.246 98 0.197 15 OnaTe70 24 
O37 52 C332 73 0.295 30 0.262, 23 0.233 00 0.184 25 0.146 02 25 
0.360 69 0.318 40 0.281 24 0.248 56 O19 81 0.172 20 O35) 20 26 
0.346 82 0.304 69 0.267 85 0.235 60 0.207 37 0.160 93 0.125 19 27 
0.333 48 0.291 57 0.255, 09 O22332 0.195 63 0.150 40 O-11S) 91 28 
0.320 65 0.279 02 0.242 95 0.211 68 0.184 56 0.140 56 0.107 33 29 
0.308 32 0.267 00 0.231 38 0.200 64 0.174 11 OB LS37 0.099 38 30 
0.296 46 OM557 50 0.220 36 0.190 18 0.164 25 OMIT 7 0.092 02 31 
0.285 06 0.244 50 0.209 87 0.180 27 0.154 96 0.114 74 0.085 20 Sy) 
0.274 09 0.233 97 0.199 87 0.170 87 0.146 19 0.107 23 0.078 89 33 
O 263855 0.223 90 OM90N35 0.161 96 ORIG 7291 0.100 22 0.073 05 34 
0.253 42 0.214 25 0.181 29 OM 37 Ons0T tl 0.093 66 0.067 63 35 
0.243 67 0.205 03 ONT 2566 0.145 52 0.122 74 0.087 54 0.062 62 36 
0.234 30 0.196 20 0.164 44 0.137 93 OLS) G8) 0.081 81 0.057 99 Shi) 
0.225 29 OMISTe 15 0.156 61 0.130 74 0.109 24 0.076 46 0.053 69 38 
0.216 62 0.179 67 0.149 15 0.123 92 0.103 06 0.071 46 0.049 71 39 
0.208 29 0.171 93 0.142 05 0.117 46 0.097 22 0.066 78 0.046 03 40 
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Amount of an Annuity of 1 Si 


1.000 000 1.000 000 1.000 000 1.000 000 1.000 000 1.000 000 
2.005 000 2.010 000 2.015 000 2.020 000 2.025 000 2.030 000 
3.015 025 3.030 100 3.045 225 3.060 400 3.075 625 3.090 900 
4.030 100 4.060 401 4.090 903 4.121 608 4.152 516 4.183 627 
5.050 251 5.101 005 5.152 267 5.204 040 5.256 329 5.309 136 


6.075 502 6.152 015 6.229 551 6.308 121 6.387 737 6.468 410 
7.105 879 1k?74\\83) SSS) 7.322 994 7.434 283 7.547 430 7.662 462 
8.141 409 8.285 671 8.432 839 8.582 969 8.736 116 8.892 336 
9.182 116 9.368 527 95559332 9.754 628 9.954 519 10.159 106 
10.228 026 10.462 213 10.702 722 10.949 721 11.203 382 11.463 879 


11.279 167 11.566 835 11.863 262 12.168 715 12.483 466 12.807 796 
12.335 562 12.682 503 13.041 211 13.412 090 13.795 553 14.192 030 
13.397 240 13.809 328 14.236 830 14.680 332 15.140 442 15.617 790 
14.464 226 14.947 421 15.450 382 15.973 938 16.518 953 17.086 324 
15.536 548 16.096 896 16.682 138 17.293 417 179310927) 18.598 914 


16.614 230 17.257 864 17.932 370 18.639 285 19.380 225 20.156 881 
17.697 301 18.430 443 19.201 355 20.012 071 20.864 730 21.761 
18.785 788 19.614 748 20.489 376 21.412 312 22.386 349 23.414 
19.879 717 20.810 895 21.796 716 22.840 559 23.946 007 25.116 
20.979 115 22.019 004 23.123 667 24.297 370 25.544 658 26.870 


22.084 O11 23.239 194 24.470 522 25.783 317 27.183 274 28.676 
23.194 431 24.471 586 25.837 580 27.298 984 28.862 856 30.536 
24.310 403 25.716 302 27.225 144 28.844 963 30.584 427 32.452 
25.431 955 26.973 465 28.633 521 30.421 862 32.349 038 34.426 
26.559 115 28.243 200 30.063 024 32.030 300 34.157 764 36.459 


27.691 911 29.525 632 31.513 969 33.670 906 36.011 708 38.553 
28.830 370 30.820 888 32.986 679 35.344 324 37.912 001 40.709 
29.974 522 32.129 097 34.481 479 37.051 210 39.859 801 42.930 
31.124 395 33.450 388 35.998 701 38.792 235 41.856 296 45.218 
32.280 017 34.784 892 37.538 681 40.568 079 43.902 703 47.575 


33.441 417 36.132 740 39.101 762 42.379 441 46.000 271 50.002 
34.608 624 37.494 068 40.688 288 44.227 030 48.150 278 52.502 
35.781 667 38.869 009 42.298 612 46.111 570 50.354 034 55.077 
36.960 575 40.257 699 43.933 092 48.033 802 52.612 885 57.730 
38.145 378 41.660 276 45.592 088 49.994 478 54.928 207 60.462 











39.336 105 43.076 878 47.275 969 51.994 367 57.301 413 63.275 
40.532 785 44.507 647 48.985 109 54.034 255 59.733 948 | 66.174 
41.735 449 45.952 724 50.719 885 56.114 940 62.227 297 69.159 
42.944 127 47.412 251 52.480 684 58.237 238 64.782 979 72.234 
44.158 847 48.886 373 54.267 894 60.401 983 67.402 554 75.401 


45.379 642 50.375 237 56.081 912 62.610 023 70.087 617 78.663 
46.606 540 51.878 989 57.923 141 64.862 223 72.839 808 82.023 
47.839 572 Ses TAD) 59.791 988 67.159 468 75.660 803 85.483 
49.078 770 54.931 757 61.688 868 69.502 657 78.552 323 89.048 
50.324 164 56.481 075 | 63.614 201 71.892 710 81.516 131 92.719 


51.575 785 58.045 885 65.568 414 74.330 564 84.554 034 96.501 
52.833 664 59.626 344 67.551 940 76.817 176 87.667 885 100.396 
54.097 832 61.222 608 69.565 219 79.353 519 90.859 582 104.408 
55.368 321 62.834 834 71.608 698 81.940 590 94.131 072 108.540 
56.645 163 64.463 182 73.682 828 84.579 401 97.484 349 112.796 
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Amount of an Annuity of 1 Si 


4% 4b % 





1.000 000 1.000 000 1.000 1.000 000 1.000 000 1.000 
2.035 000 2.040 000 2.045 2.050 000 2.055 000 2.060 
3.106 225 3.121 600 SelS7) 3.152 500 3.168 025 3.183 
4.214 943 4.246 464 4.278 4.301 125 4.342 266 4.374 
5.362 466 5.416 323 5.470 55525631 5.581 091 5.637 


6.550 152 6.632 975 6.716 6.801 913 6.888 051 6.975 
7.779 408 7.898 294 8.019 8.142 008 8.266 894 8.393 
9.051 687 9.214 226 9.380 9.549 109 M2 lesg 3) 9.897 
10.368 496 10.582 795 10.802 11.026 564 11.256 260 11.491 
Ph 318393 12.006 107 12.288 12.577 893 12.875 354 13.180 


13.141 992 13.486 351 13.841 14.206 787 14.583 498 14.971 
14.601 962 15.025 805 15.464 1S:917 9127; 16.385 591 16.869 
16.113 030 16.626 838 17.159 17.712 983 18.286 798 18.882 
17.676 986 18.291 911 18.932 19.598 632 20.292 21.015 
19.295 20.023 588 20.784 21.578 22.408 23;279 


20.971 21.824 531 22.719 23.657 24.641 25.672 
22.705 232697912 24.741 25.840 26.996 28.212 
24.499 25.645 413 26.855 28.132 29.481 30.905 
26.357 27.671 229 29.063 30.539 32.102 33.759 
28.279 29.778 079 31.371 33.065 34 868 36.785 








30.269 31.969 202 33.783 35.719 37.786 39.992 
32.328 34.247 970 36.303 38.505 40.864 43.392 
34.460 36.617 889 38.937 41.430 44.111 46.995 
36.666 39.082 41.689 44.501 47.537 50.815 
38.949 41.645 -| 44.565 47.727 51.152 54.864 





41.313 44.311 47.570 51.113 54.965 59.156 
43.759 060 47.084 50.711 54.669 58.989 63.705 
46.290 627 49.967 53.993 58.402 63.233 68.528 
48.910 799 52.966 2§ 57.423 62.322 67.711 73.639 
51.622 677 56.084 61.007 66.438 72.435 79.058 


54.429 471 59.328 64.752 70.760 77.419 84.801 
57.334 502 62.701 68.666 75.298 82.677 90.889 
60.341 210 66.209 72.756 80.063 88.224 97.343 
63.453 152 69 857 77.030 85.066 94.077 104.183 
66.674 013 73.652 81.496 90.320 100.251 111.434 





70.007 603 77.598 86.163 95.836 106.765 189 | 119.120 
73.457 869 81.702 91.041 101.628 113.637 274 | 127.268 
77.028 895 85.970 96.138 107.709 120.887 324 | 135.904 
80.724 906 90.409 101.464 114.095 128.536 127 | 145.058 
84.550 278 95.025 107.030 120.799 136.605 614 | 154.761 


88.509 537 99.826 112.846 127.839 145.118 923 | 165.047 
92.607 371 | 104.819 118.924 135.231 154.100 464 | 175.950 
96.848 629 | 110.012 125.276 41 142.993 163.575 989 | 187.507 
101.238 331 | 115.412 131.913 151.143 173.572 669 | 199.758 
105.781 673 | 121.029 138.849 159.700 184.119 165 | 212.743 








110.484 031 | 126.870 146.098 168.685 195.245 719 | 226.508 
115.350 973 | 132.945 153.672 178.119 206.984 234 | 241.098 
120.388 257 | 139.263 161.587 188.025 219.368 367 | 256.564 
125.601 846 | 145.833 169.859 198.426 232.433 627 | 272.958 
130.997 910 | 152.667 178.503 209.347 246.217 476 | 290,335 
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Present Value of an Annuity of 1 a7i 


300 
274 
232 
196 


185 
41.793 219 
42.580 318 
43.363 500 
44.142 786 








0.990 
1.970 
2.940 
3.901 
4.853 


S195 
6.728 
7.651 
8.566 
9.471 


10.367 
11.255 
12.133 
13.003 
13.865 


14.717 
15.562 
16.398 
17.226 
18.045 


18.856 
19.660 
20.455 
21.243 
22.023 


22.795 
23.559 
24.316 
25.065 
25.807 


26.542 
27.269 
27.989 
28.702 
29.408 


30.107 
30.799 
31.484 
32.163 
32.834 


33.499 
34.158 
34.810 
35.455 
36.094 


36.727 
37.353 
37.973 
38.588 
39.196 


099 
395 
985 
966 
431 


476 
195 
678 
018 
305 


628 
077 
740 
703 





0.985 
1.955 
2.912 
3.854 
4.782 


5.697 
6.598 
7.485 
8.360 
92222 


10.071 
10.907 
WISE 
12.543 
13.343 


14.131 
14.907 
15.672 
16.426 
17.168 


17.900 
18.620 
19.330 
20.030 
20.719 


21.398 
22.067 
22.726 
23.376 
24.015 


24.646 
25.267 
25.878 
26.481 
27.075 


27.660 
28.237 
28.805 
29.364 
29.915 


30.458 
30.994 
31.521 
32.040 
32.552 


33.056 
335555 
34.042 
34.524 
34.999 


222 
883 
200 
385 
645 


187 
214 
925 
517 
185 


118 
505 
532 
382 
233 


264 
649 
561 
168 


824 
861 
405 
611 


632 
617 
717 
076 
838 


146 
139 
954 
728 
595 


684 
127 
052 
583 
845 


961 
050 
232 
622 
337 


490 
192 
554 
683 
688 





0.980 
1.941 
2.883 
3.807 
4.713 


5.601 
6.471 
[e325 
8.162 
8.982 


9.786 
10.575 
11.348 
12.106 
12.849 


13.577 
14.291 
14.992 
15.678 
16.351 


17.011 
17.658 
18.292 
18.913 
19.523 


20,121 
20.706 
21.281 
21.844 
22.396 


22.937 
23.468 
23.988 
24.498 
24.998 


25.488 
25.969 
26.440 
26.902 
27.355 


27.799 
28.234 
28.661 
29.079 
29.490 


29.892 
30.286 
30.673 
31.052 
31.423 


392 
561 
883 
729 
460 


431 
991 
481 
237 
585 


848 
341 
374 
249 
264 


709 
872 
031 
462 





0.975 
rag] 
2.856 
3.761 
4.645 


5.508 
6.349 
7.170 
7.970 
8.752 


9.514 
10.257 
10.983 
11.690 
12.381 


13.055 
13.712 
14.353 
14.978 
15.589 


16.184 
16.765 
17.332 
17.884 
18.424 


18.950 
19.464 
19.964 
20.453 
20.930 


21.395 
21.849 
22.291 
225123 
23.145 


23.556 
23.957 
24.348 
24.730 
25.102 


25.466 
25.820 
26.166 
26.503 
26.833 


27.154 
27.467 
27.773 
28.071 
28.362 


610 
424 
024 
974 
829 


125 
391 
137 
866 
064 


209 
765 
185 
912 
378 


003 
198 
364 
891 
162 


549 
413 
110 
986 
376 


611 
O11 
889 
550 
293 


178 
881 
786 
157 


251 
318 
603 
344 
775 


122 
607 
446 
849 
024 


170 
483 
154 
369 
312 











Present Value of an Annuity of 1 a7i 


9.985 
10.563 
11.118 


11.652 
12.165 
12.659 
[35133 
13.590 





14.029 
14.451 
14.856 
15.246 
15.622 


15.982 
16.329 
16.663 
16.983 
172292 


17.588 
17.873 
18.147 
18.411 
18.664 





18.908 
19.142 
19.367 
19.584 
192, 


19.993 
20.185 
20.370 
20.548 
20.720 





20.884 
21.042 
ZAERO 
21.341 
21.482 


552 
646 
198 
613 


282 
579 
864 
485 
774 


052 
627 
795 
841 
040 


654 
936 
131 
472 
185 








0.952 381 


1.859 
223 
3.545 
4.329 


5.075 
5.786 
6.463 
7.107 
Weill 


410 
248 
951 
477 


692 
S73 
213 
822 
735 


414 
252 
573 
641 
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Addition of vectors, 244, 255 
Adjustments, statements of, 
394-396 
Amount, of annuity, 128 
compound interest, 123 
present value, 126 
Amplitude, 225 
Angles of depression, 184 
Angles of elevation, 184 
Annuity, 123 
amount of, 128 
deferred, 140 
due, 136 
present value of, 132 
Approximate numbers, 
366-370 
Areas of triangles, 200-206 
Arithmetic sequences, 109 
Arithmetic series, 112 
Axis of symmetry, 89 


Bonds, 355-362 


Capital gains, 342 
Cast rule, 220-223 
Central tendency, 
measure of, 29 
Centre of gravity, 285 
Circle, 298, 308 
Class boundaries, 40 
Class mid-value, 40 
Commission, 336 
Common stock, 340 
Completing the square, 74, 92 
Compound interest, 123, 126 
present value, 126 
Conic sections, 299-328 
Conjugate radicals, 154 
Construction of ellipses, 302 
Construction of 
hyperbolas, 305 
Construction of parabolas, 301 
Conversion period, 123 
Cosine law, 195 
Cubic functions, 100 
Cumulative frequency, 34 
Curve, normal, 42 


Data, 25-28 
Deferred annuity, 140 
Deviation, standard, 41 


INDEX 


Directrix, of parabola, 310,311 
Discriminant, 78 
Dispersion measures, 39 
Distribution, normal, 43 
Distributive property, 55 
Dividend, rate, 341 
Dow Jones Industrial 
Index, 346 
Duty —ad valorem, 374 
excise, 376 
specific, 374 


Ellipse, 302 

equations of, 315 
Equations 

circle, 308 

hyperbola, 319 

linear, 322 

quadratic, 72 

trigonometric, 233 

radical, 157 
Events, 

compound, 12, 16 

independent, 16 

mutually exclusive, 12 
Excise duties, 376 
Exponential functions, 150 
Exponents, 159, 160 
Equal vectors, 254 


Factoring, 5/-62 
common, 5/7 
trinomials, 58, 60 

Focus, of parabola, 310 

Foreign exchange, 371 
rates of, 371 

Forces, 260 
moment of, 263 
resolution of, 261 
resultant of, 260 

Frequency, 3, 34 

Friction, 290 

Functions 
cosecant, 218 
cosine, 218 
cotangent, 218 
period of, 224, 227 
secant, 218 
sine, 218 
tangent, 218 
trigonometric, 210, 216-220 


notation, 104 
logarithmic, 161 


General quadratic formula, 75 
Geometric sequences, 114 
Geometric series, 117 
sum of, 117 
Graphing, trigonometric 
functions, 216-232 
Gravity, centre of, 285 





Heron's Formula, 203 
Home ownership, 382-412 
Hyperbola, 305, 319 


Identities, trigonometric, 
235-238 
Import duties, 373 
Inclined plane, 275 
Independent outcomes, 16 
Intercepts, 94 
Interest, Compound, 123 
Investments, income, 332-363 
bonds, 355-362 
mutual fund, 351 
stocks, 336, 340 
Irrational numbers, 153 


Jackscrew, 276 


Law of Cosines, 195 

Law of Large Numbers, 9 
Law of Sines, 192 

Lease, 385 

Lever, 274 

Linear-linear system, 322 
Linear-quadratic system, 324 
Logarithms, 148, 161-169 
division, 166 
multiplication, 164 
powers and roots, 168 





Machines 
inclined plane, 275 
lever, 274 
pulleys, 277 
screw, 2/6 
wedge, 275 
wheel and axle, 279 
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Magnitude of a vector, 240 
Margin, 348 
Maximum and minimum 
values, 96-98 
Mean, 29 
Measures of dispersion, 39 
Mechanical advantage, 273 
of an inclined plane, 275 
of alever, 274 
of a pulley, 277 
of ascrew, 2/6 
of a wedge, 275 
of a wheel and axle, 279 
Median, 30 
Mill rate, 399 
Mode, 30 
Moments, 263 
law of, 265-272 
Municipal taxation, 398 
Mutual funds, 351 
Mutually exclusive events, 12 





Normal curve, 42 
Normal distribution, 43 
Normal force, 291 


Oblique triangle, 197 
Offer to purchase, 389 


Parabolas, 300, 310 
Parallelogram of forces, 260 
Percentage, 120, 380 
Percentile, 33 
Period of trigonometric 
functions, 224, 227 
Personal income tax, 406-412 
Phase shift, 229 
Point in 3-space, 247 
Polynomials, 56 
factoring, 57-62 
multiplying and dividing, 56 
Preferred stock, 340 
Present value, 126 
of an annuity, 132 
of a deferred annuity, 140 
of an investment, 360 
Principal, 123 
Probability, 3,10, 12, 16 
Pulleys, 277 
Pythagorean Theorem, 297 


Quadratic equations, 72 
applications, 79-83 
completing the square, 74 
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factoring, 72 
nature of roots, 78 
solving the formulas, 75 


Quadratic formula, 75 
Quadratic functions, 86 
Quality control, 48 
Quartic functions, 101 


Radian, 213-215 
Radicals, 153-156 
Radical equations, 157 
Range, 39 
Rate of return onan 
investment, 334 
Rational expressions, 56, 63-68 
factoring, 5/-62 
Rational numbers, 152 
Real numbers, 152 
Relative error, 369 
Rental value, 402 
fair, 402 
Resolution of forces, 261 
Resultant, 260 
Right-angled triangle, 
solution of, 175-191 
Roots, of a quadratic 
equation, 72-78 
Rotational effect of a force, 263 
Roulette, 14 


Sale price, adjustments to, 
394-396 
Scalar multiplication, 256 
Scientific notation, 160 
Screw, pitch of, 276 
Sequence, 106 
arithmetic, 109 
geometric, 114 
Series, 
arithmetic, 112 
geometric, 117 
Shares, common, 340 
preferred, 340 
Shortselling, 349 
Sine law, 192 
Sinking fund, 131 
Solution of right-angled 
triangles, 175-191 
Space, points in, 247 
Specific duty, 374 
Standard deviation, 41 
Statics, 263-296 
Statistics, 23, 25 
applications of, 45, 48 


Stock market, 344 
Stocks, 332 
buying and selling, 336-354 
common, 340 
preferred, 340 
shares of, 336 
Subtraction of vectors, 
244, 258 
Sum of a sequence, 
arithmetic, 112 
geometric, 117 
Symmetry, axis of, 89 
Systems of equations, 322-327 


Tariffs, 374 
Tax rate, property, 398 
Taxation, municipal, 398 
Taxes, excise, 376 
sales, 3/76 
personal, 406-412 
Triangle, altitude of, 184 
area of, 200-206 
oblique, 197 
solution of, 175-191 
Trigonometric equations, 233 
Trigonometric functions, 
DORA 
amplitude, 225 
graphing of, 216-232 
phase shift, 229 
period of, 224, 227 
Trigonometric identitites, 
235-238 
Trigonometric values, 217 
Trinomials, factoring, 58, 60 


Vectors, 240-259 
addition of, 244, 255 
direction of, 241 
equal, 254 
magnitude of, 240 
multiplication by scalar, 256 
subtraction of, 244, 258 
Vectors in three dimensions, 
252 
Vertex, 89 


Wedge, 275 
Wheel and axle, 279 . 


Yield, 341, 358 


Zeros of quadratic relation, 95 
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